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Abstract

This paper introduces a novel integral transform, termed the triple Laplace-Aboodh-Sumudu transform
(TLAST), by combining the Laplace transform, Aboodh transform, and Sumudu transform. The primary
objective of this research is to utilize TLAST for solving the Helmholtz equation in three dimensions.
The TLAST provides a powerful tool for transforming complex partial differential equations into
algebraic equations, simplifying their solution. The paper presents the mathematical formulation of
TLAST and demonstrates its application in solving the Helmholtz equation. By employing TLAST, the
solution to the Helmholtz equation is obtained efficiently, highlighting the potential of this new integral
transform in addressing various problems in science, engineering, and other fields.
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1. Introduction

The origin of the integral transforms can be
traced back to the work of P. S. Laplace in 1780s
and Joseph Fourier in 1822 [10]. One of the most
significant  applications of the integral
transforms is capability to be used in solving
initial boundary problems [7,9].

In the literature, numerous different transforms
are presented and applied to solve ordinary and
partial differential equations such as Laplace
transform,  Sumudu transform,  Aboodh
transform,  nature  transform,  Hunaiber
transform, Shehu transform and so on, see
[1,3,4,8,10,11]. Integral transform has played an
important role in solving differential ordinary
and partial equations and integral equations,

through transform these equations to algebraic
equations [5].

In 2022, the authors in [2] introduced a new
triple integral transform called triple Laplace-
Aboodh-Sumudu transform and applied it to
solve the heat equation, wave equation, Laplace
equation and Poisson equation.

The aim of this work is to solve the Helmholtz
equation with initial and boundary conditions by
triple Laplace-Aboodh-Sumudu transform.

1.1 Definition. Let u be a continuous function
of three variables say x,y,t >0 ; then,
the triple Laplace-Aboodh-Sumudu transform
of u(x,y,t) is denoted by the operator
L A, S[u(x,y,t)] = U(p,q,7) and defined by

1 [ee] (o] [ee] t
LyAySi[u(x,y,t)] = U(p,q,7) = p f f f o~(px+ay +F)u(x, y, t)dxdydt. (1)
0 0 0

Provided the integral exists.

The inverse triple Laplace-Aboodh-Sumudu transform is defined by

Ly ASS M U(p, q,1)] = u(x, y, t)

1 .l-rc+ioo A+ico w+ico 1 ¢
=— ePx U qe?” {f —er U(p, q,r)dr}dq} dp, (2)
(27”)3 K—ico A—ico w—ico r

where K, A and o are real constants [2].

1.2 Theorem. Let U(p, q, ) be the triple Laplace-Aboodh-Sumudu transform of the continuous function

u(x,y,t), then

ou(x,y,t)
(1). LyA,S, Tl

Proof:

P TS N o o L
Xyt 0x arlty Jo Jo

(o] [ee]

1 _t
= — e‘qydyf e rdt
0

_qro

) ou(x,y,t)

=pU(p,q,7) — AySe[u(0,y,1)].

- dxdydt

{Jwe‘px u, (x,y, t)dx}.
0

Using integration by parts, let & = e™P*, dn = u,(x,y, t)dx, then we obtain

ou(x,y,t) 1 [® ® ot
T At — -qy —
LxAySt[ o2 l qrfo e dyf0 er dt{ u(O,y,t)+pf0
=pU(p,q,7) — A,S:[u(0,y,0)].

1
= LIU(,D, q, T) - aLxSt [u(x' Or t)]

ou(x,y,t)
(2). LyA,S, [Tl

o)

e P u(x,y, t)dx}

ou(x,y, 1
(3). LyAyS; lu();—tyt)l == [U(p, q,7) — LAy [u(x,y, 0)]]
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(4). LyA,S; -w- = p?U(p,q,7) — pAySe[u(0,y, )] — A, S, [u, (0, y,t)].

