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ABSTRACT

Many phenomena that occur in engineering, chemical, physical, biological and
social sciences can be modeled mathematically in the form of either ordinary or partial
differential equations. We will focus our efforts in this thesis on the equations that
are classified as second order linear partial differential equations. More precisely,
boundary value problems involving Laplace’s and Poisson’s equations with Dirichlet,
Neumann and Robin problems. There are many studies that dealt with Laplace’s
equation and Poisson’s equation in terms of dimensions applications and methods
of solving them. We study these equations in rectangular coordinates and spherical
coordinates. We will focus on some particular methods of solution, ones based on the
theory of Fourier series. It is a special case of a more general method called separation
of variables. The idea of this general method is finding solutions that are products
of functions of one variable, such that other solutions are obtained from incoming, in
general, infinite sums of such product functions.

The other methods are the double Laplace-Shehu transform, double Laplace-Aboodh

transform and triple Laplace-Aboodh-Sumudu transform.
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PREFACE

The study of partial differential equations is at the crossroads of scientific computing,
mathematical analysis, topology, measure theory, differential geometry and many
other branches of mathematics. Partial differential equations can be used to describe
an extensive diversity of phenomena such as electrostatics, diffusion, sound, quantum
mechanics, gravitation, elasticity, fluid dynamics and electrodynamics, etc. Almost
all cases in many engineering and scientific fields are designed using these equations.
In this thesis, our contribution is to introduce a new double integral transforms to
solve linear partial differential equations and study their properties.

This thesis is divided into four chapters, the main results in the last chapter have
been published in three research papers which have been presented in the Albaydha
University Journal (2021), Global Scientific Journals (2022) and Journal of Applied
Mathematics and Computation (2022).

The content of all chapters are concisely summarized below:

Chapter 1: The first chapter begins with the introduction of partial differential
equations, some basic concepts and notations. Also, we have given types of linear
partial differential equations and some methods to solve them.

Chapter 2: In this chapter, we have introduced the second order linear partial

differential equations and dealt with the Laplace equation in rectangular coordinates
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in two, three and four dimensions with boundary value problems. Also, we deal
with Poisson equation with boundary values problems. In addition, we present
the fundamental solution of Laplace and Poisson equations and some concepts and
theorems.

Chapter 3: The Laplace equation and Poisson equation in spherical coordinates
with boundary conditions are considered in the introduce chapter.

Chapter 4: This chapter present new methods to solve some linear partial differential
equations such Laplace and Poisson equations. This methods are the double Laplace-
Shehu transform, the double Laplace-Aboodh transform and Triple Laplace-Aboodh-
Sumudu Transform. We introduced some properties, some elementary functions of
these transforms and solving Laplace, Poisson, Heat and Wave equations by these

integral transforms.
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NOTATION AND SYMBOLS

e R" FEuclidian space of dimension n.

O Open subset of R™.

e D* Operator M%, aeN" |a=3"" a,.

e w, Area of unit sphere of R",w, = 272 /T'(n/2).

e I'(z) The Gamma function: I'(z) = [ e *p" 'dp x> 0.
e V™ The collection of all partial derivatives of order m.

e P,(xr) Legendre polynomial.

e P'(x) Associated Legendre functions.

e V Gradient: Vu = (2%, 2u Ou )

Ox1? Oxa? """ Oxp

o I = (Vu,v),veR"|v]=1.

n  9%u
=1 896? '

e A Laplace’s operator ( Laplacian): Au= )"
e C™(2) Space of m times continuously differentiable functions on the open set
QCR™

e C™(Q)) Space of functions u € C™(Q) whose partial derivatives until order m
extend continuously on .

e O =0UoN.

e B,(x) Open ball of R" of center x and radius r.

e 7; The Newtonian potential of the function f.
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CHAPTER 1

INTRODUCTION




1.1 Introduction

Partial differential equations (PDEs) are the principal means of providing mathematical
models in engineering, science, physics and other fields. Partial differential equations
are important tools for the study of all kinds of natural phenomena and they are
widely used to explain various physical laws. In physics for example, the heat flow and
the wave propagation phenomena are well described by partial differential equations.
They are often too convoluted to be solved analytically. Though one obtain the exact
solution of some problems it includes difficult to interpret the solutions or it is much
tedious calculations. The effort to overcome this difficulty led to the invention of

different analytical methods to solve them.

1.2 Basic Concepts and Notations

Definition 1.2.1.[34] A partial differential equation (PDE) is an equation involving
an unknown function of two or more variables and certain of its partial derivatives.
Partial differential equations are either linear or nonlinear. In the linear partial
differential equations the dependent variable and all its derivatives appear in a linear
form. They model, for instance, heat transfer, fluid lows, wave propagations, vibrations,
and elastic or plastic deformations or displacements. The most known partial differential

equations are Laplace, Poisson, wave and heat equations.



A nonlinear partial differential equation can be described as a partial differential
equation involving nonlinear terms. A partial differential equation is an identity that
relates the dependent variable u, the independent variables, and the partial derivatives
of u [37]. The general partial differential equation in two independent variables of

first order can be written as

F(x,y,u,ugy,uy) = Fx,y,u(z,y), u(z,y), uy(z,y)) =0, (1.2.1)

and the order of an equation is the highest derivative that seems. The general second

order partial differential equation in two independent variables is

F(may?”auxauyau:cxyuxyyuyy) = 0. (122)

For a positive integer number m, the general formula of an m‘*-order partial differential

equation in a domain €2 C R" is given by

F(V™u(z), V™ tu(z), ..., Vu(z), u(z),z) = 0, for x € (1.2.3)

m—1 m—2

where I : R x R™ ™ xR"™ " x ... x R" x R x 2 — R is continuous function and u is
a C™ -function in 2. A C"™-solution u satisfying the above equation in the pointwise
sense in (2 is called a classical solution [37].

A linear partial differential equation is an equation of the form

Lu=f, (1.2.4)



where L is a linear differential operator, such that

L:C™"(Q) —C(), Lu= Z ao(x)D. (1.2.5)

la|<m

Here a,, f € C(§2) are given functions, where the functions a,(z)(|a] < m) are
called the coefficients of the differential operator. If f = 0, one says the equation

is homogeneous [62]. If f # 0, then the equation is called nonhomogeneous [27].

1.3 Classification of Partial Differential Equations

The classification of partial differential equation is motivated by the classification of

the quadratic equation of the form:
Az® 4+ Bry +Cy? + Dx+ Ey + F = 0. (1.3.1)

Consider a second-order partial differential equation with two independent variables

which has the form:
Augy + Bugy + Cuyy + Duy + Euy + Fu =G, (1.3.2)

where the coefficients A, B, C, D, F and F are real functions of independent variables

x and y. Define a discriminant A(z,y) by

A(xg,y0) = B*(z0,%0) — 4A(20,30)C (20, Yo)- (1.3.3)

There are three types of linear partial differential equations elliptic, hyperbolic and
parabolic, which are invariant under changes of variables. The types are determined
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by the sign of the discriminant A(z,y).

Definition.1.3.1.[4] An equation (1.3.2) at the point p(xg,yo) is called elliptic if
A(xg,y0) < 0. It is hyperbolic if A(xg,yo) > 0 and parabolic if A(zg,yo) = 0.
Elliptic equations describe steady-state phenomena, hyperbolic equations describe
wave motion and vibrating and parabolic equations describe heat flow and diffusion
processes. Laplace, wave and heat equations are three major examples of second-
order partial differential equations of elliptic, hyperbolic and parabolic types [4].
The topic of partial differential equations is very important subject, yet there is no
general method to solve all the partial differential equations. The behavior of the
solutions very much depend fundamentally on the classification of partial differential
equations, hence the problem of classification for partial differential equations is well
known and very natural since the classification governs the sufficient number and the
type of the conditions in order to determine whether the problem is well-posed and
has a unique solution [1].

Boundary value problems for Laplace equation are well-posed with respect to class of
boundary problem if |34, 37]:

(i) A solution of the problem exists.

(ii) The solution is unique.

(iii) Small variations of the boundary problem yield small variations on the corresponding

solutions.



We have described the boundary problems on the separability of a partial differential
equation. We will be concerned with boundary value problems. There are numerous
types of boundary value problems for partial differential equations. The ones that
appear most frequently in problems of applied mathematics and mathematical physics
comprise [37]:

(i) Dirichlet problem: u is prescribed on a boundary.

(ii) Neumann problem: g—z is prescribed on a boundary.

(iii) Mixed problem (Robin problem) : g—z + gu is prescribed on a boundary, where
% is the directional derivative of u along the outward normal to the boundary, and

g is a given continuous function on the boundary.

Remark 1.3.2. The Cauchy problem for Laplace equation is ill-posed.

1.4 Some Methods for Solving Partial Differential

Equations

Definition 1.4.1. A solution of partial differential equation means a sufficiently
smooth function u of the independent variables that satisfies the partial differential
equation at every point of its domain of definition.

We do not necessarily require that the solution be defined for all possible values of

the independent variables. Actually, usually the differential equation is imposed on



some domain {2 contained in the space of independent variables, and we look for a
solution defined only on 2. In general, the domain 2 will be an open subset, usually
connected and often bounded, with a logical nice boundary, denoted by 02 [59].
Modeling industrial mathematics, computer field and other applied sciences can be
described as ordinary or partial differential equations. Because of the amplitude of
this applied field that it occupies mathematicians have paid attention to differential
equations and finding their solutions through several methods, some are analytical
and others are numerical to find the approximate or existing solutions. There are
many methods to solve partial differential equations.

Some useful techniques to solve partial differential equations are:

1. Separation of Variables. This method was introduced by d’Alembert (1747)
and Euler (1748) for the wave equation and used by Laplace (1782) and Legendre
(1782) for the Laplace’s equation and by Fourier (1811-1824) for the heat equation.
This procedure reduces a partial differential equation in n variables to n ordinary
differential equations [24].

2. Integral Transform. The source of the integral transforms can be traced back
to the work of Laplace in 1780s and Fourier in 1822. Laplace transform is highly
competent for solving some class of ordinary and partial differential equations. This
technique reduces a partial differential equation in n independent variables to one in

n — 1 variables.



In the literature, there are many different types of integral transforms such as Fourier
transform, Laplace transform, Sumudu transform and so on. These kinds of integral
transforms have many applications in various fields of mathematical sciences and
engineering such as physics, mechanics, chemistry, acoustic.

3. Numerical Methods. The idea of using a variational formulation of a boundary
value problem for its numerical solution goes back to Lord Rayleigh (1894,1896) and
Ritz (1908), These methods change a partial differential equation to a system of
difference equations that can by solved by iterative techniques on a computer [46].
4. Change of coordinates. This technique changes a partial differential equation to else
of ones or changes the original partial differential equation to an ordinary differential
equation by changing the coordinates of the problem.

5. Transformation of the Dependent Variables. This method transforms the unknown
of a partial differential equation into a new unknown that easier to find.

6. Eigenfunction FExpansion. This method attempts to find the solution of a partial
differential equation as an infinite sum of eigenfunctions. It has been applied to solve
differential and integral equations of linear and non-linear problems in mathematics
chemistry, physics, biology and up to now a large number of research papers have
been published to show the feasibility of the decomposition method.

7. The Adomian decomposition method. The Adomian decomposition method was

firstly introduced by George Adomian in 1981. This method has been applied to solve



differential and integral equations of linear and non-linear problems in mathematics,
biology, chemistry and physics.

Generally, many researchers have turned their attention to solve partial differential
equations and to develop new methods for solving such equations. Due to the rapid

development in the physical science and engineering models [58].



CHAPTER 2

The Solution of Second-Order Linear
Partial Differential Equations in
Rectangular Coordinates Using the

Separation of Variables Method




2.1 Introduction

Partial differential equations help to find solutions of many complicated theories and
contribute to the development of the theoretical side of the equation as well as to
the application side. There are many different types of partial differential equations
(PDEs) that differ according to order (first order, second order and so on). For second-
order linear partial differential equations we might suppose that pertinent boundary
would include specifying u, or some of its first derivatives, or both, along a suitable
set of boundaries bordering or enclosing the region over which a solution is sought.

Definition 2.1.1. Let 2 be a domain in R™ and a;;,b; and ¢ € C() for i,5 =
1,2,...,n. The second order equation in n independent variables, with one dependent

function v on a domain {2 is of the form

i AUz, + i biuy, + cu = F, (2.1.1)
i=1

ij=1
where a;;,b; and ¢ are called coefficients of g, us,, u, respectively, and F' are
functions of z1, za, ..., x,. Here a;; is a symmetric matrix in Q as a;; = aj; [37].

Three common types of boundary conditions occur and are associated with the names
of Dirichlet, Neumann and Robin. It can be proved that the type of boundary
problems needed is very closely related to the nature (elliptic, hyperbolic or parabolic)
of the partial differential equations, but that complications can arise in some cases.
The general considerations involved in determining exactly which boundary problems

10



are appropriate for a particular problem are complex. The great mathematician and
philosopher descartes once said, "All problems can be translated into mathematical
problems, and all mathematical problems can be transformed into algebraic problems".
All algebraic problems can be transformed into equations. It is to convert a physical
problem into a mathematical problem (mainly the second order linear partial differential
equation) [82].

