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Abstract 

The primary purpose of this paper is to present the combination of Kamal transform and Shehu 

transform to produce a new integral transform. This integral transform called the double Kamal-Shehu 

transform to solve partial differential equations, some main properties and several theorems related to 

the Kamal-Shehu transform have been established. Furthermore, we use this transform for solving some 

linear partial differential equations and finding some functions. 
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 وخصائصه مع التطبيقاتحول تحويل كمال شيخو الثنائي 
       الملخص

                                                                                                                الغرض الرئيسي  ن  ذاا الحث  ذ  المن  حي  حث ي  منل  النرر   حث ي  ييي   النرر  لصثل   ىصت حث ي  حملنص  م ي ي يسنت   

                                                                               يييييي   الي لئ  لث  النتل لت الحرل ييييصية المدئيةي  ا  حب  راسيييية حتض ال لييييلئ  الرئيسييييية    –                                ذاا الحث ي  الحملنص  حث ي  منل  

                                                                  يي  . ىلا ة ىصت الكي يحب حطحيق ذاا الحث ي  الم ي  لث  حتض النتل لت  -                                                الت ي  ن  ال ظريلت  ال للئ  النحتصقة ححث ي  منل   

                          الحرل صية المدئية ال طية.

                                                                   يي   الي لئ ي حث ي  منل ي حث ي  يي  ي النتل لت الحرل صية المدئية.    –             : حث ي  منل           المفتاحية        الكلمات 
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1. Introduction

The solutions of initial and boundary value problems are given by several Integral transforms
methods. In fact, there are many different types of integral transforms methods such as Laplace,
Kamal, Shehu transforms, and so on [1, 2, 12]. These kinds of integral transforms have many
applications in various fields of mathematical sciences and engineering such as physics, me-
chanics, chemistry, acoustic, etc, [1, 11, 12]. They play an important role in solving integral
equations or partial differential equations describing physical phenomena [4, 5, 9, 10, 12]. Re-
cently, double integral transforms has got the considerable attention of researchers due to its
numerous applications in various fields of science and engineering, see for example [3, 8, 13].
Alfaqeih and Misirli in [6] dealt with double Shehu transform to get the solution of initial and
boundary value problems in different areas of real life science and engineering.
Motivated by [3], we applied new double Kamal-Shehu transform to solve some partial differ-
ential equations subject to the initial and boundary conditions, through the derivation of general
formula for solutions of these equations, or by applying the double Kamal-Shehu transform di-
rectly to the given equation.
In this paper, we use double Kamal-Shehu transform to solve the partial differential equations
subject to the initial and boundary conditions.

Definition 1.1 ([1]). Let A be a function set defined by

A =
{
u(x) : ∃M,γ1, γ2 > 0, |u(x)| < Me

|x|
γj , x ∈ (−1)j × [0,∞), j = 1, 2

}
,

where M is a constant and γ1, γ2 are finite constants or infinite.
For a function of exponential order, the single Kamal integral transform of the real continuous
function u(x) is defined as follows;

K[u(x)] =

∫ ∞
0

e−
x
γ u(x)dx = F (γ), (1.1)

where e−
x
γ is the kernel function, and K[.] is the Kamal transform operator.

The inverse Kamal transform is defined by

u(x) = K−1[F (γ)] =
1

2πi

∫ κ+i∞

κ−i∞
e
x
γF (

1

γ
)dγ, κ ≥ 0. (1.2)

Definition 1.2 ([7]). Over the set of functions,

M =
{
u(t) : ∃N, κ1, κ2 > 0, |u(t)| < Ne

|t|
κi , for t ∈ (−1)i × [0,∞), i = 1, 2

}
,

the Shehu transform is defined by

S[u(t)] =

∫ ∞
0

e−
δ
µ
tu(t)dt = F (δ, µ), δ, µ > 0, (1.3)

where e−
δ
µ is the kernel function and S is the operator of Shehu transform.

The inverse Shehu transform is defined by

u(t) = S−1[F (δ, µ)] =
1

2πi

∫ ω+i∞

ω−i∞

1

µ
e
δ
µ
tF (δ, µ)dδ, ω ≥ 0. (1.4)
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In the next definition, we introduce the double Kamal-Shehu transform.