(5). LyA,S, %};gf,t) = q*U(p,q,1) — LS [u(x,0,t)] — %LxSt[uy(x, 0,6)].
(©). Loy [T ON - L5, = L1t e, 3, 00 = 21ty 3,01
(7). LyA,S, % = pqU(p,q,7) — ngSt[u(x, 0,8)] — A, S,[u,(0,y,0)].
®). Lo [ZE5ON 25,0 - L1, e, 5, 0] = 4, Selc 0,5, 0]
) Loy [520N  Lo,q,r) — Ly a3, 00] - % LSl .0,

By the same proof (1), wé can prove (2)-(9) [2].
2. Triple Laplace- Aboodh-Sumudu Transform of Some Basic Functions

“wl )
wl L

(3). LAy S, [x"y™t"] = qrf f f

where n,m,k =0,1,2, ....
(4).LxAySt[x“yﬁt’1]

sk

wherenmk> —1.

(5).LyA,S|e (ax+fy+20)] qrf f f
1

Tl - - mw—hy
(6). LyAyS;[sin(ax + By + At)] = —j f j ~(pr+av+s) sin(ax + By + At) dxdydt
_ Apgr + Bp + aq — afAr
q(p? +a?)(q* + p2(1 + A*r2)
(7). LyAySi[cos(ax + By + At)] —J f J ~(px+av+z) cos(ax + By + At) dxdydt
_ pq—BApr —alqr —af
q(p? +a?)(q* + p2)(1 + A*r2)
(8).LyAyS;[sinh(ax + By + At)] = —f J J ~(pr+ay+s) sinh(ax + By + At) dxdydt

Bp + aq + Apqr + afAr

~ q(p? —a®)(q% - BH(1 - 2%r2)
]
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(1). LA, S, [1] ~(px+av+z) dxdydt = e

qZ

(2). LA, S, [xyt] = ~(px+ar+)

T

xyt dxdydt = .
p2q3

n!' m!

px+qy+ k

qm+2k!r'

x”ymtkdxdydt =

n+1
p

T(a+ DIB+1)
pa+1qﬂ+2

px+qy+

“yﬁtldxdydt = r(A+ 1)1”1,

~(px+ay+5) e @+ BY+20) gyt
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(9).LyAyS;[cosh(ax + By + At)] = f f f ~(px+av+z) cosh(ax + By + At) dxdydt

_ pq+ap+ Blpr +alqr

~q(p? - a?)(q? - pH(1 - 22r2)
3. Application of The Triple Laplace-Aboodh-Sumudu Transform for The Helmholtz Equation
In this section, we applying the triple Laplace-Aboodh-Sumudu transform to solve the Helmholtz
equation. The Helmholtz equation is the basic partial differential equation of acoustics [6]. Let the
nonhomogeneous Helmholtz equation in three independent variables (x,y,t) be in the form

uxx(xly' t) + uyy(xﬂy' t) + utt(xﬂy' t) + u(x'y' t) = g(x'.Y: t)' (3)

with the initial and boundary conditions
U(O,y, t) = h1()’; t); ux(o:yi t) = hZ(y' t)' (4)
u(x,0,t) = hz(x,t), Uy, (x,0,t) = hy(x, t), (5)
u(x,y, O) = fl5(X,y), ut(X,y, 0) = hé(x'y)r (6)

where g(x,y,t) is the source term. Using

the property of partial derivative of triple Laplace-Aboodh-Sumudu transform for Eq.(3), double
Aboodh-Sumudu transform for Eq.(4), double Laplace-Sumudu transform for Eq.(5) and double
Laplace-Aboodh transform for Eq.(6), then

1
PZU(P» q,7) — pA,S{h (v, )} — Ay Se{h, (v, )} + q*U(p, q,7) — L Se{hs(x, 1)} — ELXSt{h4(x' t)}

1 1 1
t5U (p,q,7) — ) LyAy{hs(x,y)} — " LAy {he(x,y)} + U(p,q,7) = G(p,q,7).
By simplifying, we get