In this chapter we will deal with Laplace and Poisson equations in rectangular coordinates.
For the Laplace and Poisson equations, both variables represent space coordinates, x
and y, and the associated boundary value problems model the equilibrium configuration
of a planar body, e.g., the deformations of a membrane.

Separation of variables method seeks special solutions that can be written as the
product of functions of the individual variables, thereby reducing the partial differential
equation to a pair of ordinary differential equations. More general solutions can then
be expressed as infinite series in the appropriate separable solutions.

Theorem 2.1.2.(Principle of Superposition)[27] Let uy,usg,- - -, Uy be solutions of
(1.2.3) and F be linear, then U = ciuy + caug + - + - + iy, 1S a solution of (1.2.3)
for any constants cq, co, ..., Cpy.

proof. The proof follows simply from the fact that the differentiation operator is

linear.
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2.2 Laplace Equation

One of the important equation in partial differential equations is the Laplace equation,
which is used in many applications such as applications of geometry, static electricity,
potential theory and fluid flow. It serves as a useful model problem for the study
of general elliptic partial differential equations. In recent decades, it used various
methods for solving Laplace equation in some geometries and boundary conditions.

The Laplace equation has the form
Au =0, (2.2.1)

where the Laplacian A is defined by

0? 0? 0?
B 0x?, + 0x2, Tt 0x2?,’

where x € Q and the unknown is u : Q = R, u = u(z), Q C R" is a given open set.
Solutions of Laplace equation are very important in many branches of Physics and
Engineering [34].

Definition 2.2.1.[37] Let  be an open set, then a function u € C*(Q) is called

harmonic in  if

Au=0, in . (2.2.2)

12



That means, a function is harmonic if it satisfies Laplace equation. The space of
harmonic functions can thus be identified as the kernel of the second order linear
partial differential operator A [43]. Harmonic functions happen as the potential
functions for two dimensional gravitational electrostatic. Here, two dimensional
means not that the fields lie in the zy-plane, but rather than as fields in three-space,
the vectors all lie in horizontal planes, and the field looks the same no matter what
horizontal plane it is viewed in.

Theorem 2.2.2.[37] Let Q be a domain in R™ and u € C*(2) be a harmonic function

i 2. Then u s smooth in €.

2.2.1 Fundamental Solution

The Laplace equation is preserved by rotations about some point in R", say the
origin. Hence, it is plausible that there exist special solutions that are invariant
under rotations. Since the Laplacian operator A is symmetric, we are seek a "radial”
solution. Due to the symmetry of Laplace equation, radial solutions are natural to
look for since the given partial differential equation can be reduced to a ordinary
differential equation which is easier to handle. In this way, we can reduce the higher
dimensional problems to one dimensional.

Let u be the harmonic functions in R™ which are radial. That means, functions

13



depending only on r = |z|. Set

where 7 = |z| = (22 + ... + 22)2 and v is to be selected, so that Au = 0 hold.

For +=1,2,...,n and z # 0, that

1 i
Ty, = §($%+---+$i)_% 2x; = Li (x #0),
r

hence
/ Ts
us, =),
and
2 2
T (1 oy )
Uz, = V(1) - +'(r) -~ 5)

Thus

—1

Au=v"+2" 2y =0,

r
Hence Awu =0 if and only if

1

V" r v =0
r

If v # 0, we reduce

-1

(logv") + t =0.

r

A simple integration then yields, for n = 2,
v(r)=alogr+c for any r >0,

14



and for n > 3,

v(r) =br* "+ ¢ forany r >0,

where a,b and ¢ are constants [34].

Definition 2.2.1.1.[37, 62| The function

¥ (a) = { S+log|x| forn =2, (2.2.3)

n(n——12)wn|m|27n fOT' n 2 3,

defined for z € R™\{0}, is called the fundamental solution of Laplace equation. Here

),

wy is the area of n-dimensional unit sphere which is given by w, = (272) \ (I'(

0|3

such that
['(¢) = / e Ppttdp, >0,
0
is the Gamma function.

Theorem 2.2.1.2.37] Let Q) be a bounded C*-domain in R™ and that u € C1(2) N C*(Q).

Then for any x € 2, we have

(¥ =) 5-0) — ) 5o = )5, (220

Uy

uw) = [ Wa =i [

o0
where W is the fundamental solution of Laplace equation.
Remark 2.2.1.3. The fundamental solution ¥ is harmonic in R™\{0}, i.e.,

AV =0 in R"\{0}, and

14
a—dS =1 foranyr>0.
OB, 81/
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2.2.2 Mean-Value Property

If u is a harmonic function in €2, then for all x € €2, the value of u at x is the
integral average over any sphere centered or ball at z and contained in 2. The
precise statement of the mean-value property is given in the following. There are two
versions of the mean-value property, mean values over spheres and mean values over
balls.

Definition 2.2.2.1.[37, 38] Let Q2 be a connected domain in R" and u € C?(Q) be a
harmonic. Then

(i) w satisfies the mean-value property over spheres if for any B, (z) C €,

u(z) = ! / u(y)dSy; (2.2.5)

o wnrn—l
(ii) u satisfies the mean-value property over balls if for any B,.(z) C ,

n

u(z) = /B(x) u(y)dy, (2.2.6)

W™

where w,, is the surface area of the unit sphere in R".

Not only do harmonic functions have the mean-value property in definition (2.2.2.1)
but they are the only continuous functions that have this property.

Theorem 2.2.2.2.(Mean-Value Formulas for Laplace Equation)[34|

Let u € C*(Q) be a harmonic function in Q. Then

u(z) = / udS = / u dy (2.2.7)
OB(z,r) B(z,r)

16



for all each ball B(x,r) C .
Theorem 2.2.2.3.(Converse to Mean-Value Property)|34]

If a function u € C*(Q) satisfies

() = / w dS, (2.2.8)
OB (z,r)

for all each ball B(x,r) C Q, then u is harmonic.

2.3 Boundary Value Problems for Laplace Equation

There are three main types of boundary value problems that arise in most applications.
Specifying the value of the solution along the boundary of the domain is called a
Dirichlet problem, to respect the 19" century analyst Johann Peter Gustav Lejeune
Dirichlet (1805-1859). If the values of the normal derivative are prescribed on the
boundary, the problem is called a Neumann problem, named after his contemporary
Carl Gottfried Neumann (1832-1925). Prescribing the function along part of the
boundary and the normal derivative along the remainder results in a mixed problem
or Robin problem. A boundary value problem is finding a function which satisfies a
given partial differential equation and particular boundary problems. Just as initial
value problems are associated with hyperbolic partial differential equations, boundary
value problems are associated with partial differential equations of elliptic type.

We have described the boundary problems on the separability of a partial differential

17



equation. Also, we focus on the solution of the Laplace equation over the finite two,
three and four dimensional by method of separation of variables. Recall that the
method reduces the partial differential equation into a system of ordinary differential

equations.

2.3.1 The Dirichlet Problem for the Laplace Equation

Let Q be a bounded open set in R” with a sufficiently smooth boundary 0f2, u be a
continuous function defined on 2, harmonic in €.

Consider the Dirichlet problem for Laplace equation,

Au=0 in €, (2.3.1)
u=g on OS. (2.3.2)
where g € C'(0€2) and A is the Laplacian operator [62, 75].

The Dirichlet problem for Laplace equation in two dimensions x and y over an a X b

rectangle is

Upe (T, y) +uyy(z,y) =0, 0<z<a, 0<y<b, (2.3.3)
u(z,0) = filz), w(z,b) = folz), 0<z<a, (2.3.4)
u(0,9) = fs(y), wula,y) = fuly), 0<y<b (2.3.5)

Laplace equation has an extensive variety of solutions [28]. We can solve (2.3.3) when
u is stated along the boundary of the rectangle.

18



Using separation of variables method to solve this equation. This method consists in
building the set of basic functions which is used in developing solutions in the form
of an infinite series expansion over the basic functions. Hence, we get the solution of

Eq. (2.3.3) with boundary conditions as

- n n n
= ZA” sin——z Sinhl(b —y) + Z B, sin’ Sy sinh L y
n=1 a a n=1 a

+ZC sm—y sznhT(a — )+ nZ:; D, sin%y sinh%x, (2.3.6)
where A,,, B, C, and D,, are coefficients and for n = 1,2, 3, ..., given by
A, = : / fi(z sm—x dx, (2.3.7)
a smh” z
B L | o) sin d (2:38)
= ————— x) sin—ux du, 3.
a sinh™= /, 2 a
oA /bf() Ly d (2.3.9)
"7 p sinhrez f, IS A i
and
D & /bf() in""y d (2.3.10)
= ———— sin— : 3.
b sinhraz [ T ST Y

When we determining the values of functions f1, fs, f3, and f4, we can find the values

of the coefficients A,,, B,,, C,, and D,, using the Fourier transform [20].
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Also, consider Laplace equation in three dimensional with Dirichlet problem,

Upgy + Uy + U, =0, 0<2<0a, 0<y<d 0<z<ec, (2.3.11)
u(z,y,0) =0, wu(z,y,c)=f(z,y), 0<zx<a, 0<y<b, (2.3.12)
u(zx,0,2) =0, u(z,b,z) =0, O<zr<a, 0<z<e, (2.3.13)
u(0,y,2) =0, u(a,y,z) =0, O<y<b O0<z<ec (2.3.14)

Using the method of separation of variables to solve this equation. Then, the solution

of three dimensional Dirichlet problem is

u(z,y, 2 ;mzzzl nm sm—x sm?g/ sinh(m n_ + % ) 2, (2.3.15)
where
4 bore . nm . ommw
Apm = f(z,y) sin—=x sin— =y dx dy. (2.3.16)
ab sinh(my/% + 125 ) ¢ /0 J0 “

Since Laplace equation is a homogeneous linear system, then any linear combination
of solutions is also a solution.
Now with some details, we consider the four dimensional Dirichlet problem for Laplace

equation

U (T, Y, 2, W) + Uyy (2, Y, 2, W) + Uz (T, Y, 2, W) + Uy (T, y, 2,w) =0, (2.3.17)

uw(0,y,z,w) =0, wu(a,y,zw) =0, 0<z<a, (2.3.18)

u(z,0,z,w) =0, u(z, b, z,w) =0, 0<y<b, (2.3.19)
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u(z,y,0,w) =0, u(z,y,c,w) =0, 0<z<e, (2.3.20)
u(z,y,z,0) =0, u(z,y, z,d) = f(z,y,2), 0<w<d. (2.3.21)

Using the separation of variables method for solving Eq. (2.3.17) with boundary
conditions.

We first look for product solutions of the form

u(z,y, z,w) = X ()Y (y)Z(2)W (w). (2.3.22)

Differentiating (2.3.22) twice with respect to x,y, z and w, gives

Uow = X" (2)Y (y) Z(2)W (w), (2.3.23)
Uy = X (2)Y" () Z(2)W (w), (2.3.24)
uz: = X ()Y (y) 2" ()W (w), (2.3.25)
U = X (2)Y () Z(2) W (w). (2.3.26)

Substituting into (2.3.17), gives

X"YZW + XY"ZW + XY Z"W + XY ZW" = 0. (2.3.27)

Dividing (2.3.27) by X (2)Y (y)Z(2)W (w), we obtain

X'@) Yy  Z'(z)  W'(w)
X(2) | Yy | Z()  W(w)

— 0, (2.3.28)

X'x) _ Y'y)  Z2"(z) _ W'(w)
X(x) Yy  Z(z) W)

(2.3.29)
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Since the left side depends on = only and the right side depends on y, 2z and w, the
expressions on the right and the left sides must be equal to constant.

Consider negative separation constants. Thus

X)L,
X~ (k > 0) (2.3.30)

where k is the separation constant. From this equation we get ordinary differential
equation

X"(z) 4+ x*X(z) = 0. (2.3.31)

From Eq. (2.3.29) and Eq. (2.3.30), we have

- Y'y)  Z"(z)  W!(w) _
() 7 ) = (2:3.52)

Accordingly, setting

Y'y) o (Z'z)  Ww) o\
Y(y) _< Z(z) + Ww) ) =—u  (p>0). (2.3.33)

Hence
Y'(y) + p*’Y = 0. (2.3.34)

Also, we have

2"(z) _ W'w) | .
70 = ) T (2.3.35)

where v? = k2 + .
Because in the previous equation the right side depends only on w and the left side
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only on z, we infer that

Z2"(z) _ 32
Z(z) A
and
W) o W),
W w) + A Ww) + A%,

hence, we obtain

Z"2)+NZ(2)=0, and W'(w)—*W(w)=0,

where a? = v? + \2.

We arrive to the four second order ordinary differential equations
X"(z) 4+ k*X(z) =0,
Y (y) + p*Y (y) = 0,
Z"(2)+ N Z(2) =0,

and

W’ (w) — o*W(w) = 0.

