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Abstract           

This paper introduces a novel integral transform, termed the triple Laplace-Aboodh-Sumudu transform 

(TLAST), by combining the Laplace transform, Aboodh transform, and Sumudu transform. The primary 

objective of this research is to utilize TLAST for solving the Helmholtz equation in three dimensions. 

The TLAST provides a powerful tool for transforming complex partial differential equations into 

algebraic equations, simplifying their solution. The paper presents the mathematical formulation of 

TLAST and demonstrates its application in solving the Helmholtz equation. By employing TLAST, the 

solution to the Helmholtz equation is obtained efficiently, highlighting the potential of this new integral 

transform in addressing various problems in science, engineering, and other fields. 

Keywords:           Triple Laplace              - Aboodh      - Sumudu transform, Helmholtz equation, Integral transform, Laplace                                                                   

transform, Aboodh transform, Sumudu transform.                                               
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1. Introduction                

The origin of the integral transforms can be 

traced back to the work of P. S. Laplace in 1780s       

and Joseph            Fourier in 1822 [10]                    . O   ne of the most                

significant applications of the integral                                          

transforms is capability to be used in solving                                                

initial boundary problems                           [ 7,9].        

In the literature, numerous different transforms 

are presented and applied to solve ordinary and 

partial differential equations such as Laplace 

transform, Sumudu transform, Aboodh 

transform, nature transform, Hunaiber 

transform, Shehu transform and so on, see 

[1,3,4,8,10,11]. Integral transform has played an 

important role in solving differential ordinary 

and partial equations and integral equations, 

through transform these equations to algebraic 

equations [5]. 

In 2022, the authors in [2] introduced a new 

triple integral transform called triple Laplace-

Aboodh-Sumudu transform and applied it to 

solve the heat equation, wave equation, Laplace 

equation and Poisson equation.    

The aim of this work is to solve the Helmholtz                                                

equation with initial and boundary conditions by                                                  

triple Lap          lace    - Aboodh      - Sumudu transform.                  

1.1 Definition.                 Let       𝑢     be a continuous function                          

of three variables say                        𝑥 , 𝑦 , 𝑡 > 0    then,                                              

the triple Laplace                  - Aboodh      - Sumudu transform                  

of      𝑢 (𝑥 , 𝑦 , 𝑡 )   is denoted by the operator                             

𝐿 𝑥 𝐴 𝑦 𝑆 𝑡 [𝑢 (𝑥 , 𝑦 , 𝑡 )] = 𝑈 (𝜌 , 𝑞 , 𝑟 )    and defined by               

  𝐿𝑥𝐴𝑦𝑆𝑡[𝑢(𝑥, 𝑦, 𝑡)] = 𝑈(𝜌, 𝑞, 𝑟) =
1

𝑞𝑟
∫ ∫ ∫ 𝑒−(𝜌𝑥+𝑞𝑦+

𝑡
𝑟

)𝑢(𝑥, 𝑦, 𝑡)𝑑𝑥𝑑𝑦𝑑𝑡.
∞

0

∞

0

∞

0

                 (1)   

Provided the integral exists.                              

The inverse triple Laplace                          - Aboodh      - Sumudu transform is defined by                                 

𝐿𝑥
−1𝐴𝑦

−1𝑆𝑡
−1[𝑈(𝜌, 𝑞, 𝑟)] = 𝑢(𝑥, 𝑦, 𝑡)

=
1

(2𝜋𝑖)3
∫  𝑒𝜌𝑥 {∫  𝑞𝑒𝑞𝑦 {∫

1

𝑟
𝑒

𝑡
𝑟

𝜔+𝑖∞

𝜔−𝑖∞

 𝑈(𝜌, 𝑞, 𝑟)𝑑𝑟 } 𝑑𝑞
𝜆+𝑖∞

𝜆−𝑖∞

} 𝑑𝜌,
𝜅+𝑖∞

𝜅−𝑖∞

(2) 

where       κ , λ   and     ω   are real constants                    [2]   .  

