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Abstract

In this paper, we investigate the application of the Adomian decomposition method for solving Hermit
differential equations. The Adomian decomposition method is a powerful technique that allows us to
solve non-linear and linear differential equations by decomposing the solution into a series of operators.
In this paper, we present the theoretical basis of the Adomian decomposition method and demonstrate
its applicability in solving Hermit differential equations through various numerical examples.
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1-Introduction:

Hermit differential equations are a class of
differential equations that have important
applications in various fields such as quantum
mechanics, optics, and signal processing. To
solve these equations,

Different approaches have been proposed,
including numerical and analytical methods.
One such method is the Adomian decomposition
method, which has been successfully applied to
solve various types of differential equations,
including Hermit differential
equations[1,2,3,4,7,11,16,17]. The Hermit
differential equation is given by:

H"(x) — 2xH'(x) + 2nH(x) = 0. Q)
Where n is a constant. The exact solution for the
Hermit differential equation is given by the
Hermit polynomial, denoted as H,(x). H,(x)
is a polynomial of degree n, and its explicit form
can be obtained using various methods, such as
generating functions, recurrence relations, or
Rodrigues' formula. One of the most common
ways to express the

Hermit polynomials is through the Rodrigues'
formula:

H,(x) = (—1)"ex? ;T';e_xz . Wwhere Cic—i
represents the nth derivative [5,6,8,9,10]. The
Hermit polynomials have specific values for
different values of n. Here are a few examples:
Forn=0

Ho(x)=1.

Forn=1

H,(x) = 2x.

Forn=2

. H,(x) = 4x% — 2.

Forn =3

H,(x) = 8x3 — 12x.

For n=4

H, = 16x* —48x2 + 12 .

The Hermit Polynomial satisfy the orthogonally
property, which makes them useful in various
applications, including quantum mechanics,

statistical mechanics, and harmonic oscillators
[12,13,14,15]. Therefore, the corresponding
Hermit gives the exact solution to the Hermit
differential equation Polynomial for the given
value of n.

2- Analysis of method

Consider the Hermit's differential equation as
follows

H'(x) — 2xH'(x) + 2nH(x) =0 . (2)

Now, based on the standard Adomian
decomposition method, the Hermit's equation
given above is rewrite as follows
H"(x) = 2xH'(x) — 2nH(x) . (3)
So, we consider the right-hand side of the
equation non-homo-geneous term, where the

2

differential operator L defined by — . More

a
dx
So, we consider the inverse operatorL™! as two-
integral operator defined || fox(. )dxdx.

Applying the inverse operator L~ to both sides
of Equation (3), on gets L™ ![2xH'(x) —
2nH(x)]
H = ¢(x)

Such that

Lo(x)=0
Thus, based on the ADM, the solution H(x) is
introduced through an infinite summation of
components  H,(x) [18,19,20] . Hence, the
recursive solution of the equation is obtain as
follows
Ho(x) = ¢(x) = H(0) + H'(0)x,
(4)

Hyp1(x) = L72xH'(x) — 2nHX)],n = 0
Where the overall solution H(x) follows
immediately by summing the above components
as follows
H(x) = lim o (x) = T2 Hj ().

()

3- Applications

We will introduce of some Example of solve the
Hermit differential Equation by ADM.
Example 3.1
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Let us consider an IVP featuring Hermit
differential Equation as follows
1) Case 1: n=0

H"(x) — 2xH'(x) + 2nH(x) = 0,

(6)

H(0) =1,H'(0) = 0.
We will using standard ADM, from Eq.(6)
becomes
LH = 2xH'(x) — 2nH(x) ,
and further apply the inverse operator L™ to the
both sides of the latter equation to obtain
H=1+L"1[2xH'(x) — 2nHX)].
Hence, the application of the standard ADM
gives the general relation for the model as
follows

Ho(x) =1,
H,i1(x) = L71[2xH'(x) — 2nH(X)] = 0 , n>0
Which gives upon summing the above iterates
the following exact solution
H(x)=1. (7
In fact, this is a well-Known exact analytical
solution for the
Hermit's differential equation when n=0.
Case2: n=1
H(0)=0,H'(0) =2
LH = 2xH'(x) — 2nH(x) ,
and further apply the inverse operator L™ to the
both sides of the latter equation to obtain
H = 2x + L [2xH’(x) — 2nH(x)].
Hence, the application of the standard ADM
gives the general relation for the model as
follows
Hy(x) = 2x,