Definition 1.3. The double Kamal-Shehu transform of the function u(x, t) of two variables
x > 0 and t > 0 is denoted by KxSt[u(x, t)] = F (γ, δ, µ) and defined as

KxSt[u(x, t)] = F (γ, δ, µ) =

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)u(x, t)dxdt

= lim
α→∞,β→∞

∫ α

0

∫ β

0

e−(
x
γ
+ δ
µ
t)u(x, t)dxdt. (1.5)

It converges if the limit of the integral exists, and diverges if not.

Definition 1.4. The inverse double Kamal-Shehu transform of a function F (γ, δ, µ) is given by

K−1x S−1t [F (γ, δ, µ)] = u(x, t).

Equivalently,

u(x, t) = K−1x S−1t [F (γ, δ, µ)] =
1

(2πi)2

∫ κ+i∞

κ−i∞
e
x
γ dγ

∫ ω+i∞

ω−i∞

1

µ
e
δ
µ
tF (

1

γ
, δ, µ)dδ, (1.6)

where κ and ω are real constants.

2. Existence and Uniqueness of the Double Kamal-Shehu Trans-
form

Definition 2.1. ([8]) A function u(x, t) is said to be of exponential orders α > 0, β > 0, on
0 ≤ x <∞, 0 ≤ t <∞, if there exists positive constants L, X and T such that

|u(x, t)| ≤ Leαx+βt, ∀ x > X, t > T,

and we write
u(x, t) = o(eαx+βt), as x→∞, t→∞.

Or equivalently,

lim
x→∞,t→∞

e−(αx+βt)|u(x, t)| ≤ L lim
x→∞,t→∞

e−(
1
γ
−α)xe−(

δ
µ
−β)t = 0,

1

γ
> α,

δ

µ
> β.

Theorem 2.2. ([7]) Let u(x, t) be a continuous function in every finite intervals (0, X) and
(0, T ) and of exponential order e(αx+βt), then the double Kamal-Shehu transform of u(x, t)

exists for all 1
γ
> α and δ

µ
> β.

Proof. Let u(x, t) be of exponential order e(αx+βt) such that∣∣∣u(x, t)
∣∣∣≤ Le(αx+βt), ∀ x > X, t > T.
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Then, we have ∣∣∣F (γ, δ, µ)
∣∣∣ =

∣∣∣∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)u(x, t)dxdt

∣∣∣
5

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)|u(x, t)|dxdt

5 L

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)e(αx+βt)dxdt

= L

∫ ∞
0

e−(
1
γ
−α)xdx

∫ ∞
0

e−(
δ
µ
−β)tdt

=
Lγµ

(1− γα)(δ − βµ)
.

Thus, the proof is complete.

Theorem 2.3. Let F1(γ, δ, µ) and F2(γ, δ, µ) be the double Kamal-Shehu transform of the
continuous functions u1(x, t) and u2(x, t) defined for x, t ≥ 0 respectively. If F1(γ, δ, µ) =

F2(γ, δ, µ), then u1(x, t) = u2(x, t).

Proof. Assume that κ and ω are sufficiently large, since

u(x, t) = K−1x S−1t [F (γ, δ, µ)] =
( 1

2πi

∫ κ+i∞

κ−i∞
e
x
γ dγ
)( 1

2πi

∫ ω+i∞

ω−i∞

1

µ
e
δ
µ
tF (

1

γ
, δ, µ)dδ

)
,

we deduce that

u1(x, t) =
( 1

2πi

∫ κ+i∞

κ−i∞
e
x
γ dγ
)( 1

2πi

∫ ω+i∞

ω−i∞

1

µ
e
δ
µ
tF1(

1

γ
, δ, µ)dδ

)
=

( 1

2πi

∫ κ+i∞

κ−i∞
e
x
γ dγ
)( 1

2πi

∫ ω+i∞

ω−i∞

1

µ
e
δ
µ
tF2(

1

γ
, δ, µ)dδ

)
= u2(x, t).

This ends the proof of the theorem.

3. Some Useful Properties of the Double Kamal-Shehu Trans-
form

3.1 Linearity property

If the double Kamal-Shehu transform of functions u1(x, t) and u2(x, t) are F1(γ, δ, µ) and
F2(γ, δ, µ) respectively, then the double Kamal-Shehu transform of αu1(x, t) + βu2(x, t) is
given by αF1(γ, δ, µ) + βF2(γ, δ, µ), where α and β are arbitrary constants.
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Proof.