1.2 Theorem.              Let     𝑈 (𝜌 , 𝑞 , 𝑟 )  be the        triple Laplace              - Aboodh      - Sumudu transform of the continuous function                                             

𝑢 (𝑥 , 𝑦 , 𝑡 ), then       

(1).  𝐿𝑥𝐴𝑦𝑆𝑡 [
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥
] = 𝜌𝑈(𝜌, 𝑞, 𝑟) − 𝐴𝑦𝑆𝑡[𝑢(0, 𝑦, 𝑡)]. 

Proof:       

  𝐿𝑥𝐴𝑦𝑆𝑡 [
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥
] =

1

𝑞𝑟
∫ ∫ ∫ 𝑒−(𝜌𝑥+𝑞𝑦+

𝑡
𝑟

) 𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥
𝑑𝑥𝑑𝑦𝑑𝑡

∞

0

∞

0

∞

0

                                                    

 =
1

𝑞𝑟
∫ 𝑒−𝑞𝑦𝑑𝑦

∞

0

 ∫ 𝑒−
𝑡
𝑟

∞

0

 𝑑𝑡 {∫ 𝑒−𝜌𝑥
∞

0

𝑢𝑥(𝑥, 𝑦, 𝑡)𝑑𝑥}.   

Using integration by parts, let                                   𝜉 = 𝑒 − 𝜌𝑥  ,   𝑑𝜂  = 𝑢 𝑥 (𝑥 , 𝑦 , 𝑡 )𝑑𝑥  , then we obtain                 

 𝐿𝑥𝐴𝑦𝑆𝑡 [
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥
] =

1

𝑞𝑟
∫ 𝑒−𝑞𝑦𝑑𝑦

∞

0

 ∫ 𝑒−
𝑡
𝑟

∞

0

 𝑑𝑡 {−𝑢(0, 𝑦, 𝑡) + 𝜌 ∫ 𝑒−𝜌𝑥
∞

0

𝑢(𝑥, 𝑦, 𝑡)𝑑𝑥} 

= 𝜌𝑈(𝜌, 𝑞, 𝑟) − 𝐴𝑦𝑆𝑡[𝑢(0, 𝑦, 𝑡)].                                                

(2).  𝐿𝑥𝐴𝑦𝑆𝑡 [
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑦
] = 𝑞𝑈(𝜌, 𝑞, 𝑟) −

1

𝑞
𝐿𝑥𝑆𝑡[𝑢(𝑥, 0, 𝑡)] 

(3).  𝐿𝑥𝐴𝑦𝑆𝑡 [
𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡
] =

1

𝑟
[𝑈(𝜌, 𝑞, 𝑟) − 𝐿𝑥𝐴𝑦[𝑢(𝑥, 𝑦, 0)]] 
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(4).  𝐿𝑥𝐴𝑦𝑆𝑡 [
𝜕2𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥2
] = 𝜌2𝑈(𝜌, 𝑞, 𝑟) − 𝜌𝐴𝑦𝑆𝑡[𝑢(0, 𝑦, 𝑡)] − 𝐴𝑦𝑆𝑡[𝑢𝑥(0, 𝑦, 𝑡)]. 

(5).  𝐿𝑥𝐴𝑦𝑆𝑡 [
𝜕2𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑦2
] = 𝑞2𝑈(𝜌, 𝑞, 𝑟) − 𝐿𝑥𝑆𝑡[𝑢(𝑥, 0, 𝑡)] −

1

𝑞
𝐿𝑥𝑆𝑡[𝑢𝑦(𝑥, 0, 𝑡)]. 

(6).  𝐿𝑥𝐴𝑦𝑆𝑡 [
𝜕2𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡2
] =

1

𝑟2
𝑈(𝜌, 𝑞, 𝑟) −

1

𝑟2
𝐿𝑥𝐴𝑦[𝑢(𝑥, 𝑦, 0)] −

1

𝑟
𝐿𝑥𝐴𝑦[𝑢𝑡(𝑥, 𝑦, 0)]. 

(7).  𝐿𝑥𝐴𝑦𝑆𝑡 [
𝜕2𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥𝜕𝑦
] = 𝜌𝑞𝑈(𝜌, 𝑞, 𝑟) −

𝜌

𝑞
𝐿𝑥𝑆𝑡[𝑢(𝑥, 0, 𝑡)] − 𝐴𝑦𝑆𝑡[𝑢𝑦(0, 𝑦, 𝑡)]. 