Here k, u, A and « are separation constants.

Solving the second order differential equations (2.3.39)-(2.3.42), gives

X(z) = Ay coskx + Ay sinkz,

Y(y) = By cospy + By sin py,
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(2.3.36)

(2.3.37)

(2.3.38)

(2.3.39)

(2.3.40)

(2.3.41)

(2.3.42)

(2.3.43)

(2.3.44)



Z(z) = Cy cos Az + Cy sin Az, (2.3.45)

and

W(w) = D; coshaw + Dy sinh aw, (2.3.46)

where o = /K2 + 12 + X2 and Ay, Ay, By, By, C1,Cy, D1 and D, are constants.

Using the homogeneous boundary conditions, gives

A =0 k=T (2.3.47)

Bi=0, ju,= % (2.3.48)

Ci=0, \=_" (2.3.49)
C

=m\| 5+ 5+ - (2.3.50)

So, that
Xo(x) = A, sinZz, n=12 .., (2.3.51)
a
Y,(y) = By, sin %y, m=1,2,.., (2.3.52)
Z(2)=C, sin ~z, r=12, .., (2.3.53)
C
and
Womr (W) = Dy sinh agppw. (2.3.54)
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Therefore, the product solutions satisfying (2.3.17):

. nm . omm . TrT m?2  r?
Upmr (T, Y, 2, W) = Yy SID —x sin —y sin —2z smh(w — —|— — + >
a b c a? b2
(2.3.55)
where Ymr = ApBimCr Dy -
Now, we find the solution of boundary value problem (2.3.17) though linear combination

of Upmr(x,y, 2, w).

Let u(z,y, z,w) =Y 00 > D U (T, Y, 2, W0). L€,

o0

X = 2 2 2
. mm T n m T
E E Ve SIL —:1: sin Ty sin —z sinh( w4/ — + ﬁ +
c
1 m=1

r= n=1

(2.3.56)

Using the nonhomogeneous boundary condition u(z,y, z,d) = f(z,y, z) to find

rm

Z Z%m” sin —x sin %y sin —z sinh ad = f(2,y, 2). (2.3.57)
c

mm rm nm mm rm
sin —x sin - Y sin —z sin —ax sin - Y sin —z dxdydz = 0,
c a c

(2.3.58)
if (n,m,r) # (n,m,r).

Also, if (n,m,r) = (n,m, ), then we obtain

c prb pa
b
/ / / sin? 22 g sin? my sin? 2 drdydz = @, (2.3.59)
o Jo Jo a b & 8
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Using the orthogonality properties, we obtain

Vo SINH Qprd = / / / f(z,y,2) sin —x sin my sin X dxdydz.
abe b c
(2.3.60)

Thus, the solution of the four dimensional Dirichlet problem for Laplace equation is

mm rT
-3 v Ty sin "2 sinh g 2.3.61
u(z,y, z,w) o sin  sin ;Y sin o sinh apmew, — ( )

r=1 m=1n=1

P n\/(g>2 + (%)2 + <£>2 (2.3.62)

and

8 ¢ [bopa nmw mm T
o o smh(oznm,)d/() /0 /0 sin ” x sin 2 y sin . z dxdydz ( )

2.3.2 The Neumann Problem for the Laplace Equation

Let Q be an open set in R™ with the boundary 0€2. The Neumann boundary for
Laplace equation which consists of searching for a continuous function u defined on

), satisfying

Au=0 in €, (2.3.64)

0

a—z =g on 09, (2.3.65)
where g—z = Vu.v is the normal derivative of the field variable u, where v is the unit

outward-pointing normal to  [75].
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We can establish a necessary condition for the existence of the solution of the Neumann

problem. Setting o = grad f in Gauss’ theorem
/UVdSZ/diUUdT.
s Q

of

s v

/gdS:/Ade.
s Q
/gdS:O,
s

where S = 012 is the boundary of 2.

Hence
dS = / Af dr.
Q

We have % = g. Thus

Therefore, if Af =0, we have

For simplification, we discuss the Neumann problem in two dimensional x and y [56].

Upe (T, y) + uyy(z,y) =0, O0<z<a, 0<y<b (2.3.66)
uy(x,0) = fi(z), wuy(z,b) = fo(z), 0O0<zx<a, (2.3.67)
uib(ou y) = f3<y>7 ux(CL?y) = f4(y)7 0< y < b. (2368>

The compatibility condition that must be fulfilled in this case is
a b
| (#0) = o)) o+ [ (1) = £i))ay =0, (2369
0 0
Setting a solution in the form

u(r,y) = ui(,y) + uz(z,y), (2.3.70)
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where u;(z,y) is a solution of the following problem

8u1 + 8u1

%—1;1(1“, 0) =0, %—1;1(:5, b)=0, O<z<a, (2.3.72)
% 0,) = fly), D) = fily).  0<y<b (23.73)
o yY) = J3\Y), o YY) = Ja\y), Yy ) +J.
We look for product solutions
w(z,y) = X(2)Y (1) (2.3.74)
X// Y//
- 2.3.
~ =7 Iz (2.3.75)
Hence
X" —puX =0, (2.3.76)
and
Y'"+uY =0, (2.3.77)

where p is the separation constant. Solving (2.3.77) with the boundary conditions

Y'(0)=0, Y'(b)=0. (2.3.78)
Thus, we have
2
o =0, jin= (%) . =12, ., (2.3.79)
and hence
nm
Yo(y) =1, Y.(y) = cos -y n= 1,2,.... (2.3.80)



Solving (2.3.76) with the boundary conditions, we get

Mo = 0, X()(JZ) = AO + BO Z,

2
oy = (nl> , X,(z) = A, cosh n%x + B,, sinh n—ﬂ-$, n=12 ...

b b

We get the general form of the solution

ui(z,y) = Ao+ By x + Z cos %y(An cosh %x + B,, sinh %x)
n=1

Determining the constants by boundary conditions, we obtain

= nr nmw
f3(y) = By + nzz:l s B, cos T%
hence
1 b
—5 | 1) ao
0
and
2 nm
B,=— fg( Jecos—y dy, n=12 ...
nmw b

Also, we have

Z — cos (An sinh % + B,, cosh ?) i

Thus
1 b
— [ i) o
0
and
A, =— — — B h =1,2,....
" nrsinh ”’m/ faly o5 b ydy b €08 b " T
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(2.3.81)

(2.3.82)

(2.3.83)

(2.3.84)

(2.3.85)

(2.3.86)

(2.3.87)

(2.3.88)

(2.3.89)



Now, we can find the solution uy(z,y) of the following problem

%Jr%—i;:(), 0<z<a0<y<hb, (2.3.90)
Ouy Ous
a—y(m,O) = fi(z), a—y(x,b) = fo(z), O0<uz<a, (2.3.91)
%0 =0 2@ =0, 0<y<b (2.3.92)
oz Y ’ oz Y ’ =" o

where f; and f; satisfy the compatibility condition [30, 56],

/0 " i (@)de = /0 " () (2.3.93)
Remarks 2.3.2.1.[30]
(i) There are infinity many solutions of Neumann problem for Laplace equation, so
this Neumann problem is not well-posed.

(ii) The functions f3 and f; are satisfying the compatibility condition

/0 " o)y = /  Fa(w)dy.

Theorem 2.3.2.2. Let u be a harmonic function in 2 and % on 0f), then u is a
constant in 2 [65].

Theorem 2.3.2.3. If the Neumann problem for Laplace equation in a bounded open
set {2 C R" has a solution, then, it is either unique or it differs from one another by

a constant only [65] .

Proof. Let u; and us be two solutions of the Neumann problem. Then we have

boundary condition in two coordinates given by

Au; =0, n €,
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Ow

= Q.
5, —9 o 0

and
Aus =0, n €,

Ous

= Q.
ey g on 0

Let v = u; — uy. Then

Av=Au; —Auy =0 in €,

(%761“ 8U27

Using theorem (2.3.2.2), u is a constant on (2.
Consequently, the solution of the Neumann problem for Laplace equation is not
unique. Hence, the solution of a definite Neumann problem can differ from one

another by a constant only. ]

2.3.3 The Robin Problem for the Laplace Equation

The Robin problem for the Laplace equation given as

Au=0, in £, (2.3.94)

Ou

= Q 2.3.
8V—I-pu g on 0%, (2.3.95)

where p is a continuous function on 0€2. Dirichlet and Neumann problems are special
cases of Robin problem [27].

31



Consider the Robin problem for Laplace equation in two dimensional x and y [57, 74].

Upe T Uy =0, 0O0<x<a, 0<y<yb,

ug(0,y) =0, ug(a,y) =0, 0<y<hb,

u(z,0) = f(x), u(z,b) =0, 0<z<a.

Separating variables, we will look for the product solutions

u(z,y) = X (2)Y(y)
Substituting into Eq. (2.3.96), we get
X"(@)Y (y) + X(2)Y"(y) =0,
which separates into

X// Y//
X Y

_KJ7

(2.3.96)

(2.3.97)

(2.3.98)

(2.3.99)

(2.3.100)

(2.3.101)

where « is the separation constant. Hence, we get two ordinary differential equations

X"+kX =0,

Y — kY =0.

Using the boundary condition (2.3.97), we observe that

Hence, we obtain

(2.3.102)

(2.3.103)

(2.3.104)

(2.3.105)



corresponding solutions

Xn(x) = A, cos(%)@ (2.3.106)

where A,’s are arbitrary constants.

putting k = K, in Eq. (2.3.103), and solving for Y yields

Y, =B, cosh<@>y + C, sinh(ﬂ>y, n=12 ... (2.3.108)
a a

The boundary condition u(z,b) = 0 will be satisfied if Y'(b) = 0. putting y = b in

(2.3.107), gives

b
By = —bCy, B, = —C, tanh(ni>y, (2.3.109)
a
or equivalently,
. [nmw

Y, (y) = D, s1nh[7(y - b)}, n=1,2, ... (2.3.110)

Thus, we obtain
uo(z,y) = AgCo(y — b) = Eo(y — b), (2.3.111)
un(z,y) = E, cos<m>x sinh [@(y — b)], n=12.., (2.3.112)

a a

where F,,’s are constants. Then, we get the general form of the solution

u(z,y) = Eo(y — b) + i E, cos(mr>:c sinh [@(y - b)] : (2.3.113)

a a

Applying the boundary condition u(z,0) = f(x), we get

(2.3.114)

f(z) = —Epb + i E, cos(%)x sinh(_mrb).

n=1

a
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Determining the constants by boundary conditions, we get

—1 [
Eq = b_A/O f(z)dz, (2.3.115)

2

Fo= A sinh(

ﬂ> /Oaf(ff) COS(_me> dr, n=1,2,... (2.3.116)

In this section, we used the separation of variables method to solve Laplace equation
with boundary condition. But, the method of separation of variables results in a
solution that is given in terms of a Fourier series which naturally incorporates the
boundary conditions. This is a result of the fact that the boundary problems were
used in structuring the series. This approach gives a compact way of expressing
the solution, however, since an entirely new series must be constructed every time
the boundary problems change, it is not an effective way to study boundary value
problems. Also, the domain must be nice enough to find a coordinate system such that
the partial differential equation is separable and such that the boundary conditions
can be used in the solution. Therefore, for more complex domains it is difficult to use

this method.

2.4 Poisson Equation

Poisson equation is an elliptic partial differential equation with wide applications in
many fields, such as fluid dynamics, mechanical engineering, magnetism, electrostatics.

In 1813, French mathematician Siméon-Denis Poisson (1781-1840) pointed out Laplace
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error and showed that the partial differential equation must be nonhomogeneous. The
Laplace equation is the special case of the Poisson equation when f = 0.

The Poisson equation has the form
Au = f, (2.4.1)

where A is the Laplacian operator and x € €2, € C R" is a given open set and the

unknown is u : {2 — R and the function f is known as a source function.

2.4.1 Fundamental Solution of Poisson Equation

By construction the function x — ¥(z) is harmonic for x # 0. Shifting the origin to
a new point y, the Eq.(2.2.1) is unchanged and so x — ¥(xz — y) is harmonic as a
function of  where x # y. The mapping * — V(z—y)f(y) is harmonic for each point
y € R™, and so is the sum of finitely many such expression constructed for different

points y. Consider the convolution

ule) = [ Wz =Sy 242
From equations (2.2.3) and (2.4.2), we have

o) — { 5 logllo = o) f)dy  forn=2, 013

n(n—12)wn fRn |x_fﬁ34 d?/ for n > 3.

For simplicity, we assume that the function f used in Poisson equation is twice

continuously differentiable [66].

35



Definition 2.4.1.1.[62] Let €2 be a domain in R” and f be a continuous function in

Q). The function
() = [ W =), (2.4.4

is called the Newtonian potential of function f in €2, where ¥ is the fundamental
solution of the Laplace operator as in (2.2.3).

Lemma 2.4.1.2. Let 2 be a bounded domain, f be a bounded function in 2 and 7
be defined as (2.4.4). If f is smooth in 2, then 7 is smooth in Q. If the function

f € C™ Q) for some integer m > 2, then 7; € C™(Q) and 77 = f in Q.

