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Abstract

This paper introduces and studies a novel class of G—open sets in G—metrizable spaces, known as G(0)-
open sets. The connections between this form and the other known sets are explained. The concepts of
the frontier, closure, and interior operators are provided via G(®)-open sets.
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1 Introduction

Many mathematical concepts that can be discussed
in this space.The first attempt to generalize the or-
dinary distance function to a distance of three
points was introduced by Gahler, [2, 3], in 1993.
K. S. Ha, et al; [9], showed that a 2-metric is not
a generalization of the usual notion of a metric.
The concept of a metric space was introduced by
Frechet in 1906, [1]. It has a very important basic
role in mathematics and its application. It was
mentioned by Gahler, [2], that the notion of a 2-
metric is an extension of an idea of ordinary metric
and geometrically ?7(x,y, z) represents the area of
a triangle formed by the points x,y and z in X as its
vertices. But this is not always true.A.Sharma, [6],
showed that ?7(x,y,z) = 0 for any three distinct
points z,y, z € R?. B. C. Dhage in 1963 introduced
a new class of generalized metrics called D-metrics,
[3],- However, several errors for fundamental topo-
logical properties in a D-metric space were found
by Z.Mustafa and B.Sims, [4]. Due to these con-
siderations, Z. Mustafa and B.Sims , [5], proposed
a more appropriate notion of a generalized metric
space, called G—metric space.

In tis paper we introduces the concept of G(©)-open
sets by utilizing the G—open balls. Furthermore,
the relationship with the other known sets will be
studied. Next we introduce the concepts of the in-
terior operator, the closure operator and frontier
operator via G(©)-open sets.

2 Preliminaries

Definition 2.1. [1] Let X be any nonempty set.
A function d : X x X — [0,00) is called a met-
ric function on X if it satisfies the following three
conditions for all x,y,z € X:

1. (positive property) d(z,y) > 0 with equality if
and only if © = y;

2. (symmetric property) d(x,y) = d(z,y);

3. (triangle inequality) d(x,z) < d(z,y) +

d(y, z).

A pair (X, d), where d is a metric on X is called
a metric space.

Definition 2.2. [/ Let X be a nonempty set and
R be the set of real numbers. A function G :
X x X x X — R is called a G-metric function
on X if it satisfies the following:

1. G(x,z,y) >0 for allz £y € X;

3. G(z,z,y) < G(z,y,z) for every x,y,z € X
with y # z;

4. G(z,y,2) = G(p(z,y,2)) for every z,y,2 €
Xand for any permutation p of x,y, z;

5. G(z,y,2) < G(z,u,u) + G(u,y, z) for every
z,y,z,u € X.

If G is a G-metric function on X, then the pair
(X, G) is called a G-metric space.

Example 2.3. [5] Let (R,d) be the usual metric
space. Define G5 by Gs(x,y,z) = d(z,y)+d(y, z) +
d(x,z) for all x,y,z € R. Then it is clear that
(R, Gy) is a G-metric space.

Example 2.4. [5] Let X = {a,b}. Define G on
X x X x X by G(a,a,a) = G(b,b,b) = 0, G(a a,b)
= 1,G(a,b,b) = 2.

Example 2.5. [5] Let (R,G) be G—metric space
defined by G(z,y, 2) = maz{ [z —yl, ly— 2|, |2 — ]}

Definition 2.6. [7] Let (X,G) be a G-metric
space, x € X and A C X. The open ball with center
x and radius € in metric space (X, G) is denoted by
Bg(z,€) and defined by

Be(x,€) = {y € X|d(z,y,y) < e}.

The closed ball with center x and radius € in G-
metric space (X, Q) is denoted by Ca(z,€)and de-
fined by

Cg(SC,G) = {y € X|d(x,y,y) < 6}'

The set A is called an open set in G-metric space
(X, Q) if for every x € A, there is € > 0 such that
Be(x,€) C A. The set A is called closed set in met-
ric space (X, Q) if X — A is an open set in G-metric
space (X, G).

Theorem 2.7. [7] Every G-open ball Bg(z,€),x €
X,e> 0 15 an open set in X.

Theorem 2.8. [5] Let (X, G) be a G—metric space,
then for any v € X and € > 0, we have.

(1) If G(y,z,z) < € then x,y € Bg(z,¢);

(2) If y € Bg(x,€) then there exists a 6 > 0 such
that Bg(y,d) C Bg(z,€).

Definition 2.9. [7] Clg(A)is called the G-closure
of A if it is the intersection of all G-closed sets
containing A.