(8).  𝐿𝑥𝐴𝑦𝑆𝑡 [
𝜕2𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑥𝜕𝑡
] =

𝜌

𝑟
𝑈(𝜌, 𝑞, 𝑟) −

𝜌

𝑟
𝐿𝑥𝐴𝑦[𝑢(𝑥, 𝑦, 0)] − 𝐴𝑦𝑆𝑡[𝑢𝑡(0, 𝑦, 𝑡)]. 

(9).  𝐿𝑥𝐴𝑦𝑆𝑡 [
𝜕2𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑦𝜕𝑡
] =

𝑞

𝑟
𝑈(𝜌, 𝑞, 𝑟) −

𝑞

𝑟
𝐿𝑥𝐴𝑦[𝑢(𝑥, 𝑦, 0)] −

1

𝑞
𝐿𝑥𝑆𝑡[𝑢𝑡(𝑥, 0, 𝑡)]. 

By the same proof (1), we can prove (2)                                       - (9)     [2]   .  

2. Triple Laplace                 - Aboodh      - Sumudu Transform of Some Basic Functions                                         

(1). 𝐿𝑥𝐴𝑦𝑆𝑡[1] =
1

𝑞𝑟
∫ ∫ ∫ 𝑒−(𝜌𝑥+𝑞𝑦+

𝑡
𝑟

) 𝑑𝑥𝑑𝑦𝑑𝑡 =
1

𝜌𝑞2
.

∞

0

∞

0

∞

0

 

(2). 𝐿𝑥𝐴𝑦𝑆𝑡[𝑥𝑦𝑡] =
1

𝑞𝑟
∫ ∫ ∫ 𝑒−(𝜌𝑥+𝑞𝑦+

𝑡
𝑟

) 𝑥𝑦𝑡 𝑑𝑥𝑑𝑦𝑑𝑡 =
𝑟

𝜌2𝑞3
.

∞

0

∞

0

∞

0

 

(3). 𝐿𝑥𝐴𝑦𝑆𝑡[𝑥𝑛𝑦𝑚𝑡𝑘] =
1

𝑞𝑟
∫ ∫ ∫ 𝑒−(𝜌𝑥+𝑞𝑦+

𝑡
𝑟

) 𝑥𝑛𝑦𝑚𝑡𝑘𝑑𝑥𝑑𝑦𝑑𝑡 =
𝑛!

𝜌𝑛+1 

𝑚!

𝑞𝑚+2
𝑘! 𝑟𝑘,

∞

0

∞

0

∞

0

 

 where  𝑛, 𝑚, 𝑘 = 0,1,2, … . 

(4). 𝐿𝑥𝐴𝑦𝑆𝑡[𝑥𝛼𝑦𝛽𝑡𝜆]

=
1

𝑞𝑟
∫ ∫ ∫ 𝑒−(𝜌𝑥+𝑞𝑦+

𝑡
𝑟

) 𝑥𝛼𝑦𝛽𝑡𝜆𝑑𝑥𝑑𝑦𝑑𝑡 =
Γ(𝛼 + 1)Γ(𝛽 + 1)

𝜌𝛼+1𝑞𝛽+2 
Γ(𝜆 + 1)𝑟𝜆 ,

∞

0

∞

0

∞

0

 

where  𝑛, 𝑚, 𝑘 ≥ −1. 

(5). 𝐿𝑥𝐴𝑦𝑆𝑡[𝑒(𝛼𝑥+𝛽𝑦+𝜆𝑡)] =
1

𝑞𝑟
∫ ∫ ∫ 𝑒−(𝜌𝑥+𝑞𝑦+

𝑡
𝑟

) 𝑒(𝛼𝑥+𝛽𝑦+𝜆𝑡)𝑑𝑥𝑑𝑦𝑑𝑡
 

∞

0

∞

0

∞

0

 

                                                      =
1

𝑞(𝜌 − 𝛼)(𝑞 − 𝛽)(𝑟 − 𝜆𝑟) 
. 