Hyp1(x) = L71[2xH'(x) — 2nH(x)] = 0, n>0
Which gives upon summing the above iterates
the following exact solution
H(x) = 2x . (8)
In fact, this is a well-Known exact analytical
solution for the Hermit's differential equation
when n=1.
Case3: n=2
H)=-2,H(0)=0,

LH = 2xH'(x) — 2nH(x) ,
and further apply the inverse operator L™ to the
both sides of the latter equation to obtain
H(x) = =2 + L™1[2xH'(x) — 2nH(x)].
Hence, the application of the standard ADM
gives the general relation for the model as
follows
Hy(x) = -2,
H,.1(x) = L71[2xH'(x) — 2nH(x)] =, n>0
if n=0
Hy(x) = L"1[2xH'(x) — 2nH(x)] = L71[8]
= 4x?
If n=1
H,(x) = L™1[2xH'(x) — 2nH(x)] = 0.
This implies
H(x) = Hy(x) + Hy(x) + H,(x) .
Which gives upon summing the above iterates
the following exact solution
H(x) =4x*-2 . )
In fact, this is a well-Known exact analytical
solution for the Hermit's differential equation
when n=2,
Case4: n=3
H(0)=0,H(0) =-12,
LH = 2xH'(x) — 2nH(x) ,
and further apply the inverse operator L™ to the
both sides of the latter equation to obtain
H(x) = —12x + L™[2xH'(x) — 2nH(x)].
Hence, the application of the standard ADM
gives the general relation for the model as
follows
Hy(x) = —12x,
Hyp1(x) = L712xH’(x) — 2nH(x)], n>0
if n=0
H;(x) = L7[2xH'(x) — 2nH(x)] = L™1[48x]
= 8x3,
If n=1
Hy(x) = L71[2xH'(x) — 2nH(x)] = 0.
This implies
H(x) = Hy(x) + Hy(x) + Hy(x) .
Which gives upon summing the above iterates
the following exact solution
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H(x) =8x3—12x . (10)
In fact, this is a well-Known exact analytical
solution for the Hermit's differential equation
when n=3.
Case5: n=4
H()=12,H(0) =0,
LH = 2xH'(x) — 2nH(x) ,
and further apply the inverse operator L™ to the
both sides of the latter equation to obtain
H(x) = 12 + L™[2xH'(x) — 2nH(x)].
Hence, the application of the standard ADM
gives the general relation for the model as
follows

Hy(x) = 12,
Hyp1(x) = L71[2xH’(x) — 2nH(x)], n>0
if n=0
Hi(x) = L™Y2xH'(x) — 2nHx)] =
L™1[—96] = —48x2,
If n=1
H,(x) = L™1[2xH'(x) — 2nHX)] =
L71[192x%] = 16x*.

If n=2
Hi(x) = L™1[2xH'(x) — 2nH(x)] = 0
This implies

H(x) = Hy(x) + H;(x) + H,(x) + H3(x) .
Which gives upon summing the above iterates
the following exact solution

H(x) = 16x* — 48x2 + 12

(11)

In fact, this is a well-Known exact analytical
solution for the Hermit's differential equation
when n=4.

In the same way, we compute the cases n=5,

From four cases we observation that, the exact
solution is easily obtained by Adomian
decomposition method. It's same Hermit
polynomial

Ha(x) = (~1)"e® {5 e
Hox) =1,

Hi(x) = 2x ,

H,(x) = 4x? -2 ,

4- Adomian Modification Method for Hermit's
differential equation In this section, we will
using Adomian modification method, we
introduce new differential operator.
Example 4.1. Let us considered for the solution
of this form of Hermit's differential equation
H"”(x) — 2xH' = —2nH(x) . (12)
We propose the new differential operator as
below