Ulp,q,r) = ;[phl(q r) +hy(q,7) + hz(p, 1) + h4(p r) +—hs(p Q)+ he(P ) +Glp,q, T)] Q)
where Lf:;l;_sq g(;? y, t)] =G(p,q,71).
Solving this algebraic equation in U(p,q,r) and taking the inverse triple Laplace-Aboodh-Sumudu
transform on both sides of Eq.(7), yields

uCr,y,t) = Ly Ay's;t {;1[17711(12 )+ hy(q,7) + h3(p,7) +qh4(p ) +—h5(p D+ h(,(p Q) +G(p,q7) ]‘} )
which represen Pihe genéral formula for the solution of Eq.(3) by triple Laplace -Aboodh-S
transform method.
Example 3.1. Consider the following Helmholtz equation

mudu

Uy (6,7, 8) + Uy (0,9, ) + U (x,, 1) = 774 —u(x, y, ), 9)

with the initial and boundary conditions

u(0,y,t) = e v+t U, (0,y,t) = 2e7 v+, (10)

u(x,0,t) = e?**t, uy (x,0,t) = —e**E, (11)

u(x,y,0) = e?*77, u(x,y,0) = e?*7, (12)
Solution:
Substituting

1 2
men =g na-n MY T Ena o
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1 -1
(o) = A= o) = o a =
"D = DD TP PRV

7
G(P'q'r)_q(p—z)(q+1)(1—r)'
in Eq.(7), we obtain
Vo — 1 [ p N 2 + -
o _p2+q2+l2+1 @+ DA -7) q@@+DA-71) (-21A-7)
r
1 1 !

T -20-1 ¢ p-D@+D -2+ D

7
+ ]
q(p—2)(@+ DA —71)
B r? piri+q¢*r+r?2 +1
224 q2r2 +1r24+1|qr2(p—-2)(g+ DA —=1)|

By simplifying, we obtain
1
. 13
-2+ DA-1) (13
Taking the inverse triple Laplace-Aboodh-Sumudu transform of Eq.(13), we get a solution of Eq.(9)

Ulp,q,1) =

u(x,y, t) = e?* Y+t (14)
Example 3.2. Consider the following Helmholtz equation
U (X, Y, 1) + Uyy (X, 7, 8) + U (x,y,8) +ulx,y,t) =0, (15)

with the initial and boundary conditions

u(0,y,t) = e tsiny, u,(0,y,t) = e tcosy, (16)
u(x,0,t) = e tsinx, uy(x,0,t) = e tcosx, (17)
u(x,y,0) = sin(x +y), u.(x,y,0) = cos(x +y). (18)
Solution:
Substituting
h(qr) = ! ha(@r) =
= i@ na+n’ 2= @y DA+
1 p
h.(p,7) = , hy(p, 1) = ,
2(p.7) (pZ+ D +71) +(p,7) Pz + D +71)
p+tq p+q
hs(p,q) = , he(p,q) = — ,
SO T D@+ D S = T+ D@+ D)
in Eq.(7), we obtain
Ueo,am) 1 [ p s 1 s 1
p; q;r = 2 2 2
2+ 1@+ DA+ @+ DA+ (PP +DA+T)

r2
N p N ptq _ p+q ]
q(P*+ DA +7r) qri(p*+D(@*+1) qr(p*+1(g*>+1)
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2

TP @i 4 ri+ 1
By simplifying, we get
1

r P31 + p2qr? + @3r? + qr? + pg*r® + pri + p + q|
qr*(p?> + D(g* + DA + 1) '

(p+QP*r?+q¢*r? +r?2 +1)]

U(p,q,7r) =

p+q

p2r2+qg?r2+r2+1

T+ D@+ DA+

q(p*+ D(q*+ DA +71)

(19)

Taking the inverse triple Laplace-Aboodh-Sumudu transform of Eq.(19), we get a solution of Eq.(15)

u(x,y, t) = e tsin(x + y).

Conclusion
In Conclusion, the triple Laplace-Aboodh-
Sumudu transform is a significant transform
among all the integral transforms of exponential
sort kernels. The Helmholtz equation solved
simply and easily by this triple transform. We
will apply the triple Laplace-Aboodh-Sumudu
transform to more partial differential equations
and integral equations in future studies.
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