2.5 Boundary Value Problems for the Poisson Equation

The fundamental boundary value problems for the Poisson equation are the Dirichlet
problem which consist in finding a solution of u on the domain €2 such that on the
boundary of §2 is equal to some given functions and the Neumann problem specify
not the function itself on the boundary of €2, but its normal derivative. A linear

combination of these two boundary value problems is the Robin problem.

2.5.1 Dirichlet Problem for Poisson Equation

Let  C R"™ be a bounded open set, we denote by 9Q its boundary by Q and f € C(Q)

and g € C(99) be given functions. Finding u € C?(2) N C(Q) which satisfying the
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Poisson equation with Dirichlet problem

Au=f wmn Q,

u=g on Of. (2.5.1)

The Dirihlet problem for Poisson equation can be solved by the method of the
separation of variables [5]. We treat Poisson equation with zero boundary problem
and take the solution of the Dirichlet problem for Laplace equation, which is a special
case of problem when f = 0.

Consider the function

U (2, y) = sin(%)x sm(%)y

We have
At () = =N sin(“)a sin(H0)y.
a
where \,,, = % + %, and n,m = 1,2,3,... . The constant \,,, is called an

eigenvalue of the Laplacian and the function ¥,,,,(z, y) the corresponding eigenfunction.
The Laplacian of ¢,,,,,(x,y) is a constant multiple of ¥, (z,y).
Consider the solution

u(z,y) = Z ZTnm sm(%)x sm(%)y, (2.5.2)

m=1 n=1
where T,,,, are constants to be determined. Assume that can interchange the sums

and the derivatives.
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Differentiating twice in (2.5.2) and plugging into (2.5.1), we obtain

flz,y) =— Z ZTW” Anm szn(nl)m sin(%)y. (2.5.3)

Concluding that

. mr . mm
Tom = ab)\nm/ / f(z,y) sin( )x sin(— 2 )y. (2.5.4)

The general solution of Dirichlet problem for Poisson equation is

ZA sm—ﬁx Smh— b—y)+ ZB smh— smmx
— a a

+ Z Ch smTy sznhT(a —x)+ Z D, sm%y smh 2 T

+ Z ZTnm sin(%)x sin(%)y, (2.5.5)

m=1 n=1

where A, B,,,C,, D, and T, are coefficients and given by (2.3.7), (2.3.8), (2.3.9),
(2.3.10), (2.5.4) [20].

Corollary 2.5.1.2.[37] Let Q be a bounded domain in R™. Then for any function
f € () and g € C(99), there exists at most one solution u € C(Q) N C(Q) of the

problem

Au=f in Q, (2.5.6)

u=g on 0. (2.5.7)
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2.5.2 Neumann and Robin Problems for the Poisson Equation

Other problems besides Dirichlet problem, which achieve the Poisson equation in
rectangular coordinates are Neumann and Robin value problems which have great
importance and wide applications in the sciences of mathematics, physics and others.
We will briefly discuss these boundary problems as follows

Definition 2.5.2.1. Let Q@ C R” be a bounded open set and f € C'(2) and g € 02

be given functions. Seek u € C?*(2) N C*(Q) such that

Au=f in €, (2.5.8)
0
a—z =Vu-v=g on 09, (2.5.9)
where % is the normal derivative.

Definition 2.5.2.2. Let 2 C R™ be a bounded open set and f € C(Q2) and g € C(052)

be given functions. The Robin problem for Poisson equation is given by

Au=f in Q, (2.5.10)

Ou

= Q 2.5.11
ay—l—&ugon@, (2.5.11)

where « is a continuous function on 9f2 and % is the normal derivative.

Note that by setting a to zero, the Robin problem is reduced to Neumann problem.
For the case of Dirichlet problem or mixed problem, the solution to Poisson equation
always exists and is unique when it is smooth, compact, and with a piecewise smooth
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boundary. For the case of the Neumann problem, a solution may or may not exist
(depending on whether a certain condition is satisfied).

Finally, the Laplace equation in its homogeneous and heterogeneous form (Poisson)
is one of the most important equations that had applications in various fields, which
attracted for researchers and those interested to develop and find many methods of
solution that removed difficulties and facilitated understanding and solving complex

problems in different branches of science.
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CHAPTER 3

The Solution of Second-Order Linear
Partial Differential Equations in
Spherical Coordinates Using the
Separation of Variables Method

41



3.1 Introduction

Lagrange and Euler both had written Laplace equation in spherical coordinates. It
was then Legendre, while studying gravitational attraction, who solved the spherical
version in the 1780s, with some help from Laplace. Poisson was accountable for
proving that the gravitational potential must satisfy the nonhomogeneous Laplace
equation, that is, Poisson equation in regions where mass is present. Also, it was
while studying these problems that he provided his neat closed form solution to
Laplace equation in polar coordinates. Moreover, around 1813, Poisson was the first
to apply Laplace and Poisson equations to the study of electricity.

In this chapter, we deal with Laplace and Poisson equations in spherical coordinates

with boundary conditions.

3.2 Laplace Equation in Spherical Coordinates

The coordinate systems which encounter most frequently are cartesian, spherical and
cylindrical. We examined Laplace equation in cartesian coordinates in class and just
began investigating its solution in spherical coordinates.

We define rectangular coordinate system for Laplace equation in three dimensions

x,y and z by

2 2 2
_ O O O (3.2.1)



3.2.1 The Dirichlet Problem for the Laplace Equation

We will change the rectangular coordinates system to spherical coordinates system
and induced in the x, y, z space are the spherical coordinates r, 0, ¢ related to rectangular
ones by

x = rsinfcoso, = rsinfsing, z = rcosb.

Hence, we have

2

2
x—er) and ¢ = arctan(%)

r=(2*+13°+ 22)%, 0= arctan(
z
Under the spherical coordinate system radial distance r, polar angle 6 and azimuthal

angle ¢.

The Laplace equation is written in spherical coordinates as [54],

2 2
0“u ou 1 8( 3u> 1 8u:0. (32.2)

2 oy — mb — —
" 8T2+ T@r—i_sinQ@H Y +sin203¢2

where 0 <r <a, 0<f0<m, and 0< ¢ < 2w, with boundary problems
u(a,0,¢) = f(0,0), 0<f<m 0<o¢<2m. (3.2.3)

Also, we can written (3.2.2) as [39, 66]

u  20u 1 0%u cot@ou csc?hO*u
Au(r, 8, ¢) = m+;5+ﬁw+—r2 %—'——TZ 87152 =0. (3.2.4)

Using separation of variables method, we obtain the product solutions as

u(r,0,¢) = R(r)O(0)(¢). (3.2.5)
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Eq. (3.2.2) becomes

r? 2r 1 d 1
"ri R —('e@jy:——é”: 2 3.2.6
R TR T 6snoag\M™ g O =" (3:2.6)
Hence, we get
" +m?d=0, m=0,1,2,... (3.2.7)

The solutions of Eq. (3.2.7) are the 2r—periodic, which we combined in complex

form as

®(p) = e™?. (3.2.8)

Also, we have

) 2
r " 2r / 1 d : / m
R TRA @smedeém'@>’*aﬁe n(n+1) (329)
Thus, we obtain
rP?R'+2rR —n(n+1)R=0, 0<r<a, (3.2.10)
1 d ) m?
O sind do (sm b0 ) + [n(n +1) sin?6 0 S )

The equation (3.2.10) is the Euler equation. Hence, It is being homogeneous.

Putting r = e*, reduces to
(D—n)(D+ (n+1))R =0, (3.2.12)

where D = -L. Then, the roots are D =n and D = —(n + 1).
Therefore, the solutions of Euler equation (3.2.10) are
R(ry=Ar", R(r)=Br M pn=0,1,2... (3.2.13)
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We choose only the solution R(r) = A r™.

To solve (3.2.11), we make the change of variables v = cos6; d—g = —sinf. Hence,
by the chain rule,
d©  dOdy . ,dO
/
= —_—— = — 0—
=" "
and
d*© doe d*© doe
— eim?2 _ 2
0" = sin*f W—COS@ a—(l—y )W—V e

Plugging into (3.2.11) and simplifying, we arrive at the associated Legendre differential

equation

m2

(1 . 72)@// . 27@/ 4 [n(n + 1) — 0 =0. (3214)

1—1~2
This equation has bounded solutions in the interval [—1, 1]. Then, the corresponding
bounded solutions of Eq. (3.2.14) are denoted by P (v) and are called the associated
Legendre functions, we substitute v = cosf. Hence, the bounded solutions of (3.2.7)
are given by

©(0) = P*(cos0). (3.2.15)

Therefore, we arrive at the product solutions of Eq. (3.2.4):
u(r,0,¢) = r"e™® P™(cosf). (3.2.16)

Remark 3.2.1.1. In the solutions of the Euler equation (3.2.13), we see that for

problems inside the ball with 0 < r < a, we choose the bounded solutions R(r) = Ar™,
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and reject R*(r) = B r~(*™ and for problems outside the ball with r > a, we choose

R(r) = B r~#") and discard R(r) = Ar™, which is unbounded as 7 — oo [20].

3.2.2 The Spherical Harmonics

Spherical harmonics arise in a large variety of physical problems is solved by separation
of variables in spherical coordinates. The spherical harmonic Y,*(0, ¢), —n <m <n,
is a function of the two coordinates 6, ¢ on the surface of a sphere. The spherical
harmonics are orthogonal for different n and m, and they are normalized so that their

integrated square over the sphere is unity:

2T 1
/’m/d@@mW@@xMa@:%wmh (3.2.17)
0 —1

where Y, (0, ¢) is a complex conjugation of Y, [20, 28].
The spherical harmonics can be used to expand functions defined on the sphere, much
as we used Fourier series and other orthogonal series expansions.

Definition 3.2.2.1. The spherical harmonics Y}, ,, (6, ¢) is define by

(2n+1)(n —m)! -
Yo, m(0,0) = P™(cos 0)e™?, 3.2.18
l6.0) \/ e B (cos)e (3218)
where n =0,1,..., and m = —n,—n+1,...,n — 1,n, and P*(cos#) is the associated

Legendre function of the mth derivative of the Legendre polynomial of degree n.
The coefficient in (3.2.18) is chosen. Therefore, the spherical harmonics become an

orthonormal set of functions on the surface of the sphere when the element of surface
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area sin @ dfdao.
Theorem 3.2.2.2.|20] Let f(¢, ¢) be a function defined for all 0 < ¢ < 27, 0 < 6 < 7,
and suppose that f is 2m-periodic in ¢. Then, we have the spherical harmonics series

expansion

- i i An,m Yn,m(9,¢), (3219)

n=0 m=—n

where the spherical harmonics coefficients are given by

Anm /%/ f(0,0) Yim sin6 dide. (3.2.20)

Theorem 3.2.2.3.|20] Let f(r,0,¢) be a square integrable function. Then

(r.0,0) = ZZ Z Agum &n (e 7)Yom (0, 9), (3.2.21)

£=1 n=0 m=-n

where &, is the spherical Bessel function, which defined by

&n(r) = £2n+1( )- (3.2.22)

Here A¢py = / / / f(r,0,0) & Tne r) nmT 2sin @ dfdedr.
n+1 n+ f

(3.2.23)

3.2.3 The Dirichlet problem for the Laplace equation in a ball

Since Laplace equation is homogenous, we choose any scalar multiple of these equation.
Using (3.2.18), we can replace P™(cosf) e¢™? in (3.2.16) by spherical harmonics

Y, m(cosB, ¢) and take the product solutions

L Y0, ). (3.2.24)



Superposing scalar multiplies of these solutions, we obtain

0.@) n /r'n
w(r,0,0) =Y D Aun — Yom(0,0), (3.2.25)

n=0 m=—n
where A, is given by (3.2.20).

Theorem 3.2.3.1.[20] The solution of (3.2.2) subject to the boundary condition of
(3.2.3) in a ball is given by (3.2.25).

The solution of Laplace equation in a ball has nice expression in terms of the Fourier

coefficients of the boundary function.

3.3 Poisson Equation in Spherical Coordinates

One of the most commonly used three-dimensional coordinate systems is spherical
coordinates. When we need to solve a partial differential equation, we try to propose
a solution function comprised of the multiplication of single-variable functions. Then,
the partial differential equation can be decomposed into a set of ordinary differential
equations, which are more accessible to solve and whose solutions establish the
solution of the original partial differential equation.

In this section, we will briefly discuss solving the Poisson equation in spherical

coordinates.

48



3.3.1 Poisson Equation with Dirichlet Condition

In the previous chapter, we have solved Poisson equation in rectangular coordinates,
and see the importance of this equation and its applications have been shown. Now
the Poisson equation will be solved in spherical coordinates with boundary conditions.