(6). 𝐿𝑥𝐴𝑦𝑆𝑡[𝑠𝑖𝑛(𝛼𝑥 + 𝛽𝑦 + 𝜆𝑡)] =
1

𝑞𝑟
∫ ∫ ∫ 𝑒−(𝜌𝑥+𝑞𝑦+

𝑡
𝑟

) 𝑠𝑖𝑛(𝛼𝑥 + 𝛽𝑦 + 𝜆𝑡) 𝑑𝑥𝑑𝑦𝑑𝑡 
∞

0

∞

0

∞

0

 

                                                                    =
𝜆𝜌𝑞𝑟 + 𝛽𝜌 + 𝛼𝑞 − 𝛼𝛽𝜆𝑟

𝑞(𝜌2 + 𝛼2)(𝑞2 + 𝛽2)(1 + 𝜆2𝑟2)
 . 

(7). 𝐿𝑥𝐴𝑦𝑆𝑡[𝑐𝑜𝑠(𝛼𝑥 + 𝛽𝑦 + 𝜆𝑡)] =
1

𝑞𝑟
∫ ∫ ∫ 𝑒−(𝜌𝑥+𝑞𝑦+

𝑡
𝑟

) 𝑐𝑜𝑠(𝛼𝑥 + 𝛽𝑦 + 𝜆𝑡) 𝑑𝑥𝑑𝑦𝑑𝑡 
∞

0

∞

0

∞

0

 

                                                                     =
𝜌𝑞 − 𝛽𝜆𝜌𝑟 − 𝛼𝜆𝑞𝑟 − 𝛼𝛽

𝑞(𝜌2 + 𝛼2)(𝑞2 + 𝛽2)(1 + 𝜆2𝑟2)
 . 

(8). 𝐿𝑥𝐴𝑦𝑆𝑡[𝑠𝑖𝑛ℎ(𝛼𝑥 + 𝛽𝑦 + 𝜆𝑡)] =
1

𝑞𝑟
∫ ∫ ∫ 𝑒−(𝜌𝑥+𝑞𝑦+

𝑡
𝑟

) 𝑠𝑖𝑛ℎ(𝛼𝑥 + 𝛽𝑦 + 𝜆𝑡) 𝑑𝑥𝑑𝑦𝑑𝑡
∞

0

∞

0

∞

0

 

                                                                       =
𝛽𝜌 + 𝛼𝑞 + 𝜆𝜌𝑞𝑟 + 𝛼𝛽𝜆𝑟

𝑞(𝜌2 − 𝛼2)(𝑞2 − 𝛽2)(1 − 𝜆2𝑟2)
. 
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(9). 𝐿𝑥𝐴𝑦𝑆𝑡[𝑐𝑜𝑠ℎ(𝛼𝑥 + 𝛽𝑦 + 𝜆𝑡)] =
1

𝑞𝑟
∫ ∫ ∫ 𝑒−(𝜌𝑥+𝑞𝑦+

𝑡
𝑟

) 𝑐𝑜𝑠ℎ(𝛼𝑥 + 𝛽𝑦 + 𝜆𝑡) 𝑑𝑥𝑑𝑦𝑑𝑡 
∞

0

∞

0

∞

0

 

                                                                       =
𝜌𝑞 + 𝛼𝛽 + 𝛽𝜆𝜌𝑟 + 𝛼𝜆𝑞𝑟

𝑞(𝜌2 − 𝛼2)(𝑞2 − 𝛽2)(1 − 𝜆2𝑟2)
 . 

3. Application of The                       Triple Laplace              - Aboodh      - Sumudu Transform for The Helmholtz Equation                                              

In this section, we applying the triple                                         Laplace       - Aboodh      - Sumudu transform to solve the Helmholtz                                         

equation.          The Helmholtz equation is the basic partial differential equation of acoustics [6]. Let the         

nonhomogeneous Helmholtz equation in three independent variables                                                                  (𝑥 , 𝑦 , 𝑡 )    be in the form               