2 d _2 d
L(.)=ex ae x a()
(13)
The inverse operator L71(.) is therefore
consider a two-fold integral operator, as below
L) = [y e [fe ™ (H"(x) -
2xH")dxdx . (14)
Case 1: n=0 the Eq. (12) becomes
H"(x) — 2xH' =0
(15)
H(0) =1,H'(0) =0.
The differential operator, as below

2 d _2 d
L(.)=ex ae x a()
So
L) = [y e* [ e ™ (H"(x) — 2xH")dxdx

In an operator form (14) becomes
LH=0
(16)
Applying L~ on both sides of (16)
LYLH=0 ,
(17)
Applying L1 of the two terms H” (x) — 2xH’
of Eq. (15) we find
L™1(H"(x) — 2xH")

= foxe"z foxe‘xz(H”(x)

— 2xH")dxdx
= [H = e*"H'(0) = H(x) — H(0) —
H'(0) f; e* dxdx .
It implies,

H(x)—H()=0.
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So,
Hx)=1. (18)
The exact solution of Hermit's equation for n=0
is Hy(x) = 1. Then the exact solution is easily
obtain by Adomian decomposition method.
Case 2: if n=1 the Eq. (14) becomes
H"(x) — 2xH' = —2H(x) . (19)
H(0) =0,H'(0) =2
The differential operator, as below

2 2
L(.) =e¢e" ;—x e™™ ;—x ).
So
L) = [ e* [ e ™ (H"(x) — 2xH")dxdx
In an operator form (14) becomes

LH = —2H(x) . (20)
Applying L~ on both sides of (16)
LYLH = —L"12H(x) . (21)

Applying L1 of the two terms

H"(x) — 2xH' of Eq. (15) we find
LY(H"(x) — 2xH') =

fox e*’ f;e_xz(H"(X) — 2xH")dxdx =

—L 12H(x) .

= ["H' — ¥ H'(0) = H(x) — H(0) —

H'(0) [ e¥'dx |

It implies,

H(x) — H(0) — H'(0) [, e*"dx = —L712H(x)

So,

H(x) = H'(0) [, e¥'dx — LT12H(x) ,

H(x) =2 [ e dx — L"12H(x) .

We make of the Taylor's expansion on e** | we

have

H(x) = 22 + 25+ 5 4 o~ 20T H()

(22)

It implies,

Ho(x) = 2x + 23i3+ §+ I

Hp1(x) = =2L7'Hy (%)

Hy(x) = —2L 'Hy(x) = —2x02 — 5 - X ¢

3 15
It implies,

H(x) = Hy(x) + H(x) + -+ = 2x — 2x% +

3 x4 x5 x6

S st Tt @d

The exact solution of Hermit's equation for n=1
is H; (x) = 2x. Then the exact solution is easily
obtain by Adomian decomposition method.
Example 4.2. In this Example, we will using
Hermit's differential equation which n negative

such as

H"(x) — 2xH'(x) + 2nH(x) = 0 (24)
If n =-1 the Eq. (23) becomes
H"(x) — 2xH'(x) —2H(x) =0 (25)

H(0) = 1,H’(0) = 0.
We will assume a new differential operator such
as,

— 4 —1+x2 4 1-x2
L() = —e € ).

The inverse operator as below,
L) = e~ @9 f xel—xz f x(H”(X)
— ZX?'I' — 2H((;())dxdx
= g~ (1% fxel_xz (H'(x) — 2xH(x)
0

— H'(0))dx
= e~ () (e17** [ (x) — eH(0)

X
—H’(O)f el dx
0

= H(x) — e*"H(0) - H'(0)e~ ") [Fel~*"dx

This implies,

H(x) = e**H(0) = " . (26)

In Hermit's differential equation n is non-
negative constant. In this Example we assume n
is non-negative constant, we have solution for
Eq. (25) by Adomian decomposition method.

5. Conclusion

In this paper, we offered a new differential
operator for solving Hermit differential
equation. The examples presented in this paper
illustrated the quality of the Adomian
decomposition method for finding the solution.
The Adomian decomposition method is an
effective analytical method used in solving a
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wide range of differential equations, including

Hermit differential equations. The ADM
decomposes the differential equation into
simpler parts, allowing for the use of simpler
analytical techniques to solve the equation. The
accuracy of the ADM solution can be improved
by increasing the number of Adomian
polynomials used in the expansion. The ADM
applied to Hermit differential equations allows
for the accurate description of complex physical
systems, such as those found in quantum
mechanics, signal processing, and optics.