Definition 2.10. [7] A set U in a G—metric space
X, is said to be closed if its complement X - U is
G-open.
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3 G(©)-open sets

Definition 3.1. Let (X,G) be a G-metric space
and A C X.A point x € X is called a G-point of
A in G-metric space (X, G) if there is 6 > 0 such
that for every y € Bg(z,9),

Ba(y,e)NG #0 Ve > 0.

G(O)(A) denotes the set of all G(©)-points of A in
G-metric space (X, G)

Example 3.2. Let (R, G) be G—metric space de-
fined by G(xay’z) = maxﬂx - y|7 |y - Z|7 |Z - x‘}
Let A = (0,2) and B = Q be that set of ra-
tional numbers. Note that G(©)(A) = (0,2) and
G(©)(B) =R.

Theorem 3.3. Let (X,G) be any G—metric space
and A, B C X.Then

1. G(©)(¢) (©)(X) = X;
2. if AC B Then G(©)(A) UG(©)(B);

3. G(©)(ANB) C G(©)(4) NG(O)(B);
4 6(0)(A)UG(e)(B) CG(O)(AUB).

Proof. 1. It is clear from the definition ,we get

that G(©)(¢) = ¢ and G(O)(X) = X.

2. Let AC B and z € G(©)(A). Then is § > 0
such that for every y € Bg(y,€) N A # 0, for
all Since A C B. Then Bg(y,e)N B # 0,
for all ¢ > 0. That is, z € G(©)(B). Then

g(©)(A) € G(O)(B).

3. Since ANB C A. Then by part (2) G(©)
B) C G(©)(A). Similar G(© )(AOB
G(©)(B) Then G(O©)(AN B) C G(©)(4)
G(©)(B).

4. Since A C (AU B). Then by part (2)
G(©)(A) CG(O)(AUB). Similar G(0)(B) C
G(©)(A U B) Then G(O©)(A) U G(B)(B) C
G(®)(AU B).

=¢ and G

(A
)

O

Definition 3.4. Let (X, G) be a G-metric space. A
subset A C X is called a G(©)-open set in G-metric
space (X, G) if for every x € A,

Ba(z,e)N G(O)(A) #D  Ve> 0.

A subset A € X is called a G(O)-closed set in G-
metric space (X, G) if X — A is a G(©)-open set in
G-metric space (X, G).

Example 3.5. In Ezample(3.2), the sets A and B
are G(©)-open sets. Note that any finite sub sets of
R are not G(©)-open set.

Theorem 3.6. Fvery G—open set is a G(O)-open
set.

Proof. Let A be any G—open set in G—metric space
(X,G). Let z € A be arbitrary point. Then
there is § > 0 such that Bg(z,e) C G. For ev-
ery y € Bg(z,¢), y € Bg(x,e)(y) and y € A for
every € > 0. That is, Bg(y,e) N G # 0 for every
€ > 0. Hence A is G(O)-open set. O

The converse of above theorem need not be true.

Example 3.7. In Example(3.2), note that for the
closed interval A = [a,b], G(©)(A) = (a,b). Then
it is clear to check that A is a G(©)-open set. Take
x =a orx =b. Note that x € A but there is no
G—open ball with center x contained in A. That is,
A is not G—open set in (R, G).

The intersection of two G(©)-open sets no need
to be G(©)-open set. In Example(3.2), set o f
rational numbers @ is a G(©)-open set but not
G—open set in (R,G) and the set TR U {¢q} is a
G(©)-open set in (R, G), where IR is the set of ir-
rational numbers and ¢ is any rational number, but
QN (IRU{q}) = {q} is not G(©)-open set. That
is, the collection of all G(©)-open sets in G—metric
space (X, @) does not form topology on a set X.

The following theorem shows that the intersection
of a G—open set and a G(©)-open set is a G(O)-open
set.

Theorem 3.8. The intersection of a G—open set
and a G(©)-open set is a G(O©)-open set.

Proof. Let A be G—open set and B be G(0O)-open
set in G—metric space in (X,G). Let x € ANB
be arbitrary point. Then x € A and =z € B.
Then there are §; > 0 and > > 0 such that
Bg(x,61) € A and for every y € Bg(z,d2),
Bg(y,e) N B # 0 for every € > 0. Take § =
min{d1,02} > 0. Then Bg(x,§) € A and for
every y € Bg(w,8), Ba(y,e)) N B # ( for every
¢ > 0. Now for every y € Bg(z,d) and since
A is G—open set, then there is ¢, > 0 such that
Be(y,ey)) € A and Bg(y, min{d1,62}) N B # 0.
Since Bg(y, min{d1,02}) N B C Ba(y,e)) NANB,
then Bg(y,e) N (AN B) # () for every € > 0. That
is AN B is G-open set. Hence x € G(©)(AN B).
Then Bg(y,e) NG(O)(AN B) # 0 for all e > 0.
There for AN B is G(O)-open set. O

Theorem 3.9. The union of any family of G(O)-
open sets is G(©)-open set.