             𝑢𝑥𝑥(𝑥, 𝑦, 𝑡) + 𝑢𝑦𝑦(𝑥, 𝑦, 𝑡) + 𝑢𝑡𝑡(𝑥, 𝑦, 𝑡) + 𝑢(𝑥, 𝑦, 𝑡) = 𝑔(𝑥, 𝑦, 𝑡),                        (3) 

with the initial and boundary conditions                                         

              𝑢(0, 𝑦, 𝑡) = ℏ1(𝑦, 𝑡),            𝑢𝑥(0, 𝑦, 𝑡) = ℏ2(𝑦, 𝑡),                                                    (4) 

              𝑢(𝑥, 0, 𝑡) = ℏ3(𝑥, 𝑡),            𝑢𝑦(𝑥, 0, 𝑡) = ℏ4(𝑥, 𝑡),                                                    (5) 

              𝑢(𝑥, 𝑦, 0) = ℏ5(𝑥, 𝑦),            𝑢𝑡(𝑥, 𝑦, 0) = ℏ6(𝑥, 𝑦),                                                 (6) 

where         𝑔 (𝑥 , 𝑦 , 𝑡 )  is the source term.                                                                                                                                                                                                                                                       Using       

the property of partial derivative of                                       triple Laplace              - Aboodh      - Sumudu transform for Eq.(3), double                                     

Aboodh      - Sumud     u transform for Eq.(4), double Laplace                                      - Sumudu transform for Eq.(5) and double                                        

Laplace       - Aboodh transform for Eq.(6), then                                    

𝜌
2

𝑈(𝜌, 𝑞, 𝑟) − 𝜌𝐴𝑦𝑆𝑡{ℏ1(𝑦, 𝑡)} − 𝐴𝑦𝑆𝑡{ℏ2(𝑦, 𝑡)} + 𝑞2𝑈(𝜌, 𝑞, 𝑟) − 𝐿𝑥𝑆𝑡{ℏ3(𝑥, 𝑡)} −
1

𝑞
𝐿𝑥𝑆𝑡{ℏ4(𝑥, 𝑡)}

+
1

𝑟2
 𝑈(𝜌, 𝑞, 𝑟) −

1

𝑟2
 𝐿𝑥𝐴𝑦{ℏ5(𝑥, 𝑦)} −  

1

𝑟
 𝐿𝑥𝐴𝑦{ℏ6(𝑥, 𝑦)} + 𝑈(𝜌, 𝑞, 𝑟) = 𝐺(𝜌, 𝑞, 𝑟). 

By simplifying, we get                       

 

 

where         𝐿 𝑥 𝐴 𝑦 𝑆 𝑡 [𝑔 (𝑥 , 𝑦 , 𝑡 )]   = 𝐺 (𝜌 , 𝑞 , 𝑟 ).        

Solving this algebraic equation in 𝑈 (𝜌 , 𝑞 , 𝑟 )     and taking the inverse triple Laplace              - Aboodh      - Sumudu       

transform on both sides of Eq.(7), yields 

 

 

which represent the general formula for the solution of Eq.(3) by triple Laplace              - Aboodh      - Sumudu       

transform method. 

Example 3.1.              Consider the following Helmholtz equation                                          

                          𝑢𝑥𝑥(𝑥, 𝑦, 𝑡) + 𝑢𝑦𝑦(𝑥, 𝑦, 𝑡) + 𝑢𝑡𝑡(𝑥, 𝑦, 𝑡) = 7𝑒2𝑥−𝑦+𝑡 − 𝑢(𝑥, 𝑦, 𝑡),                               (9) 

with the initial and boundary conditions                                         

                       𝑢(0, 𝑦, 𝑡) = 𝑒−𝑦+𝑡,            𝑢𝑥(0, 𝑦, 𝑡) = 2𝑒−𝑦+𝑡,                                                                    (10) 

                        𝑢(𝑥, 0, 𝑡) = 𝑒2𝑥+𝑡,            𝑢𝑦(𝑥, 0, 𝑡) = −𝑒2𝑥+𝑡,                                                                    (11) 

                        𝑢(𝑥, 𝑦, 0) = 𝑒2𝑥−𝑦,           𝑢𝑡(𝑥, 𝑦, 0) = 𝑒2𝑥−𝑦.                                                                      (12) 

Solution:          