KxSt[αu1(x, t) + βu2(x, t)] =

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)
(
αu1(x, t) + βu2(x, t)

)
dxdt

= α

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)u1(x, t)dxdt

+ β

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)u2(x, t)dxdt

= αF1(γ, δ, µ) + βF2(γ, δ, µ). (3.7)

3.2 Shifting property

If the double Kamal-Shehu transform of u(x, t) is F (γ, δ, µ), then double Kamal-Shehu trans-
form of the function e(αx+βt)u(x, t) is given by
F ( γ

1−γα , δ − βµ, µ).

Proof.

KxSt[e
(αx+βt)u(x, t)] =

∫ ∞
0

∫ ∞
0

e(αx+βt)e−(
x
γ
+ δ
µ
t)u(x, t)dxdt

=

∫ ∞
0

∫ ∞
0

e−
(
( 1−γα

γ
)x+( δ−βµ

µ
)t
)
u(x, t)dxdt

= F (
γ

1− γα
, δ − βµ, µ). (3.8)

3.3 Change of scale property

If the double Kamal-Shehu transform of the function u(x, t) is F (γ, δ, µ) then the double
Kamal-Shehu transform of u(αx, βt) is given by 1

αβ
F (αγ, δ

β
, µ).

Proof. Using the definition of double Kamal-Shehu transform, we get

KxSt[u(αx, βt)] =

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)u(αx, βt)dxdt.

Let υ = αx, τ = βt, then

KxSt[u(αx, βt)] =
1

αβ

∫ ∞
0

∫ ∞
0

e−
υ
αγ e−

δτ
βµu(υ, τ)dυdτ

=
1

αβ
F (αγ,

δ

β
, µ). (3.9)
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3.4 Derivatives properties

If KxSt[u(x, t)] = F (γ, δ, µ), then

(1). KxSt

[∂u(x, t)

∂x

]
=

1

γ
F (γ, δ, µ)− S[u(0, t)]. (3.10)

Proof.

KxSt

[∂u(x, t)

∂x

]
=

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)∂u(x, t)

∂x
dxdt

=

∫ ∞
0

e−
δ
µ
tdt
(∫ ∞

0

e−
x
γ ux(x, t)dx

)
.

Using integration by parts, let u = e−
x
γ , dv = ux(x, t)dx, then we obtain

KxSt

[∂u(x, t)

∂x

]
=

∫ ∞
0

e−
δ
µ
tdt
(
−u(0, t) +

1

γ

∫ ∞
0

e−
x
γ u(x, t)dx

)
=

1

γ
F (γ, δ, µ)− S[u(0, t)].

(2). KxSt

[∂u(x, t)

∂t

]
=
δ

µ
F (γ, δ, µ)−K[u(x, 0)]. (3.11)

Proof.

KxSt

[∂u(x, t)

∂t

]
=

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)∂u(x, t)

∂t
dxdt

=

∫ ∞
0

e−
x
γ dx
(∫ ∞

0

e−
δ
µ
tut(x, t)dt

)
.

Using integration by parts, let u = e−
δ
µ
t, dv = ut(x, t)dt, then we obtain

KxSt

[∂u(x, t)

∂t

]
=

∫ ∞
0

e−
x
γ dx
(
−u(x, 0) +

δ

µ

∫ ∞
0

e−
δ
µ
tu(x, t)dt

)
=

δ

µ
F (γ, δ, µ)−K[u(x, 0)].

(3). KxSt

[∂2u(x, t)

∂x2

]
=

1

γ2
F (γ, δ, µ)− 1

γ
S[u(0, t)]− S[ux(0, t)]. (3.12)

217



Albaydha University Journal-Vol. (6)- Issue (3)- Aug. 2024

Proof.

KxSt

[∂2u(x, t)

∂x2

]
=

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)∂

2u(x, t)

∂x2
dxdt

=

∫ ∞
0

e−
δ
µ
tdt
(∫ ∞

0

e−
x
γ uxx(x, t)dx

)
.

Integration by parts twice, we obtain

KxSt

[∂2u(x, t)

∂x2

]
=

∫ ∞
0

e−
δ
µ
tdt
(
−ux(0, t)−

1

γ
u(0, t) +

1

γ2

∫ ∞
0

e−
x
γ u(x, t)dx

)
=

1

γ2
F (γ, δ, µ)− 1

γ
S[u(0, t)]− S[ux(0, t)].