Consider Poisson equation with boundary problem in spherical coordinates

Au(r,0,¢) = f(r,0,9), (3.3.1)

where 0 <r <a, 0<0<m, 0<¢ <27, with boundary condition

u(a,0,9) = g(0,9). (3.3.2)

The previous problem is the Dirichlet problem for Poisson equation [20, 48]. We
reduce to Poisson problem with zero boundary condition and a Dirichlet problem
with boundary condition given by (3.3.2). Hence, it remains to solve (3.3.1) with

homogeneous boundary condition
u(a,,¢) = 0. (3.3.3)

We will use the method of eigenfunction expansion to solve (3.3.1) and (3.3.3). Hence,

we get

U(Ta 0, ¢) = Z Z Z Cénm fn(’Yn,s T>Yn,m(9a ¢) (3-3'4)

¢=1 n=0 m=—n
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To determine Cgy,,, we plug the triple series into(3.3.1), and assume that each term

satisfies (3.2.4) with k =77 _, we get

YD D nCem alme 1)Yam(0:0) = f(r.6,9). (3.3.5)

&=1 n=0 m=-—n

Thinking of this last equation as an eigenfunction expansion of f, we get

—1
Tn.e

where Agp,y, is given by (3.2.23) [20].

Theorem 3.3.1.1.|20] The solution of Poisson problem (3.3.1)-(3.3.2) is

u(r,0,¢) = ZZ Z Aﬁnm fn('an r +Z Z Anm " Yom(0,0)

£=1 n= Om——n n=0 m=-n

(3.3.7)

where the spherical harmonic coefficients A, is given by

2 s B ]
A = /0 /0 F(60,6) Yum(8,0) sin6 dodo.

Here the spherical harmonic series expansion f(6,¢) =>">" > " Anm Yan(0,0).
Finally, we can say that as most researches have been focused on the solution in
rectangular coordinates with simple boundary conditions, very little have been published

for the solution in spherical coordinates. However, solutions in spherical coordinates

are still of attention; for example, they are the natural coordinates for many astrophysical

collapse problems (e.g. formation of galaxies, proto-star formation, supernovae). In
such collapse calculations one has to solve the equations of conservation together with

Poisson equation.
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CHAPTER 4

Solving Second-Order Linear Partial
Differential Equations by Integral

Transforms

o1



4.1 Introduction

In previous years, numerous notice has been given to deal with the single, double
and triple transform, which have many applications in various field of mathematical
sciences and engineering such as acoustics, physics, chemistry, etc.,.

The method of integral transforms is one of the most effective and easy methods for
solving problems which are defined by differential equations and integral equations.
Also, the integral transforms are very efficient methodology to solve the linear and
nonlinear differential and integral equations. Many problems of physical concern
are described by ordinary or partial differential equations with proper initial or
boundary conditions, these problems are usually formulated as initial value problems
or boundary value problems. The solutions of initial and boundary value problems are
given by numerous integral transforms methods. Solving such equations using single
integral transforms is more difficult than using the double integral transforms. In
this chapter, we introduce double Laplace-Aboodh transform, double Laplace-Shehu
transform and triple Laplace-Aboodh-Sumudu transform with their properties and

applications.
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4.2 Double Laplace-Aboodh Transform

Aboodh transform was introduced by Khalid Aboodh to facilitate the process of
solving ordinary and partial differential equations in the time domain. The Aboodh
transform is a new integral transform similar to the Laplace transform and other
integral transforms that are defined in the time domain. We applied new double
Laplace-Aboodh transform to solve Laplace, Poisson, wave and heat equations. We
present method of double Laplace-Aboodh transform for solving these equations with
initial and boundary conditions.

Definition 4.2.1. The Laplace transform of the continuous function f(x) is defined

by

Clf() = / " e f(@)dz = F(p), (42.1)

where L is the Laplace operator [6].
Provided that the integral exists. If the integral is convergent for some value of p,
then the Laplace transformation of f(z) exists, otherwise not.

The inverse Laplace transform is defined by

a—+100
LF()] = fla) = / e F(p)dp. (122)

270 Jo—ioo
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where « is a real constant [31].

Definition 4.2.2. Let f(y) be an exponential order function in the set
H={f(4):3B,a1,02 > 0,|f(y)| < Bele, for y e (<1) x [0,00), i=1,2}.

where B is a finite number and «q, s may finite or infinite. Then the Aboodh

transform of the function f(y) is given by

1

AP =FO) =5 [ iy, o<y <an (1.2.3)

where A is called the Aboodh transform operator.

The inverse Aboodh transform is given by

ATNFN)] = fly) = Lo XM F(N)dX; B> 0. (4.2.4)

27TZ B—ioo
where [ is a real constant|2, 9].
In the next definition, we introduce the double Laplace-Aboodh transform.

Definition 4.2.3. The double Laplace-Aboodh transform of the function f of two

variables x,y > 0 is denoted by L, A,[f(z,y)] = F(p,A) and defined by

Lo A[f(x,y)] = F(p,A) = %/0 /0 6_(”I+/\y)f(x,y)dxdy, (4.2.5)

provided the integral exists.
Definition 4.2.4. The inverse double Laplace-Aboodh transform of the function

f(z,y) is defined by

1 a+1i00 B+ioco
) = LA F(p, V)] = = pr AN F (p, N)dA )dp, (4.2.6
e F(p ) L (e re ). 126

(27”)2 —100 —i00

where a and 3 are real constants.



4.2.1 Existence and Uniqueness of The Double Laplace-Aboodh
Transform

Definition 4.2.1.1. A function f(x,y) is said to be of exponential orders «, 5 > 0,

on 0 < x,y < oo, if there exists positive constants K, X and Y such that
|f(z,y)] < Kelost8y), forall x=>X, y>Y,

and we write

flz,y) = o(eax+ﬁy) as I,y — o0.

Or, equivalently,

lim e W | f(z, )| < K lim e (PmTe= OBy — p>a, A> 0.

T—00,y—>00 T—00,Y—00

Theorem 4.2.1.2. Let f(x,y) be a continuous function in every finite intervals
(0, X) and (0,Y) and of exponential order e(®**5¥) then the double Laplace-Aboodh
transform of f(x,y) exists for all p > o and A > .

Proof. Let f(x,y) be of exponential order e(®**#¥) such that

‘f(x,y)’g Kelowt8y) for all x>X, y>Y.
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Then, we have

‘F(fM)‘ =

1 (e} o0
- / / e Pt f (2, y)dardy
)\ 0 0
/ e~ T £ (2, y)|dzdy
0
/ = / > e~ (pr+Xy) e(axwy)dmy
0 0

/OO e~ (p=a)z g, /OO e*(/\fﬁ)ydy
0 0

K
(p—a)(X = BA)

INA
> =
o\

= =

Thus, the proof is complete.
Theorem 4.2.1.3. Let Fi(p, \) and F5(p, A) be the double Laplace-Aboodh transform
of the continuous functions fi(z,y) and fo(z,y) defined for z,y > 0 respectively. If

Fl(pa )‘) = FQ(pa )‘>7 then fl(x7y) = f2($,y)-

Proof. Assume that o and § are adequately large, since

1 a+1i00 B+ioco
fla,y) = LA F(p, V)] = —— / e ( / A F(p, A)dA) dp,
a 8

(27"@)2 —100 —i00

we deduce that

1 a+ioco B+ioco
filz,y) = .2/ e”‘”(/ AN E(p, )\)d)\)dp

a—100 —1300

a+ioco B+ioco
P ( / AN Fy(p, A)dA) dp
B

—1300 —1400

I
—~
[\
N | =
~.
N—
o
Q\

This proves the uniqueness of the double Laplace-Aboodh transform.
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4.2.2 Some Useful Properties of Laplace-Aboodh Transform

Linearity property 4.2.2.1. If the double Laplace-Aboodh transform of functions
fi(z,y) and fo(x,y) are Fi(p,\) and Fy(p, A) respectively, then double Laplace-
Aboodh transform of afi(x,y) + f2(z,y) is given by aFi(p, \) + SFa(p, A), where «
and ( are arbitrary constants.

Proof.

Aotz + Shay) = [ [T e (af1<x,y>+/af2<x,y>)dxdy

= / / p‘“’\y (z,y)dxdy
+ ﬁ/ / ~ee ) £ (2, y)dady

= aFi(p,\) + BFy(p, \). (4.2.7)

Change of scale property 4.2.2.2. Let f(x,y) be a function such that

Then for o and [ are positive constants, we have

LA 8] = —F(2.5). (128)

Proof.

LAy f(az, By)] = %/0 /0 e~ PN £ (o, By)dacdy.
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Let u = ax, v = Py, then

1 oo [ee] B N
LA lfuo)] = o [0 [T e
1

_ F T (2utio)
= e "B f(u,v)dudv
7 / / (u,0)

Shifting property 4.2.2.3. If £, A [f(z,y)] = F(p, ), then for any pair of real
constants «, 8 > 0,

LA [ )] = 2P R a,x ). (1.2.9)

Proof. Using the definition of double Laplace-Aboodh transform, we get

Lo A, [959) f(a, )] — / / RN 0B [, )y

_ / / (=e0=+0-0) (. y)ddy

_ / / ((-01+0=53) (0 y)dady

= 2P —an-5)

Derivatives properties 4.2.2.4. If L, A,[f(z,y)] = F(p, A), then

of(x,y)
ox

(1), LA |=pF(p.2) = Al O.0)) (4.2.10)

Proof.

1 o o

&C'Ay[@f(x,y)} = X/o /0 6_(”I+’\y)—8f(;;y)dxdy
1
A

Ox
/000 e Mdy (/OOO e P f.(x, y)dw).
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Using integration by parts, let v = e, dv = f,(x,y)dx, then we obtain

ExAy[—afg;’y)} = %/OOOe‘Aydy(—f(O,y)er/O

o0

e P f(x, y)dx)

= pF(p,A) = A[f(0,y)].

2). EIAy[afg;’ y)]: NF(p, \) — %L[f(x,o)]. (4.2.11)

Proof.

La:Ay [M] — %/ / 6—(px+)\y) afgzy y) dxdy
0 0

dy
1 (o ¢] (o)
- —px =y
= /\/0 e dx(/o e fy(x,y)dy>.

Using integration by parts, let u =¢e™, dv = f,(z,y)dy, then we obtain

LA, [af(a? y)] = %/000 e_p”dx<—f(x, 0) + )x/ooo e f(x, y)dy)

= AF(p.3) — 5 LI, 0))

@ LA [T ) - palf 0] - AL O] (1212

Proof.

82f(:c,y)]

LAy [ 02

1 [ [> 0*f(z,y)
—(pz+Ay) J
)\/0 /0 e 92 dxdy
= — d e zx\L) dx ).
)\/0 e y( i e P frou(z,y) x)

Using integration by parts, we obtain

@Ay[an(m’y)} = l/OOO6‘*1’dy<—ﬁc(0,y)Jr/){—f(O,.7J)+p/0

o0

e_pr(x,y)dw}>

Ox? A
= pPF(p,\) — pA[f(0,9)] — A[£.(0,)].
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Similarly, we can prove that:

@ oA [T 0) — £150.0) - 121500
O LA [ I AR ) — B L170,0) - AL 0.0)]

4.2.3 The Double Laplace-Aboodh Transform of Some Elementary

Functions

(1). If the function f(z,y) =1, then

LA f / / e~ PN dydy = — A (4.2.13)

(2). If the function f(z,y) = zy, then

1
—(P2+2) g0y dardy = . 4.2.14
LA / / vy dady = 533 ( )

(3). If the function f(z,y) = x?y?, then

4
L.Af / / ~Pr M) 202 drdy = i (4.2.15)
(4). If the function f(z,y) = z"y™, n,m =0,1,2, ... , then
I
LA, f( = / / ~pe A M dydy = % (4.2.16)

(5). If the function f(z,y) =2%y", 0 > —1, v > —1 , then

[e.e] [e.e] 1
LA, f / / —Pr M) o dady = / e_pzm”dx/ Xe_’\yy”dy.
0 0
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Let (=pxr and n=M\y

LAlfen) = o [Ceted(n [ e

1
— T(o+ 1)(p0+1>r(u+ Dy (4.2.17)
Where I'(.) is the Euler gamma function.
(6). If the function f(x,y) = @™+ o 3=0,1,2,..., then
1
L.Af / / ~(pr ) (0 HBY) I\ = . (4.2.18
- =gy 4
Similarly,
LA [ei(ay+ﬂy)] — / / ~(prtXy) gi(oz+By) drdy = 1 1
o Alp —ia) (A —if)
(pA — aB) +i(pB + a)
_ ) 4.2.19
(7 + ) + B2) 219
Consequently,
_ pA —af
L, Ay[cos(ax + fy)] = (2 +a?)(N° 1 52N)
. _ pB + aA
L, A, [sin(ax + fy)] = (P T+ )%+ N
(7). If the function f(z,y) = cosh(azx + By), «,B=0,1,2,..., then
LA f(z,y)] = / / ~e ) cosh(ax + By)dady
pA + af
= . 4.2.2
(7 — )% — ) :2:20)
(8). If the function f(z,y) = sinh(ax + fy), «,6=0,1,2, ... ,then
LA f(z,y)] = / / ~(ee M) sinh (o + By)dady
- potar (4.2.21)

(77 = a?) (N = )
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4.2.4 Applications of the Double Laplace-Aboodh Transform

In this section, to establish the efficiency of the suggestion method we consider second-
order linear partial differential equations with initial and boundary problems. Let the
second-order nonhomogeneous linear partial differential equation in two independent

variables (z,y) be in the form:

Afae(,y) + Bfyy(z,y) + Cfolz,y) + Dfy(z,y) + Ef(x,y) = h(z,y), (z,y) € RE2.22)

with the initial conditions:

f(z,0) =Ty (z), fy(z,0) = Ty(z), (4.2.23)

and the boundary conditions:

where A, B,C, D and FE are constants and h(z,y) is the source term.
Using the property of partial derivative of the double Laplace-Aboodh transform for
equation (4.2.22), single Laplace transform for equation (4.2.23) and single Aboodh

transform for equation (4.2.24) and simplifying, we obtain that:

(B + R)Ti(p) + 5Ta(p) + (Ap + O)T3(N) + ATy(N) + H(p, \)
Flo. )= ; (A7 1 BY'+ Cp+ DA 1 E) - (42.25)
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where H(p, \) = L, Ay[h(x,y)].
Lastly, solving this algebraic equation in F'(p, \) and taking the inverse double Laplace-

Aboodh transform on both sides of equation (4.2.25), yields

(B+ R)Ti(p) + RTa(p) + (Ap + O)T5(N) + ATu(N) + H(p,

_ pr—1 g4-1
flz,y) =LA, (Ap> + BN +Cp+ DA+ E)

){)4]2.26)

which represent the general formula for the solution of equation (4.2.22) by double
Laplace-Aboodh transform method.