Substituting 

ℏ1(𝑞, 𝑟) =
1

𝑞(𝑞 + 1)(1 − 𝑟)
 ,     ℏ2(𝑞, 𝑟) =

2

𝑞(𝑞 + 1)(1 − 𝑟)
 , 

𝑈(𝜌, 𝑞, 𝑟) =
1

𝜌2 + 𝑞2 +
1
𝑟2 + 1

[𝜌ℏ1(𝑞, 𝑟) + ℏ2(𝑞, 𝑟) + ℏ3(𝜌, 𝑟) +
1

𝑞
ℏ4(𝜌, 𝑟) +

1

𝑟2
ℏ5(𝜌, 𝑞) +

1

𝑟
ℏ6(𝜌, 𝑞) + 𝐺(𝜌, 𝑞, 𝑟) ] , (7) 

 

𝑢(𝑥, 𝑦, 𝑡) = 𝐿𝑥
−1𝐴𝑦

−1𝑆𝑡
−1 {

1

𝜌2 + 𝑞2 +
1
𝑟2 + 1

[𝜌ℏ1(𝑞, 𝑟) + ℏ2(𝑞, 𝑟) + ℏ3(𝜌, 𝑟) +
1

𝑞
ℏ4(𝜌, 𝑟) +

1

𝑟2 ℏ5(𝜌, 𝑞) +
1

𝑟
ℏ6(𝜌, 𝑞) + 𝐺(𝜌, 𝑞, 𝑟) ]},   

 

(8) 
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ℏ3(𝜌, 𝑟) =  
1

 (𝜌 − 2)(1 − 𝑟)
 ,              ℏ4(𝜌, 𝑟) =  

−1

 (𝜌 − 2)(1 − 𝑟)
 , 

ℏ5(𝜌, 𝑞) =
1

𝑞(𝜌 − 2)(𝑞 + 1)
 ,             ℏ6(𝜌, 𝑞) =

1

𝑞(𝜌 − 2)(𝑞 + 1)
 , 

𝐺(𝜌, 𝑞, 𝑟) =
7

𝑞(𝜌 − 2)(𝑞 + 1)(1 − 𝑟)
 . 

in Eq.(7), we obtain 

𝑈(𝜌, 𝑞, 𝑟) =
1

𝜌2 + 𝑞2 +
1
𝑟2 + 1

[ 
𝜌

𝑞(𝑞 + 1)(1 − 𝑟)
+

2

𝑞(𝑞 + 1)(1 − 𝑟)
+

1

 (𝜌 − 2)(1 − 𝑟)

−
1

𝑞(𝜌 − 2)(1 − 𝑟)
+

1

𝑞𝑟2(𝜌 − 2)(𝑞 + 1)
+

1

𝑞𝑟(𝜌 − 2)(𝑞 + 1)

+
7

𝑞(𝜌 − 2)(𝑞 + 1)(1 − 𝑟)
 ]. 

=
𝑟2

𝜌2𝑟2 + 𝑞2𝑟2 + 𝑟2 + 1
[

𝜌2𝑟2 + 𝑞2𝑟2 + 𝑟2 + 1

𝑞𝑟2(𝜌 − 2)(𝑞 + 1)(1 − 𝑟)
].                                                                     

 

By simplifying, we obtain 

                  𝑈(𝜌, 𝑞, 𝑟) =
1

𝑞(𝜌 − 2)(𝑞 + 1)(1 − 𝑟)
 .                                                                           (13) 

Taking the inverse triple Laplace              - Aboodh      - Sumudu       transform of Eq.(13), we get a solution of Eq.(9) 

                            𝑢(𝑥, 𝑦, 𝑡) = 𝑒2𝑥−𝑦+𝑡.                                                                                                 (14) 

Example 3.2.              Consider the following He                         lmholtz equation                 

                           𝑢𝑥𝑥(𝑥, 𝑦, 𝑡) + 𝑢𝑦𝑦(𝑥, 𝑦, 𝑡) + 𝑢𝑡𝑡(𝑥, 𝑦, 𝑡) + 𝑢(𝑥, 𝑦, 𝑡) = 0,                               (15) 