(4). KxSt

[∂2u(x, t)

∂t2

]
=
δ2

µ2
F (γ, δ, µ)− δ

µ
K[u(x, 0)]−K[ut(x, 0)]. (3.13)

Proof.

KxSt

[∂2u(x, t)

∂t2

]
=

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)∂

2u(x, t)

∂t2
dxdt

=

∫ ∞
0

e−
x
γ dx
(∫ ∞

0

e−
δ
µ
tutt(x, t)dt

)
.

Integration by parts twice, we obtain

KxSt

[∂2u(x, t)

∂t2

]
=

∫ ∞
0

e−
x
γ dx
(
−ut(x, 0)− δ

µ
u(x, 0) +

δ2

µ2

∫ ∞
0

e−
δ
µ
tu(x, t)dt

)
=

δ2

µ2
F (γ, δ, µ)− δ

µ
K[u(x, 0)]−K[ut(x, 0)].

(5). KxSt

[∂2u(x, t)

∂x∂t

]
=

δ

γµ
F (γ, δ, µ)− 1

γ
K[u(x, 0)]− S[ut(0, t)]. (3.14)

Proof.

KxSt

[∂2u(x, t)

∂x∂t

]
=

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)∂

2u(x, t)

∂x∂t
dxdt

=

∫ ∞
0

e−
δ
µ
tdt
(∫ ∞

0

e−
x
γ uxt(x, t)dx

)
.
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Integration by parts twice, we obtain

KxSt

[∂2u(x, t)

∂x∂t

]
=

∫ ∞
0

e−
δ
µ
tdt
(
−ut(0, t) +

1

γ

∫ ∞
0

e−
x
γ ut(x, t)dx

)
= −S[ut(0, t)] +

1

γ

∫ ∞
0

e−
x
γ dx

∫ ∞
0

e−
δ
µ
tut(x, t)dt

= −S[ut(0, t)] +
1

γ

∫ ∞
0

e−
x
γ dx
(
−u(x, 0) +

δ

µ

∫ ∞
0

e−
δ
µ
tu(x, t)dt

)
=

δ

γµ
F (γ, δ, µ)− 1

γ
K[u(x, 0)]− S[ut(0, t)].

4. The Double Kamal-Shehu Transform of Some Elemen-
tary Functions

(1). If the function u(x, t) = 1, then

KxSt[u(x, t)] =

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)dxdt =

γµ

δ
. (4.15)

(2). If the function u(x, t) = xt, then

KxSt[u(x, t)] =

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)xtdxdt =

γ2µ2

δ2
. (4.16)

(3). If the function u(x, t) = xntm, n,m = 0, 1, 2, ..., then

KxSt[u(x, t)] =

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)xntmdxdt = n!m!γn+1

(µ
δ

)m+1

. (4.17)

(4). If the function u(x, t) = xσtν , σ ≥ −1, ν ≥ −1, then

KxSt[u(x, t)] =

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)xσtνdxdt =

∫ ∞
0

e−
x
γ xσdx

∫ ∞
0

e−
δ
µ
ttνdt.

Let ξ = x
γ

and η = δ
µ
t, then we have

KxSt[u(x, t)] = γσ+1

∫ ∞
0

e−ξξσdξ(
µ

δ
)ν+1

∫ ∞
0

e−ηηνdη

= Γ(σ + 1)γσ+1Γ(ν + 1)
(µ
δ

)ν+1

. (4.18)

Where Γ(.) is the Euler gamma function.
(5). If the function u(x, t) = enx+mt, n,m = 0, 1, 2, ..., then

KxSt[u(x, t)] =

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t)enx+mtdxdt =

γµ

(1− nγ)(δ −mµ)
. (4.19)
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(6). If the function u(x, t) = sin(nx+mt), n,m = 0, 1, 2, ..., then

KxSt[u(x, t))] =

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t) sin(nx+mt)dxdt

=
γµ(nγδ +mµ)

(1 + n2γ2)(δ2 +m2µ2)
. (4.20)

(7). If the function u(x, t) = cos(nx+mt), n,m = 0, 1, 2, ..., then

KxSt[u(x, t)] =

∫ ∞
0

∫ ∞
0

e−(
x
γ
+ δ
µ
t) cos(nx+mt)dxdt

=
γµ(δ − nmγµ)

(1 + n2γ2)(δ2 +m2µ2)
. (4.21)