Example 4.2.4.1. Consider the following boundary Laplace equation

fea(@,y) + fyy(@,9) =0, (z,y) € RY, (4.2.27)

with the conditions:

{ f(x,0) =sinhz =Ty (),  f,(z,0) =0 = Ty(z),

f(0,y) =0 =Ts(y), f2(0,y) = cosy = Tu(y).
Solution:
Substituting
L) = —— B)=0, BON=0, TN = Hp) =0,
p?—1 A2 +1

in (4.2.25) and simplifying, we get a solution of (4.2.27)

1 1 1
_ p-lg-l .
flzy) = LA, [pQ v (p2 —7 + e 1)}— sinhx cosy. (4.2.28)

Example 4.2.4.2. Consider the following boundary Poisson equation

Jee(z,y) + fyy(z,y) = 2771, (z,y) € R3, (4.2.29)
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with the conditions:

{ f(z,0) =e " +cosx =Ti(x), fy(x,0)=e"+cosx =Th(x),
f(Oa y) = 2e¥ = T3(y>a fx(07y) = —e = T4(y)
Solution:

Substituting

T3(N) = 5o Ti(N) = xoo1

in (4.2.25) and simplifying, we get

2 2 1 1 1
Flo\) — ()\(p+1)()\—1) + ,\(,\f1) e + 1 + p2€r1 + A(p+1) + A(p§+1)>
(pu ) - (pg + )\2)
1 P

Np+ D —1) AP+ DA —1) (4.2.30)

Taking the inverse double Laplace-Aboodh transform of equation (4.2.30), we get a

solution of (4.2.29)

1 4—1 1 p
f(:v,y) = L, Ay [)\(p+1)()\_1)+)\(p2—|-1)(/\—1)]

e "V +e¥cos . (4.2.31)
Example 4.2.4.3. Consider the following nonhomogeneous wave equation
ful(z,t) = fou(x,t) + 6t + 22, (z,t) € R3, (4.2.32)

with the conditions:

f(z,0) =0=Ti(z), fi(z,0) =sinz = Ty(x),
F0,8) =3 =Ts(t),  f.(0,t) =t*+sint = Ty(t).
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Solution:

Substituting

T3(\) = 5, Ti(N) = 3 + 5o

H(p,\) = 55 + 75
in (4.2.25) and simplifying, we get

1 /6p 2 1 1 2> 6
F(p,\ Lz - S
A = % <>\5 TN TN D M2l e p)\3>
6 2 1

N A AR I DR+

(4.2.33)

Taking the inverse double Laplace-Aboodh transform of equation (4.2.33), we get a

solution of (4.2.32)

6 2 1

flz,t) = £;1A;1[—+

GRS VAR VG I NP 1)]

= 34 xt®> +sinzsint.

(4.2.34)

Example 4.2.4.4. Consider the following nonhomogeneous heat equation

fi(z,t) = fou(z,t) — f(z,t) + 1, (x,t) €

with the conditions:

R2, (4.2.35)

{ f(z,0) =1+sine =Ti(x),  fi(z,0) = —2sinx = Ty(x),

f(0,t) =1="T;5(t), f2(0,8) = e = Ty(t).
Solution:
Substituting
Tl(p) = % + pzh_ly TQ(p) = p;_fl’
T5(A) = ﬁ, Ty(A) = m7
H(p,\) = 53,
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in (4.2.25) and simplifying, we get a solution of (4.2.35)

o 1 0 1 1 1 1
N = e Y A _
flz1) Lo A, [,02—/\—1<)\2+)\()\+2) pA A(p*+1) pAz)}
g b 1
Lo A [,0)\2+)\(p2+1)()\+2)}
_ 1—|—€72tSiH$. (4236)

4.3 Double Laplace-Shehu Transform

Eltayeb and Kilicman, applied double Laplace transform to solve wave, Laplace and
heat equations with convolution terms, general linear telegraph and partial integro-
differential equations. Alfageih and Misirli dealt with double Shehu transform to
get the solution of initial and boundary value problems in different areas of real life
science and engineering. We applied new double Laplace-Shehu transform to solve
Laplace, Poisson, wave and heat equations, through the derivation of general formula
for solutions of these equations, or by applying the double Laplace-Shehu transform
directly to the given equation.

In this section, we introduce method for solving some partial differential equations
subject to the initial and boundary conditions called double Laplace-Shehu transform,
the definition of double Laplace-Shehu transform and its inverse. We also discuss
some theorems, properties, elementary functions about the double Laplace-Shehu

transform. Moreover, we implement the double Laplace-Shehu transform method to
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some examples.
Definition 4.3.1. The Shehu transform of the real function f(y) of exponential

order is defined over the set of functions,

vl . ,
M:{f(y)53N,ﬁ,7'2>0,|f(y)|<Keﬂ:, for ye(=1) x[0,00), z:1,2},
by the following integral

S ()] = / T )y = FG ), b 0, (43.1)

)
where e is the kernel function, and S is the operator of Shehu transform.

The inverse Shehu transform is defined by

w100
SUF. 1) = f(y) = —— / %ewF(a )5, (432)

where w is a real constant [49).
In the next definition, we introduce the double Laplace-Shehu transform.
Definition 4.3.2. The double Laplace-Shehu transform of the function f(z,y) of

two variables x > 0 and y > 0 is denoted by L,S,[f(z,y)] = F (7,9, 1) and defined as

Lo Sy[f(z,y)] = F(7,6, ) / / s £ (2, y) dady

= lim //e_(W’Luy)f(x,y) dxdy. (4.3.3)
0

a—00,8—00 0

It converges if the limit of the integral exists, and diverges if not.

Definition 4.3.3. The inverse double Laplace-Shehu transform of a function F' (v, d, )
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is given by
L'S M F(y,6,m)] = f(x,y).

Equivalently,

1 Kk+i00 w+iool
flx,y) = LS F (v, 6, 1)) = 75— / e dy / ;eZyF(%é,u)dé,(él.SA)

(27‘{'2)2 —100 —100

where k and w are real constants.

4.3.1 Existence and Uniqueness of The Double Laplace-Shehu
Transform

Definition 4.3.1.1. A function f(x,y) is said to be of exponential orders o > 0,

B>0,on0<z<o00,0<y < oo, if there exists positive constants K, X and Y such

that
|f(z, )] < Ke™thy, foral z>X, y>Y,
and we write
f(z,y) = o(e®™+hY) as x — 00, Y —00.

Or, equivalently,

(5 )
lim e @) f(z,y)| = K lim e %% =By — 0, v>a, —> 0.
T—00,Y—+00 T—00,Yy—+00 Iu

Theorem 4.3.1.2. Let f(x,y) be a continuous function in every finite intervals
(0,X) and (0,Y) and of exponential order e(®**5%) then the double Laplace-Shehu
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transform of f(z,y) exists for all v > o and % > .

Proof. Let f(x,y) be of exponential order exp(ax + fy) such that
’f(x,y)‘g Kelow+8y) Vao>X, y>Y.

Then, we have

)F(%& u)‘ = ‘/ / e~ OV (2, y)dvdy
/ / e~ OTH | £z, )| dedy
K/ / —(yz+2 <) a:r+,8y dxdy
— K/ 6_(7_04 xdx/ 67(%7ﬂ)ydy
0 0
K

7
(v =) (0 — )

A

A

Thus, the proof is complete.
Theorem 4.3.1.3. Let Fi (7, d, ) and Fy(y, d, 1) be the double Laplace-Shehu transform

of the continuous functions fi(z,y) and fo(z,y) defined for x,y > 0 respectively. If

F1(7757 ﬂ) = FZ(’Y)(S) ,u)v then fl(xay) = fz(fﬂ,@/)

Proof. Assume that x and w are sufficiently large, since

Fary) = LS By, 6,1)] = (i, / e dy) (s L /w L pes u)ids),

211 S —ioo 210 J oy ino
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we deduce that

han) = (o [ o) (o [ Lei R0 m0)

This ends the proof of the theorem. n

4.3.2 Some Basic Properties of the Double Laplace-Shehu Transform

Linearity property 4.3.2.1. If the double Laplace-Shehu transform of functions
fi(z,y) and fo(z,y) are Fi (7, 0, u) and Fy(y, d, 1) respectively, then the double Laplace-
Shehu transform of afi(x,y) + S f2(x,y) is given by aFi (v, d, u) + 5F5 (7, 0, i), where
« and [ are arbitrary constants.

Proof.

Slafile) + Shan] = [ [T (afi@n) + ) dedy

_ / / ~O5+39) £ (. y)ddy

+ ﬁ/ / AT y)f (x,y)dxdy

= aFi(7,0,p) + BF2(v, 0, p). (4.3.5)

Shifting property 4.3.2.2. If the double Laplace-Shehu transform of f(z,y) is

F(7,6, 1), then double Laplace-Shehu transform of the function e %) f(x y) is
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given by F'(y — a,6 — Bu, ).

Proof.

LS, [e ™™ f (2, y)] = / e‘””%we(“*ﬁy)f(x,y)dxdy
0 0

_ /000/0006

= F(y—a,6d—Pu,p). (4.3.6)

) f (2, y)dudy

Change of scale property 4.3.2.3. If the double Laplace-Shehu transform of the
function f(z,y) is F(v,d, 1), then the double Laplace-Shehu transform of f(az, fy)
is given by ﬁF(g, %, 1).

Proof.

LS, [f (o, By)] = / / =079 (o, By)dady.

Let v =ax, 7= Py, then

L,S,|f(azx, By)] = &5/ / e 3Ve BT f(v, T)dvdr
- G

Derivatives properties 4.3.2.4. If L,S,[f(x,y)] = F(7,0, 1), then:

o 0. (4.3.7)

—} =7F(v,0,p) = S[£(0,9)]. (4.3.8)

Proof.

LxSy [af(x7 y):| — / / 67(71+%y) (9f(33‘, y) dl‘dy
o Jo Oz

ox
= /000 e_iydy</ooo e_wfgc(x,y)dx).
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Using integration by parts, let w = e™*  dv = f,(z,y)dx, then we obtain

L, [LE0] — [Ty (<s0m) o [T e i)
= YF(v,6,p) — S[f(0,9)].
@ L8[ L0 S 6 - Lif o) (43.9)

Proof.
(9f(:1:', y) _ R —(yz+2y) af(.%, Z/)
e I A A

= [ ean( [T et e ay).

Using integration by parts, let u = 67%;,’ dv = f,(z,y)dy, then we obtain

LS, [aféz’ y)} = /OOO e’”‘”dx(—f(ac, 0) + % /OOO e_%yf(a;, y)dy)

_ %F(%(s, 1) — Lf(2,0)].

We can prove that:

(3). LS, [%} = *F(7,6,1) = vS[£(0,)] = S[f(0, )] (4.3.10)
W LS [EE CR0 - Sl 0) - w0 (411

02f(x,y)]_ 70

(). LSy [T | = T E 0,60 =1Ll 0] - SIR0.p)). (43.12)
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4.3.3 The Double Laplace-Shehu Transform of Some Elementary
Functions
(1). If the function f(z,y) =1, then

L.S,[f(z,y)] / / ~Oet i) dxdy = 7“6 (4.3.13)

(2). If the function f(z,y) = xy, then

00 e8] 2
Ly Syl f(z,y)] =/ / e O iy dady = Z. (4.3.14)
o Jo g

(3). If the function f(x,y) = 2"y™, mn,m =0,1,2, ..., then

I m+1
L.S,[f / / —Owty) gy m d:cdy—z;zll' (%) . (4.3.15)

(4). If the function f(z,y) = 2%y", 0 > —1, v > —1, then

L.S,[f(z,y)] / / ~Oety) 2%y’ dxdy = / e‘”:z:“da:/ e h YyPdy.
0 0

Let =~ and n= %y, then we have

L) = = [ eteas Gy e
_ F(cr+1)(70+1>F(V—|—1)<%>H1. (4.3.16)

Where I'(.) is the Euler gamma function.