Proof. Let Hy be a G(©)-open in G—metric space
(X,G) for all A € A. Let © € UyeaH) be an ar-
bitrary point. Then there is at least A\g € A such
that € H,,. Since Hy, is a G(©)-open set then
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Bg(z,e) N G(O)(Hy,) # 0 for all e > 0. Hence by
Theorem (3.3), G(©)(Hy,) € G(0)(Uxea). Hence
B(;<.’L‘,E) n g(@)(U)\eAH)\) =+ 0 for all ¢ > 0. That
is Uxea H) is G(O)-open set.

O

4 G(©)-open operators

In this section, we define the interior operator, the
closure operator and frontier operator via G(O)-
open sets.

Definition 4.1. Let (X, G) be a G—metric space
and A C X. The G-closure operator of A is de-
noted by Clg(A) and defined by

Clg(A) =N{H CX:ACH and H is G(O)-closed set}.

The G-interior functor of A is denoted by 1 ntg(A)
and defined by

Intg(A) =U{H CX:HCAand H is G(0)-open set}.

Remark 4.2.

1. By Theorem(3.9), CI%(A) is a G(©)-closed
set and Imfg(A) is G(©)-open set in
G—metric space (X, G).

2. For a G—metric space (X,G) and A C X,
it is clear from the definition of Clg (A) and
Intl,(A) that A C CI%(A) and Int,(A) C A.

Theorem 4.3. For a G—metric space (X, G) and
A C X, CI(A) = Aif and only if A is a G(O)-
closed set.

Proof. Let Cl'g(A) = A. Then from definition of
C’lg(A) and Theorem(3.9), C’lg(A) is a G(©)-closed
set and A is a G(©)-closed set. Conversely, we have
A C Clg(A) by Remark(4.2). Since A is a G(O)-
closed set, then it is clear from the definition of
CIZ(A), CIZ(A) C A. Hence A = CIL(A). O

Theorem 4.4. For a G—metric space (X,G) and
A C X, and Intg(A) = A if and only if A is a
G(O©)-open set.

Proof. Let A be G(O)-open set. Then for all z € A,
we have v € A C A. That is, A C Intg(A). Then
A= Intg(A) from Remark(4.2). The converse is
trivial. O

Theorem 4.5. For a G—metric space (X,G) and
AC X,z e CIL(A) if and only if for all G(©)-open
set B containing x, BN A # (.

Proof. Let z € Clg(A) and B be any G(O)-open
set containing . If BN A = () then A C X — B.
Since X — B is a G(©)-closed set containing A, then
C’lg(A) CX—-—Bandsouxe Clg(A) C X -B.
Hence this is contradiction, because x € B. There-
fore BN A # 0.

Conversely, Let = ¢ C’lg(A). Then X — Clg(A)
is a G—open set containing x. Hence by hypothesis,
[X — CIZ(A) N A # 0. But this is contradiction,
because X — Clg(A) CX-—-A O

Theorem 4.6. For a G—metric space (X, G) and
ACX z € Intg(A) if and only if there is G(O)-
open set B such that z € B C A.

Proof. Let z € Intg(A) and take B = Intg(A).
Then by Theorem(4.5) and definition of Intg(A)
we get that B is a G(©)-open set and by
Remark(4.2), = € B C A. Conversely, let there
is G(O)-open set B such that © € B C A Then by
definition of Intg(A), r€eBC Intg(A). O

Theorem 4.7. For a G—metric space (X,G) and
A, B C X, the following hold:

1. If A C B then CI2(A) C CI%(B);
2. CI%(A)UCIE(B) C CIL(AU B);
3. CIG(AN B) C Clg(A) N CIg(B);
4. CI2,(A) C Clg(A).

Proof. 1. Let =z € Clg(A). Then by
Theorem(4.5), for all G(O)-open set C' con-
taining x, C N A # 0. Since A C B then
CNB # (. Hence x € C’lg(B). That is,
CIL(A) C CIL(B).