Consequently,

KxSt[sinh(nx+mt)] =
γµ(nγδ +mµ)

(1− n2γ2)(δ2 −m2µ2)
, (4.22)

KxSt[cosh(nx+mt)] =
γµ(δ + nmγµ)

(1− n2γ2)(δ2 −m2µ2)
. (4.23)

5. Applications

In this section, we applied the double Kamal-Shehu transform method to linear partial differ-
ential equations. Let the second-order nonhomogeneous partial differential equation in two
independent variables be in the form:

Auxx(x, t) +Butt(x, t) + Cux(x, t) +Dut(x, t) + Eu(x, t) = h(x, t), (x, t) ∈ R2
+, (5.24)

with the initial conditions:

u(x, 0) = ~1(x), ut(x, 0) = ~2(x), (5.25)

and the boundary conditions:

u(0, t) = ~3(t), ux(0, t) = ~4(t), (5.26)

where A,B,C,D and E are constants and h(x, t) is the source term.
Using the property of partial derivative of the double Kamal-Shehu transform for equation
(5.24), single Kamal transform for equation (5.25) and single Shehu transform for equation
(5.26) and simplifying, we obtain that:

F (γ, δ, µ) =
[(B δ

µ
+D)~1(γ) +B~2(γ) + (A

γ
+ C)~3(δ, µ) + A~4(δ, µ) +H(γ, δ, µ)

( A
γ2

+B δ2

µ2
+ C

γ
+D δ

µ
+ E)

]
,

(5.27)
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where H(γ, δ, µ) = KxSt[h(x, t)].
Finally, solving this algebraic equation in F (γ, δ, µ) and taking the inverse double Kamal-
Shehu transform on both sides of equation (5.27), yields:

u(x, t) = K−1x S−1t

[(B δ
µ

+D)~1(γ) +B~2(γ) + (A
γ

+ C)~3(δ, µ) + A~4(δ, µ) +H(γ, δ, µ)

( A
γ2

+B δ2

µ2
+ C

γ
+D δ

µ
+ E)

]
,

(5.28)
which represent the general formula for the solution of equation (5.24) by the double Kamal-
Shehu transform method.

Example 5.1. Use double Kamal-Shehu transform method to solve the following first order
inhomogeneous partial differential equation

ux(x, t) + ut(x, t) = (1 + x)et, u(x, 0) = x, u(0, t) = 0. (5.29)

Solution.
Applying the double Kamal-Shehu transform on both sides of equation (5.29), we have

KxSt[ux(x, t) + ut(x, t)] = KxSt[(1 + x)et].

By linearity property and partial derivative properties of double Kamal-Shehu transform, we
get

1

γ
F (γ, δ, µ)− S[u(0, t)] +

δ

µ
F (γ, δ, µ)−K[u(x, 0)] =

γµ

δ − µ
+

γ2µ

δ − µ
, (5.30)

where

KxSt[(1 + x)et] =
γµ

δ − µ
+

γ2µ

δ − µ
.

Substituting

~1(γ) = γ2, ~3(δ, µ) = 0,

into equation (5.30) and simplify to obtain(µ+ γδ

γµ

)
F (γ, δ, µ) =

γ(γδ + µ)

δ − µ
,

or equivalently

F (γ, δ, µ) =
( γµ

γδ + µ

)(γ(γδ + µ)

δ − µ

)
=

γ2µ

δ − µ
. (5.31)

Taking the inverse double Kamal-Shehu transform of equation (5.31), we get

u(x, t) = K−1x S−1t

[ γ2µ
δ − µ

]
= xet.

Which is the required solution of (5.29).
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Example 5.2. Consider the following linear problem

uxt(x, t) = −x+ u(x, t), (5.32)

subject to the conditions

u(x, 0) = x+ ex, u(0, t) = et, ut(0, t) = et.

Solution.
Applying the double Kamal-Shehu transform on both sides of equation (5.32), we get

KxSt[uxt(x, t)] = KxSt[−x+ u(x, t)].