(5). If the function f(z,y) =™ ™™ n,m =0,1,2,..., then

LSyl f (z,y)] 2/ / e~ CTH ) gnatmy o gy — (4.3.17)
0 0

1
(v =n)(6 —mp)
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(6). If the function f(x,y) = cos(nz +my), n,m =0,1,2, ..., then

L.S,[f(z,y)] = / / ~07+) cos(na + my) dady

p(y8 — nmp)
(7+nWW+m%)

(7). If the function f(z,y) = sin(nz +my), n,m =0,1,2, ..., then

L, Sy[f(z,y)] = / / ~QTHY) in(na + my) dady

p(né 4+ myp)
PY+WXﬁ+m%%‘

Consequently,

(6 + nmyp)
(7? = n?)(0% —mp?)’

L, Sy[cosh(nz + my)] =

(nd + myp)

(72 = n?)(6% — m?p?)

L,Sy[sinh(nz + my)] =

(4.3.18)

(4.3.19)

(4.3.20)

(4.3.21)

4.3.4 Applications of The Double Laplace-Shehu Transform

We apply the double Laplace-Shehu transform method to linear partial differential

equations. Let the second-order nonhomogeneous partial differential equation in two

independent variables be in the form:

Afouw+B fy+C fo+D fy+E f=h(z,y), (z,y) € R,

with the initial conditions:

f(l’,O) :hl(x)v fy(va)ZHQ(x)v
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and the boundary conditions:

f(0,y) = hs(y), f2(0,y) = hu(y), (4.3.24)

where A, B,C, D and E are constants and h(z,y) is the source term.
Using the property of partial derivative of the double Laplace-Shehu transform for
equation (4.3.22), single Laplace transform for equation (4.3.23) and single Shehu

transform for equation (4.3.24) and simplifying, we obtain that:

(By + D)hw(y) + Bha(7) + (Ay + C)hs(0, 11) + Aha(0, 12) + H(7, 6,1
(Ay?+ BL + Cy+ D2+ E) '

F(y,6,1) = )4]3.25>

where H (7,9, 1) = L,Sy[h(z,y)].
Finally, Solving this algebraic equation in F(v,d, ) and taking the inverse double

Laplace-Shehu transform on both sides of equation (4.3.25), yields:

(Bj + D)hu(y) + Bha(7) + (Ay + C)hs(6, 1) + Aha(6, p) + H(7, 6, p
\

xZ, :L_lS_l 2
J(@.y) = L.75, (Ay2+ BZ + Cy + DL + E)

)4]3.26)

which represent the general formula for the solution of equation (4.3.22) by the double
Laplace-Shehu transform method.

Example 4.3.4.1. Consider the following boundary Laplace equation

foa(@,y) + fyy(z,y) =0, (4.3.27)
with the conditions:
£(2,0) = cosz = hu(x), £,(2,0) = 0 = Ty (),
f(0,y) = coshy = hs(y), fe(0,9) = 0 = ha(y).
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Solution:

Substituting

)
hl(W) = i ) hQ(’Y) = 07 h3(57 M) = r,u,lLQ’ h4(57 M) = O)

in (4.3.25) and simplifying, we get a solution of (4.3.27)

o 5
fla,y) = LS =2 a

T e = cos z cosh y. (4.3.28)

Example 4.3.4.2. Consider the following boundary Poisson equation

Joo(®,y) + fyy(z,y) = ysinz, (4.3.29)
with the conditions:
f(z,0) =0=hy(x), fy(x,0) = —sinz = hy(x),
f(0,y) = 0= hy(y), fo(0,y) = —y = ha(y).

Solution:
Applying the double Laplace-Shehu transform on both sides of equation (4.3.29), we

get

VF(y,0,1) — ~S[f(0,9)] — S[f2(0,9)] + z—ZF(% 0, 1) — %L[f(x, 0)] — L[f,(,0)]

2

_ H

= P (4.3.30)
Substituting
@] =0, L@ =g Sl =0, sG] = 5.
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in (4.3.25) and simplifying, we get

_/,62

F(%&M):m-

(4.3.31)

Taking the inverse double Laplace-Shehu transform of previous equation, we get the

solution

2

2
_ r-l1g-1 —H _ r-lg-1[H 1 s
flz,y) = LS, [—52(72 n 1)] =—L, S, [_62 T 1] = —ysinz. (4.3.32)

In the following two examples, we will replace the independent variable n with the
time variable ¢. Therefore, S, = S; and S 1= §;! will be used.

Example 4.3.4.3. Consider the following nonhomogeneous wave equation
Fule,t) = frale ) = 3f(5,0) 43, >0, (4.3.33)

with the conditions:

f(.T,O):lIhl(.T), ft<x70>:28inx:h2(‘r)u
f(07t> =1 :hS(t)a fx(ovt) :Sin2t2h4<t>-
Solution:
Substituting
1 2 L 2412 —3u
— — -2 - F —
h (7) 77 hey (7) 72 + 17 h3(67 ,u) 5’ hy (57 ,u) 52 + 4Iu2 ) (77 57 ,u)
in (4.3.25) and simplifying, we get a solution of (4.3.33)
1 202
flz,t)=L'S;* Laan a =1+ sinxsin 2¢. (4.3.34)

S RN R e
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Example 4.3.4.4. Consider the following nonhomogeneous heat equation

fi(x,t) = fou(z,t) — 62, t>0, (4.3.35)
with the conditions:
f(z,0) = 2° +sinz = ~y(2), fi(z,0) = —sinx = hy(x),
f(0,t) = 0= hs(t), fo(0,1) = e = hy(t).
Solution:
Substituting
6 1 —1
h = — h = 4.3.
1(7) 74+72+1a 2(7) 72_‘_1’ ( 336)
L 6
h 5) :07 h 67 = < F 767 = 5
3(0, ) 4(6, 1) ey (7,6, 1) "

in (4.3.25) and simplifying, we get a solution of (4.3.35)

6 1 1
't :L—ls—l[— =
flo.t) = L,75 74+<5+u 72 +1

] = 2° 4 e 'sing. (4.3.37)

4.4 Triple Laplace-Aboodh-Sumudu Transform

Definition 4.4.1.[7, 22| The Sumudu transform of the continuous function f(x) for

all x > 0 is defined by

S[f(x)] = - /OOO e rf(x)de =F(p), k1 <p< ko, (4.4.1)
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where S is the Sumudu operator. Provided that the integral exists. If the integral
is convergent for some value of z, then the Sumudu transformation of f(z) exists

otherwise not. The inverse Sumudu transform of the function F(p) is defined by

o) = S7F0) = 5 [ L b )ap, (44.2)

2T ) oo

where « is a real constant and S~! is an operator and it is called inverse Sumudu
transform operator [79].
Definition 4.4.2. [8] The double Laplace-Sumudu transform of the continuous function

f(z,t) and z,t > 0 is defined by

LSl t) = Fpr) = 7 [ 70 pta e
~  lim / / e~ D) f (o, t)dadt. (4.4.3)

T a—00,8—00

It converges if the limit of the integral exists, and diverges if not.

The inverse of double Laplace-Sumudu transform is given by

w1+100 wa+100
flz,t) = LS [F(p,r)] = ﬁ/ epx{/ 1e?F(p, r)dr}dp, (4.4.4)

1—100 2 —100
where w; and wy are real constants.
Definition 4.4.3.[9] The double Aboodh-Sumudu transform of the continuous function

h(y,t), y,t > 0 is denoted by the operator A,S;[h(y,t)] = H(q,r) and defined by

A, Silh(y, 1) = - / / ~a D by, D) dydt. (4.4.5)
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And the inverse double Aboodh-Sumudu transform is defined by

oG = s [ aen{ [T et H(grar}dg, (14.)
h(y,t) = A "S; [H(q,7r)| = —/ qe? / —erH(q,r)dr +dq, (4.4.6
( ) v ! (27TZ)2 1 —100 Y2 —100

where 4, and 7, are real constants.

In the next definition, we introduce the triple Laplace-Aboodh-Sumudu transform.
Definition 4.4.4. Let f be a continuous function of three variables say x,y,t > 0;
then, the triple Laplace-Aboodh-Sumudu transform of f(z,y,t) is denoted by the

operator L, A,S[f(x,y,t)] = F(p, A\, r) and defined by

1 [ee] [e.e] [ee] ‘
LASI @0 = Fodr) =5 [ [ [7 e o,y dadyie(a..7)
0 0 0

Provided the integral exists.

The inverse triple Laplace-Aboodh-Sumudu transform is defined by

fle,y,t) = LVASISTHF(p, A, )]

1 K1+1i00 , K2+100 Ay K3+100 1 .
= — v A —er F(p,\,r)dr pdX pd
(27Ti)3 /nl—ioo ‘ /HQ—’ZOO ‘ /ng—ioo Te (p’ 7T) " P

where k1, ko and k3 are real constants.

80



4.4.1 Some Properties of Triple Laplace-Aboodh-Sumudu Transform

Linearity property 4.4.1.1.
Let f(x,y,t) and g(z,y,t) be two functions such that

LszSt[f(:L‘, y7t)] = F(p7 /\7 T)v

L. A,Sg(z,y,t)] = G(p, A, 7).
Then for any constants o and 3, we have

LAy S[af(,y,1) + B(w,9,8)) = aLeAySilf (2,3, D) + BLaA,Si[g(, 3, D). (44.8)

Proof. By using definition of triple Laplace-Aboodh-Sumudu transform, we obtain

1 o [e.9] o .
LoASlaf@y.t) + ool = 3 [ [0 [ e {aftyn) + sy} dad
0 0 0

= %/ / / e_(’””““%)f(x,y,t)dmdydt
o Jo Jo

+ %/ / / e_(p$+’\y+£)g(x,y,t)dxdydt
o Jo Jo

= oL, A,S|f(z,y,t)] + BLsA,S:[g(x,y,t)].

Shifting property 4.4.1.2.

If the triple Laplace-Aboodh-Sumudu transform of f(x,y,t) is F(p, A, r), then for

real constants a,b and ¢, we have

A—2b r

LIAAySt[e(aac-‘rby-&-Ct)]‘7(337 Y, t)] = )\(1——cr)F<p —a, — b,

—). (4.4.9)
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Proof. Using the definition of triple Laplace-Aboodh-Sumudu transform, we get

1 o oo o
La:AySt [e(am-&-by—&-ct)f(;L'7 v, t)] = — / / / e—(px-l-/\y-l—%)e(ax-i-by—i-ct)f(w, Y, t)dfbdydt

_ / / / (=00t G=00) F( g dudydt
0
_ (p—a)z+(A— b)y+( )) T Hdx
A(A—b)“ / / / f@,y, t)dw

1cr)
B ﬁF< oA bl—cr)

Changing of scale property 4.4.1.3.
Let f(x,y,t) be a function such that
Lo AySi[f(z,y, )] = F(p, A, 7).
Then for a, b and ¢ are positive constants, we have

L, A,S[f(ax, by, ct)] = ;F( 2 7"). (4.4.10)

Proof. Using the definition of triple Laplace-Aboodh-Sumudu transform, we have

1 oo x [o@) .
LSy = o [ [0 [ e 0m i o, by ct)dodyi,
0 0 0

Let 7 = ax, v = by, @ = ct, then

1 0o 00 0o Cpeirg e
LA S f(T,v,0)] = abc)\r/ / / e (a3 +cr)f(7',v,<p)d7'dvdgp

= / / / Erhguts D F(1, v, )drdude
abQ—cr

p
(a7 b7

ab2 cr).
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Derivatives properties 4.4.1.4.

If L,A,S:f(x,y,t)] = F(p, A\, r), then:

Of (x,y,t)

(1 LASH]| P

]: pE(p, A r) — AySi[f(0,y,0)]. (4.4.11)

Proof.