6. Reference

[1]. G. Adomian, Nonlinear stochastic systems:
Theory and application to physics, Kluwer
Academic Press, 1989.

[2]. G. Adomian, Solving Frontier problem of
Physics: The Decomposition Method, Kluwer
Academic Press, 1994,

[3]. M. Alabdullatif, Adomian decomposition
method for nonlinear reaction diffusion system of
LotkaVolterra type, International Mathematical
Forum, 2(2) (2007) 87-96.

[4].S. Ashrafi, N. Aliev, Investigation of boundary
layer for a second order equation under local and non
— local boundary conditions, J. Basic Appl. Sci. Res.
2(3) (2012) 2750-2757.

[5]. R.Askey, J. Wimp, Associated Laguerre and
Hermite polynomials, Proc. Roy. Soc. Edinburgh
Sect. A, 96(1-2) (1984) 15-37.

[6]. Z.A. AL-Rabahi, Y.Q. Hasan (2020). New
Modified Adomian Decomposition Method for
Boundary Value Problems of Higher-Order Ordinary
Differential Equation, Asian Research Journal of
Mathematics 16 (3): 20 -37.

[7]. F. Bayatbabolghani, K. Parand(2014) . Using
Hermite Function for Solving Thomas-Fermi
Equation World Academy of Science, Engineering
and Technology International Journal of
Mathematical, = Computational ~ Science  and
Engineering, (1)(8):72-76.

[8]. J. P. Boyd. Chebyshev and Fourier Spectral
Methods, Second Edition, Dover, New York, 2000.

[9]. Y. Chen and G. Pruessner, Orthogonal
polynomials with discontinuous weights,J. Phys. A:
Math.  Gen., 38  (2005), L191-1.198.

[10]. DJ. Evans, K.R. Raslan, The Adomian
decomposition method for solving delay differential
equation, International Journal of Computer
Mathematics, 82(1)(2005) 49-54.

[11]. M.M. Hosseini, Adomian decomposition
method with Chebyshev polynomials, Applied
Mathematicaland Computation, 175(2006)

[12]. Y.Q. Hassan, Solving singular boundary value
problems of higher-order ordinary differential
equationsby modified Adomian decomposition
method, Commun. Nonlinear Sci. Numer.Simulat.,
14(2009) 2592-2596.

[13]. Y.Q. Hasan (2012). Modified Adomian
decomposition method for second order singular
initial value problems, Advances in Computational
Mathematics and its Applications, 1(2): 94-99.

[14]. A.Hendi, Adomian decomposition method for
transient neutron transport with Pomrning-
Eddington approximation, 6th Conference on
Nuclear and Particle Physics, 17-21 Nov. 2007
Luxor, Egypt.

[15].Y. Liu, Adomian decomposition method with
orthogonal polynomials: Legendre polynomials,
Mathematical and Compute Modelling, 49(2009)
1268-1273.

[16]. T.T Lu and Wei-Quan Zheng. Adomian
decomposition method for first order PDEs with
unprescribed data, Alexandria Engineering Journal,
60 (2021): 2563-2572.

[17]. S. Liao, Beyond Perturbation-Introduction to
the Homotopy Analysis Method, Chapman and
Hall/CRC, Boca Raton, 2003.

[18] Y. Mahmoudi and N. Karimian and M.
Abdollahi (2013). Adomian Decomposition Method
with Hermitepolynomials for Solving Ordinary
Differential Equations, J. Basic. Appl. Sci. Res.,
3(3)255-258.

[19]. N.J.Qahtan, A.Alsulami, H.K.Sagib and
Y.Q.Hasan (2023).The New Technical for Solving
Third Order Ordinary Differential Equations by
Adomian Decomposition method, International
Journal of Mathematics, Statistics and Operations
Research 3(1): 155-163.

[20]. M. Wazwaz, A new algorithm for calculating
Adomian polynomials for nonlinear operators,
Applied Mathematics and Computation, 111 (2000)

1042

Albaydha University Journal 7 (1), 2025