2. Since A € AUB and B C AU B, then by
part(1), CIZ(A) € CIZ(AUB) and CI2,(B) C
CIZ(G U B). Hence CIZ(G) U Cl(B) C
CIZ(AU B).

3. Since ANB C A and AN B C B, then by
part(1), CI2(AN B) C CIZ(A) and CIZ (AN
B) C CI2(B). Hence CIZ(ANB) C CI5,(A)N
CI%(B).

4. Tt is clear from Theorem(4.5) and from every
G—open set is G(O)-open set.
O

In the above theorem CZZ(A U B) # Cl’g(A) U
Clg(B) as it is shown in the following example.
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Example 4.8. Let (R,G) be G—metric space,

where
G(z,y,2) = maz{|z —y|, |y — 2|, |z — z|}

and (R,d) is usual metric space. Let A = IR and
B = @ — [{2}], where @ is the set of rational num-
bers, I R is the set of irrational numbers and 2 is any
rational number. Since A and B are G(0)-closed
sets in R. Then CI%(A)UCIL(B) = AUB =
R —{2}. If R — {2} is G(O)-closed set in R then
{2} is G(©)-open set but {2} is not G(©)-open set
and this contradiction. Hence R — {2} is not G(0O)-
closed set in R. Since R — {2} C Clg(R —{2})
then

CIZ(AUB) = CI%(R - {2}) = R.

Theorem 4.9. For a G—metric space (X, G) and
A, B C X, the following hold:

1. If A C B then Intl,(A) C Intl,(B);
2. Intl,(A) U Int(B) C Intl,(AU B);
3. Intl,(AN B) C Int2(B) N Ints(B);
4. Intg(A) C Intl(A).

Proof. 1. Let a € Intg(A). Then by
Theorem(4.6), there is G(©)-open set C such
that x € C C A Since A C B then x €
C C B. Hence z € Int’g(B). That is,

Int2(A) C Intl(B).

2. Since A C AUB and B C AU B, then
by part(1), Intg(A) - Intg(A U B) and
Intl,(B) C Int(AU B). Hence CI%(A) U
Int2(B) C Intl,(AUB).

3. Since ANB C A and AN B C B, then
by part(1), Intg(A N B) C Intg(A) and
Imfg(A N B) C Imfg(B). Hence Imfg(A N
B) C Int(A) N Intl(B).

4. Tt is clear from Theorem(4.5) and from every
G—open set is G(O)-open set.
O

In the last theorem Intg(A N B) # Intg(A) N
I nt’g(B) as it is shown in the following example.

Example 4.10. In Example(4.8), take A = QU
{V/2} and B = IR, where Q is the set of rational
numbers, IR is the set of irrational numbers and
V2 is any irrational number. Since A and B are
G(©)-open sets in R. Then Intg(A) N Intg(B) =
ANB = (QU{V2})NIR = {V2}. Since {V/2} is
not G(O)-open set and Intg({\/i}) C {V2} then
Intl(AN B) = Intl,({v/2}) = 0.

Theorem 4.11. For a G—metric space (X, G) and
G C X, the following hold:

1 Intl(X — A) = X — CI%(A);
2. Cl2(X — A) = X — Int2(A).

Proof. 1. Since A C Clg(A), then X —
CIZ(A) € X — A. Since CIL(A) is a G(O)-
closed set then X — C’lg (A) is a G—open set.
Then

X—CIZ(A) = Int2[X—ClE(A)] C Intl(X-A).

For the other side, let = € Int'g(X — A).
Then there is G(©)-open set C such that
x€C CX—A Then X —C is a G(O)-
closed set containing A and x ¢ X —C. Hence
x ¢ CI%(G), that is, z € X — CIZ,(A).

2. Since Intl,(A) C A, then X — A C X —
Intg(A). Since Intg(A) is a G(©)-open set
then X—Intg(A)) is a G(©)-closed set. Then

CIL(X—A) = CIL[X —Intl,(A)] = X —Intl,(A).

For the other side, let ¢ C’lg(X —A). Then
by Theorem(4.5), there is a G(©)-open set C'
containing z such that CN(X —A) = (). Then
xr € C C A, that is, x € Intéi(A). Hence
xe¢ X — Intg(A). Therefore X — Intg(A) -
CIZ(X — A).