Bf(x,y,t) _ —(px+Ay+= )(9f(x Y, )
LAS[=55=] = 5 / / / or vt

= e N v -
M 0 dy/o e dt{/o e fz(xy)d}

Of (z,y,t)
ox

Using integration by parts, let u = e 7%, dv = dx, then we obtain

3f(x,y,t) _ i OO -y OO -1 = —px
LxAySt[ al, i| - )\’f’ \/() € dy/[) € dt - f(ovyvt) +p/0 € f(x7y7t>dx

= pF(p, )\,7’) - AySt[f<07 yat)]

of (z,y,1)

(2).  L.AS, [ 5

|[= 2w - %LISt[f(x,O,t)]. (4.4.12)

Proof.

af(I’ Y, t) . p$+)\y+ )8f(’:1j Y, )
Lszst[ 5 ] - AT/O / / dedydt
= pxda:/ e rdt /OO My x,y,t)d

By using integration by parts, let u = e, dv = %@’ly’t)dy, we get

LxAySt[%jyy’t)} = %/ e_pxdm/ e_ﬁdt{—f(x,o,t)qL/\/ e_’\yf(x,y,t)dy}
0 0 0

= AF(p A ) — LSl (2, 0,1)]

83



Similarly, we can prove that:

Of(z,y,1)"
LmAySt[ f(ﬂ;ty )

0% f(,y, t):
LwAySt _T

r0% f(x,y, t):
LxAySt _T

_82 7 :
L.A,S, P AC 0] g;y )

10% f(x,y, 1)1
LA, S| =52 5

10% f(, y,t)T
LIAySt_ Oxot

0% f(x, y,t ):
L, A,S, o

4.4.2
Functions

(1). If f(z,y,t) = 1, then
L,A,Sif(

z,y,1)

(2). If f(z,y,t) = zyt, then

CE(p )~ LA, 0))

PPE(p, A\ 1) — pAySi[£(0,5,8)] — A, Si[£.(0,y,1)],
NF(p, A\, 1) — LoS,[f(2,0,1)] — %Lzst[fy<x7 0,t)],
P — 5 LA f(2,0.0)]  TLoAF(x,5,0),
PAF(p, A\, ) — §LxSt[f(a:, 0,)] — A,S,[£,(0,,1)],
EE(p A7) = ELoA (2, 0)] = A,S (0., 1)),
%F(p, A1) — %LwAy[ f(x,y,0)] — %Lmst[ft(x, 0,9)].

Triple Laplace-Aboodh-Sumudu Transform of Some Elementary

f(prr)\er
= / / / dxdydt = )\

L, A, S f(x,y,t = /0 / / ~r Mt D putdadydt = /\
(3). If f(z,y,t) = z™y™t*, n,m,k=0,1,2, , then
1 oo (o] oo :
LxAySt[f($a Y, t)] = 3. / / / 6_(p$+>\y+?)lﬂymtk dﬂfdydt
ArJoo Joo o
n! m)! %
= L 2 kr



(4). If f(z,y,t) = 2°y"t’, 0 > =1, v>—1 p> —1, then

LacAySt[f('rv Y, t)] = / / / pm+)\y+ ) th dffdydt

1 [ee]
= / e PPx’dx —/ e Wyrdy —/ e_%tpdt,
0 AJo ™ Jo

let £ =px, (= Ay and 77:$

1 (o.9] 1 o (e.9]
LSy t) = —o [ eteds g [ esciac e [ enpa
p 0 0 0
I'(o+1) I'(v+1)

- potl \+2 Llp+1)r”

where I'(.) is the Euler gamma function.

(5). If f(z,y,t) = el@@tbv+eD) then

LoAySif(z,9.8)] = / / / ) st ot

Ap — a)()\ —b)(1—cr)
(6). If f(z,y,t) = sinh(ax + by + ct) or cosh(az + by + ct).
Recall that

e(a:(;+by+ct) _ 6—(aw+by+ct) e(a:c+by+ct) 4 e—(ax+by+ct)

sinh(ax + by + ct) = 5 , cosh(ax + by +ct) = 5

Therefore,

pA + ab + bepr + acAr
NP7 — )V — 0)(1 = )

bp + aX + cpAr + aber
A(p? —a?)(A = 0%)(1 — *r?)

L,A,Si[cosh(ax + by + ct)] =

L,A,Sy[sinh(ax + by + ct)] =
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(7). If f(z,y,t) = el@@Fbv+ed) then

1 o0 o0 (o] ‘ )
LSyt = o [ [ [ e gy
0 0 0
1

Ap — ia)(A —ib)(1 — icer)
(p\ — bepr — acAr — ab) + i(cpAr + bp + aX — aber)
A%+ a?) (A2 4 b2)(1 + c2r?) '

Consequently,

pA — bepr — acAr — ab
AP+ @)+ )1+ )’

cpAr + bp + aX — aber
AP+ a?) (A2 +b2)(1 + ?r?)

L,A,Si[cos(ax + by + ct)] =

L,A,S[sin(az + by + ct)] =

(8). If f(z,y,t) = fi(z)f2(y)f5(t), then

LASIf )] = / / / =) (f1(2) faly) (1)) dadyds

= [T {% | e {1 / meﬁfg(wdt}dy}dx

= L.[fi(2)] Ay[f2(y)] Silfs(t)].

Therefore,
P 1 1
L,A,S[cos(ax) cos(by) cos(ct)] = ) ) (LT &)
a b cr

L,A,S[sin(az) sin(by) sin(ct)] =

(2 + @) A2+ 12) (1 + 2r2)

4.4.3 Applications of Triple Laplace-Aboodh-Sumudu Transform

In this section, we apply the triple Laplace-Aboodh-Sumudu transform operator for
solving some kinds of linear partial differential equations.
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Example 4.4.3.1. Consider the following boundary Laplace equation
Uxx<x7y7t) +Uyy(l‘7yat) +Utt(xay7t) = 07 (xvyat) S Ri’-a (4413)

subject to the conditions

U(0,y,t) =0, U,(0,y,t) = siny sinhv/2t,
U(z,0,t) =0,  U,(z,0,t) =sinz sinh/2t, (4.4.14)
U(z,y,0) =0, Uy(x,y,0) = v/2sinz siny.

Solution:
Applying triple Laplace-Aboodh-Sumudu transform to the equation gives and by
linearity property and partial derivative properties of triple Laplace-Aboodh-Sumudu

transform, we get
O = sz(p, )\7 T) - pAySt[U(O7 Y, t)] - AySt[Ux(07 Y, t)]
1
+ )‘QF(pa )\7 T) - LxSt[U(‘Ta 07 t)] - XLxSt[Uy(xa 07 t)]

1 1 1
+ SFPAT) = 5LoA Uy, 0)] = ~LoA,Uie.y,0)).  (44.15)

r2
Substituting
\/§T \/§T
A = L =
ySt[Uz(Oa Y, t)] )\()\2 + 1)(1 . 27‘2), mSt[Uy(xv 07 t)] (p2 + 1)(1 _ 272)’

V2
AP+ 1H)(N2+1)’

LZAy[Ut (37, Y, O)] =

in equation (4.4.15) and simplifying, we get

r? { V2(pPr? 4+ X2 + 1) }
(P2r2 + X2r2 + 1) Lar(p?2 + 1) (A2 4+ 1)(1 — 2r?)
V2r

T NPT (122 (4.4.16)

F(p,A\,r) =
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Taking the inverse of triple Laplace-Aboodh-Sumudu transform, we get

V2r
Ap? +1)(A2 4+ 1)(1 — 2r?)

= sinzsinysinh vV2t. (4.4.17)

Uz,y,t) = LPAS

Which is the required solution of the considered Laplace equation.

Example 4.4.3.2. Consider the following Poisson partial differential equation
Upe (2,9, 1) + Uyy(2,y,t) + Uy(x,y,t) = 2sinz cosysinh 2¢, (z,y,t) € R? (4.4.18)

subjected to the conditions

U(0,y,t) =0, U.(0,y,t) = cosysinh 2¢,
U(x,0,t) = sin z sinh 2¢, Uy(x,0,t) =0, (4.4.19)
U(z,y,0) =0, Ui(z,y,0) = 2sinz cos y.

Solution:
Applying triple Laplace-Aboodh-Sumudu transform on both sides of equation (4.4.18)

and by using properties of triple Laplace-Aboodh-Sumudu transform, then we have

1
(p2 + >\2 + ﬁ)F(pv )\a T) = pAySt[U(Oa Y, t)] + AySt[Ux(Oa Y, t)] + LwSt[U(xa 07 t)]

1 1 1
+ XLxSt[Uy(x, 0,t)] + ﬁLxAy[U(x, y,0)] + ;LxAy[Ut(x, y,0)]

4dr
! (P + 1N+ 1)(1 —4r2)’ (4.4.20)

where

4r
P2+ (N2 +1)(1 — 4r?)’

L,A,S;[2sinx cos ysinh 2t] =
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Substituting

AySt[Uac(Oa Y, t)] = ()\2 + 1)2{1 _ 47“2)7 L$St[U(:E7 07 t)] - (p2 + 1)2(7.1 — 47”2)7
2

D0+ 1)

LmAy[Ut(xv Y, 0)] -

in equation (4.4.20), we obtain

4r 2r
AL —42) T e D=4

1
(p2+A2+p)F(p, Ar) = {

2r 2
+(ﬁHW—WﬁVW+MVHJ'(Mm)

After some simple algebraic operations, we get

Flpar) = r2 2(p*r? + X2r? 4+ 1)
Py 2 (N2 D) r(p? D) (A2 1)(1 — 4r2)

2r

= : 4.4.22
P+ 1)(A2+1)(1 — 4r2) ( )
Taking L1 A 'S, for equation (4.4.22), we get
U(r,y,t) = L ATS 2r
et = A e - a)
= sinx cosysinh 2t. (4.4.23)

Which is the required solution of Poisson equation (4.4.18).

Example 4.4.3.3. Consider the following nonhomogeneous heat equation

U(z,y,t) = Upe(,y, 1) + Uy (2,9, 1) + 2cos(z +y), (v,y) € RL, t>0,(4.4.24)
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subject to the boundary and initial conditions

U0,y,t) = e *siny+ cosy, U(0,y,t) = e * cosy — siny, (4.4.25)

U(z,0,t) = e *sinx+ cosz, U,(z,0,t) = e * cosz — sinz, (4.4.26)

U(x,y,0) = sin(x+y) + cos(z + y). (4.4.27)
Solution:

Applying triple Laplace-Aboodh-Sumudu transform on both sides of Eq. (4.4.24), we
have

L, A,S Uiz, y,t)] = Ly AySi[Use(,y,t) + Uyy(x,y,t) + 2cos(x +y)]. (4.4.28)

By linearity property and partial derivative properties of triple Laplace-Aboodh-

Sumudu transform, we get
1 1
;F(py )\7 T) - ;LxAy[U($7 Y, 0)] = pQF(p7 )\7 T) - pAySt[U(Oa Y, t)] - AySt[Ucc(Oa Y, t)]

1
+ NF(p, A7) — LS [U(x,0,t)] — XLxSt[Uy(x, 0,1)]
2(pA —1)

, 4.4.29
A2+ 1)(A2+1) ( )
where
2(pA —1)
L,A,S2 = .
T ySt[ COS(I' + y)] )\(pg 4 1)()\2 4 1)
Rearranging the terms, we have
r

F(p,\,r) = e =) {pAySt[U(O, y,t)] + Ay Si{U(0,y,t)] + L, S:[U(x,0,1)]

2(pA — 1)
P+ D07 T } (4.4.30)

1 1
+ XLxSt[Uy(x, O,t)] — ;LxAy[U(LE,y, O)] —
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Using double Aboodh-Sumudu transform for equations (4.4.25), double Laplace-
Sumudu transform for equations (4.4.26) and Double Laplace-Aboodh transform for

equation (4.4.27), we obtain

A,SU(0,y,8)] = )\(/\2+11)(1+2r)+(/\21+1)’ (4.4.31)
AySi[Ux(0,y,1)] = 0“4%+%0_MQ:U’ (4.4.32)
L.S,[U(x,0,1)] = <p2+1)1<1+ 27t (pji I (4.4.33)
LoSi{U,(2,0,)] = (p2—i—1)p(1—|—27")_ <p21+1>, (4.4.34)
LA [U(z,y,0)] = prA PR U\ (4.4.35)

AP2+1DH)(N2+1) AP+ 1)(A2+1)

Substitute equations (4.4.31)-(4.4.35) into equation (4.4.30) and simplify to obtain

F(p,A\r) = 5 { Lo AR @M—U@%+A%_U}
T (P2r +X2r = 1) | Mr(p2+ 1)(A2+1)(1 + 2r) Ar(p?2 +1)(A2 +1)
p+A pA—1

T NPT D) AFEL DD (4.4.36)

Taking the inverse triple Laplace-Aboodh-Sumudu transform of equation (4.4.36), we

get

A A—1
Uwy.t) = L'A,'S" L i’ ]

NP+ DR+ D)0 +20) AP LD+ D)
= e ¥sin(z +y) + cos(x +y). (4.4.37)

Which is the desired solution of (4.4.24).
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CONCLUSION

We solved linear partial differential equations by the double Laplace-Aboodh
transform and the double Laplace-Shehu transform. Also, we showed properties of
these integrative transforms and proving theorems and their transforms for some basic
functions. Therefore, we presented the triple Laplace-Aboodh-Sumudu transform
with some of its basic properties and used it in solving linear partial differential
equations.

At the end of this thesis, we suggest that researchers continue to research and develop
new methods for solving linear and nonlinear partial differential equations, due to the
importance of these equations and their multiple applications in various aspects of

science.
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