By linearity property and partial derivative properties of double Kamal-Shehu transform, we
get

δ

γµ
F (γ, δ, µ)− 1

γ
K[u(x, 0)]− S[ut(0, t)] = −γ

2µ

δ
+ F (γ, δ, µ). (5.33)

Substituting

K[u(x, 0)] = γ2 +
γ

1− γ
, S[ut(0, t)] =

µ

δ − µ
,

in (5.33) and simplifying, we get

(δ − γµ
γµ

)
F (γ, δ, µ) = γ +

1

1− γ
+

µ

δ − µ
− γ2µ

δ
,

or equivalently

F (γ, δ, µ) =
γ2µ

δ
+

γ

(1− γ)

µ

(δ − µ)
. (5.34)

Taking the inverse double Kamal-Shehu transform of equation (5.34), we get a solution of
(5.32)

u(x, t) = K−1x S−1t

[γ2µ
δ

+
γ

(1− γ)

µ

(δ − µ)

]
= x+ ex+t.

Which is same as solution obtained by decomposition method [14].

Example 5.3. Consider the following boundary Poisson equation

uxx(x, t) + utt(x, t) = t sinx, (5.35)

subject to the conditions

u(x, 0) = 0 = ~1(x), ut(x, 0) = − sinx = ~2(x), u(0, t) = 0 = ~3(t), ux(0, t) = −t = ~4(t).
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Solution.
Applying the double Kamal-Shehu transform on both sides of equation (5.35), we get

1

γ2
F (γ, δ, µ) − 1

γ
S[u(0, t)]− S[ux(0, t)] +

δ2

µ2
F (γ, δ, µ)− δ

µ
K[u(x, 0)]−K[ut(x, 0)]

=
µ2

δ2
γ2

(1 + γ2)
. (5.36)

Substituting

K[~1(x)] = 0, K[~2(x)] = − γ2

1 + γ2
, S[~3(t)] = 0, S[~4(t)] = −µ

2

δ2
,

in (5.36) and simplifying, we get

F (γ, δ, µ) = −µ
2

δ2
γ2

(1 + γ2)
. (5.37)

Taking the inverse double Kamal-Shehu transform of equation (5.37), we get a solution of
(5.35)

u(x, t) = K−1x S−1t

[
−µ

2

δ2
γ2

(1 + γ2)

]
= −t sinx.

Example 5.4. Consider the following nonhomogeneous Wave equation

utt(x, t)− uxx(x, t) + 3u(x, t) = 3, (5.38)

with the conditions

u(x, 0) = 1 = ~1(x), ut(x, 0) = 2 sinx = ~2(x),

u(0, t) = 1 = ~3(t), ux(0, t) = sin 2t = ~4(t).

Solution.
Substituting

~1(γ) = γ, ~2(γ) =
2γ2

1 + γ2
, ~3(δ, µ) =

µ

δ
, ~4(δ, µ) =

2µ2

δ2 + 4µ2
, H(γ, δ, µ) =

3γµ

δ
,

in (5.28) and simplifying, we get a solution of (5.38)

u(x, t) = K−1x S−1t

[γµ
δ

+
γ2

(1 + γ2)

2µ2

(δ2 + 4µ2)

]
= 1 + sinx sin 2t.

Example 5.5. Use the double Kamal-Shehu transform method to solve the inhomogeneous
partial differential equation

ut(x, t)− uxx(x, t) = −6x, (5.39)

subject to the conditions

u(x, 0) = x3 + sinx = ~1(x), ut(x, 0) = − sinx = ~2(x),

u(0, t) = 0 = ~3(t), ux(0, t) = e−t = ~4(t).
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Solution.
Substituting

~1(γ) = 6γ4 +
γ2

1 + γ2
, ~3(δ, µ) = 0, ~4(δ, µ) =

µ

δ + µ
, H(γ, δ, µ) = −6γ2µ

δ
,

in (5.28) and simplifying, we get a solution of (5.39)

u(x, t) = K−1x S−1t

[6γ4µ

δ
+

µ

(δ + µ)

γ2

(1 + γ2)

]
= x3 + e−t sinx.

6. Conclusion

We introduced a new method for solving linear partial differential equations subject to the ini-
tial and boundary conditions called double Kamal-Shehu transform. We also discussed some
theorems and properties about the double Kamal-Shehu transform and gave the double Kamal-
Shehu transform of some elementary functions. The efficiency of the considered method was
illustrated by some examples. The results reveal that the proposed method is very effective and
can be applied for other linear problems in mathematical physics. We suggest that researchers
continue to research and develop new methods for solving linear and nonlinear partial differen-
tial equations due to the importance of these equations and their multiple applications in various
aspects of science.
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