 

with the initial and boundary conditions                                         

                          𝑢(0, 𝑦, 𝑡) = 𝑒−𝑡𝑠𝑖𝑛𝑦,            𝑢𝑥(0, 𝑦, 𝑡) = 𝑒−𝑡𝑐𝑜𝑠𝑦,                                             (16) 

                          𝑢(𝑥, 0, 𝑡) = 𝑒−𝑡𝑠𝑖𝑛𝑥,            𝑢𝑦(𝑥, 0, 𝑡) = 𝑒−𝑡𝑐𝑜𝑠𝑥,                                             (17) 

                          𝑢(𝑥, 𝑦, 0) = 𝑠𝑖𝑛(𝑥 + 𝑦),          𝑢𝑡(𝑥, 𝑦, 0) = cos(𝑥 + 𝑦).                                   (18) 

Solution:          

Substituting 

ℏ1(𝑞, 𝑟) =
1

𝑞(𝑞2 + 1)(1 + 𝑟)
 ,                       ℏ2(𝑞, 𝑟) =

1

(𝑞2 + 1)(1 + 𝑟)
 , 

ℏ3(𝜌, 𝑟) =  
1

 (𝜌2 + 1)(1 + 𝑟)
 ,                     ℏ4(𝜌, 𝑟) =  

𝜌

 (𝜌2 + 1)(1 + 𝑟)
 , 

ℏ5(𝜌, 𝑞) =
𝜌 + 𝑞

𝑞(𝜌2 + 1)(𝑞2 + 1)
 ,          ℏ6(𝜌, 𝑞) = −

𝜌 + 𝑞

𝑞(𝜌2 + 1)(𝑞2 + 1)
 , 

in Eq.(7), we obtain 

𝑈(𝜌, 𝑞, 𝑟) =
1

𝜌2 + 𝑞2 +
1
𝑟2 + 1

[
𝜌

𝑞(𝑞2 + 1)(1 + 𝑟)
+

1

(𝑞2 + 1)(1 + 𝑟)
+

1

 (𝜌2 + 1)(1 + 𝑟)

+
𝜌

𝑞 (𝜌2 + 1)(1 + 𝑟)
+

𝜌 + 𝑞

𝑞𝑟2(𝜌2 + 1)(𝑞2 + 1)
−

𝜌 + 𝑞

𝑞𝑟(𝜌2 + 1)(𝑞2 + 1)
 ] 
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 =
𝑟2

𝜌2𝑟2 + 𝑞2𝑟2 + 𝑟2 + 1
[
𝜌3𝑟2 + 𝜌2𝑞𝑟2 + 𝑞3𝑟2 + 𝑞𝑟2 + 𝜌𝑞2𝑟2 + 𝜌𝑟2 + 𝜌 + 𝑞

𝑞𝑟2(𝜌2 + 1)(𝑞2 + 1)(1 + 𝑟)
].                     

By simplifying, we get 

𝑈(𝜌, 𝑞, 𝑟) =
1

𝜌2𝑟2 + 𝑞2𝑟2 + 𝑟2 + 1
[
(𝜌 + 𝑞)(𝜌2𝑟2 + 𝑞2𝑟2 + 𝑟2 + 1)

𝑞(𝜌2 + 1)(𝑞2 + 1)(1 + 𝑟)
] 

                                                 

=
𝜌 + 𝑞

𝑞(𝜌2 + 1)(𝑞2 + 1)(1 + 𝑟)
 .                                                                         (19)   

Taking the inverse triple Laplace              - Aboodh      - Sumudu       transform of Eq.(19), we get a solution of Eq.(15) 

                               𝑢(𝑥, 𝑦, 𝑡) = 𝑒−𝑡𝑠𝑖𝑛(𝑥 + 𝑦).                                                                              (20) 

  Conclusion 

In Conclusion, the triple Laplace              - Aboodh      - 

Sumudu       transform is a significant transform 

among all the integral transforms of exponential 

sort kernels. The Helmholtz equation solved 

simply and easily by this triple transform. We 

will apply the triple Laplace              - Aboodh      - Sumudu       

transform to more partial differential equations 

and integral equations in future studies. 
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