O

Theorem 4.12. For a subset A C X of G—metric
space (X, G) the following hold:

1. If B is a G—open set in X then Clg(A)OB -
CIZ(ANB);

2. If Bis a G-closed set in X then Intg (AUB) C
Intl,(A)U B.

Proof. 1. Let z € C’lg(A) N B. Then z €
Clg(A) and x € B. Let D be any G(©)-open
set in (X, G) containing z. By Theorem(3.8),
D N B is G(O)-open set containing x. Since
x € C’lg(A) then by Theorem(4.5), (DNB)N
A # (). This implies, DN (BN A) # (. Hence
by Theorem(4.5), x € Clg(A N B). That is,
CIL(A)N B C CI%(ANB).
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2. Since B is a G-closed set X then by the
part(1) and Theorem(4.11),

X - [Intl(A)UB] = [X - Intl(A)]N[X - B
= [CIG(X = AN (X - B]
C CI(X -A)N(X -B)

Theorem 4.13. For a G—metric space (X, G) and
A C X,z € Clg(A) if and only if for all € > 0,
Bg(xz,e) N A £0.

Proof. Let x € Clg(A)and e > 0. If Bg(x,e)NA =
0 then A C X — Bg(wz,e). Since X — Bg(z,¢)
is a G-closed set containing A, then Clg(A) C
X — Bg(x,e) and z € Clg(A) € X — Bg(z,e).
Hence this is contradiction, because x € Bg(z,¢).
Therefore Bg(z,e) N A # (.

Conversely, Let « ¢ Clg(A). Then X — Clg(A)
is a G—open set containing x. Then there is € > 0
such that Bg(x,e) C X —Clg(A) Hence by hypoth-
esis, Bg(z,e) N A # (. But this is contradiction,
because Bg(z,e) C X — Clg(4) C X — A. O

For a subset A of G—metric space (X,G) the G-
frontier operator of A is defined by

T2(A) = CIE(A) — Int(A).

Theorem 4.14. For a subset A C X of G—metric
space (X, @), the following hold:

1. CIL(A) =TL(A) U Intl(A);
2. T2(A) N Intl(A) = 0;

Corollary 4.15. For a subset A C X of G—metric
space (X, G), Fg(A) is G(©)-closed set in (X, Q).

Proof.

Proof. By Theorem(4.9) and the part(3) of the last
theorem. 0

Theorem 4.16. For a subset A C X of G—metric
space (X, @), the following hold:

1. Ais a G(©)-open set if and only if T2 (A) N
A= 0;

2. Ais a G(O)-closed set if and only if Fg(A) C
A.

)

3. A is both G(©)-open set and G(0©)-closed set
if and only if Fg(A) = 0.
Proof. 1. Let A be a G(©)-open set.
Imfg(A) = A. Then by Theorem(4.14),

I2(A) N A=T%A) N Intl(A) =0
Conversely, suppose that Fg(A) NnA=40.

Then

Then

A—Intl(A) = [ANCIL(A)] -GN Intl(A)]
= GN(CIG(A) - Inth(A))
= Anri)=0.

That is, Intg(A) = A. Hence G is a G(0O)-

open set.

2. Let A be a G(O)-closed set. Then Clg(A) =
A. Then
I2(A) = CIE(A)—Intl(A) = A—Intl(A) C A.

Conversely, suppose that I‘g(A) C A. Then
by Theorem(4.14),

3. T2(A) = CIZ(A) N CIL(X - A). ; ; , ,
ClA(A) = IntL(A)UTL(A) C Inti(A)UA C A.
Proof. 1. Note that c(4) ntg(A)ULG(A) € Intg(A)UA C
P 5 5 5 P That is, Clg(A) = A. Hence A is G(©)-closed
Io(A) UInti(A) = (Clo(A) — Int,(A)) U Int,(A) set.
_ B _ B B

5 N [CZG(A) nx Intg(A))] Y Im;G(A) 3. Let A be both G(0)-closed set and G(O)-open

= [Clg(A) U Intg(A)] N [(X — Intg(A)) UInt(A)] set. Then Clﬁ( )= A= Int? (A). Then

= Cll(A)NX =CliA

T2(4) = Cl5(A) — Intl,(A) = A— A=0.

Conversely, suppose that I‘g(A) = (). Then
CIZ(A) — Intl(A) = 0. Since Int(A) C
CIZ(A) then CIL(A) = Intl(A).
Intl,(A) C A C CI5(A) then
CIZ(A) = A = Intl(A).

That is, C’lg(A) = A. Hence A is both G(0)-
closed set and G(©)-open set.

2. It is clear from the definition of I‘g(A).
3. By Theorem(4.11),

Since

Te(4) = Clg(A) —Intg(A)
CIZ(A) N (X — Intl(A))
CIZ(A) N CIL(X — A).

O O
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