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Abstract

The primary purpose of this paper is to present the combination of Kamal transform and Shehu
transform to produce a new integral transform. This integral transform called the double Kamal-Shehu
transform to solve partial differential equations, some main properties and several theorems related to
the Kamal-Shehu transform have been established. Furthermore, we use this transform for solving some
linear partial differential equations and finding some functions.
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1. Introduction

The solutions of initial and boundary value problems are given by several Integral transforms
methods. In fact, there are many different types of integral transforms methods such as Laplace,
Kamal, Shehu transforms, and so on [1, 2, 12]. These kinds of integral transforms have many
applications in various fields of mathematical sciences and engineering such as physics, me-
chanics, chemistry, acoustic, etc, [1, 11, 12]. They play an important role in solving integral
equations or partial differential equations describing physical phenomena [4, 5, 9, 10, 12]. Re-
cently, double integral transforms has got the considerable attention of researchers due to its
numerous applications in various fields of science and engineering, see for example [3, 8, 13].
Alfageih and Misirli in [6] dealt with double Shehu transform to get the solution of initial and
boundary value problems in different areas of real life science and engineering.

Motivated by [3], we applied new double Kamal-Shehu transform to solve some partial differ-
ential equations subject to the initial and boundary conditions, through the derivation of general
formula for solutions of these equations, or by applying the double Kamal-Shehu transform di-
rectly to the given equation.

In this paper, we use double Kamal-Shehu transform to solve the partial differential equations
subject to the initial and boundary conditions.

Definition 1.1 ([1]). Let A be a function set defined by
1zl .
A= {u(x) s 3M, v, 72 > 0, u(z)] < Mevi, z e (1) x [0,00), j = 1,2},

where M is a constant and v, 7y, are finite constants or infinite.
For a function of exponential order, the single Kamal integral transform of the real continuous
function u(x) is defined as follows;

Klu(z)] = /Ooo S u(z)dz = F(7), (1.1)

where ¢ is the kernel function, and K |.] is the Kamal transform operator.
The inverse Kamal transform is defined by

. 1 K+100 - 1
u(@) = K [F(7)] = = / Py, k20 (1.2)

- omi

—100

Definition 1.2 ([7]). Over the set of functions,
1t )
M = {u(t) L3N, k1, ke > 0, [u(t)] < Newi, for te (—1)' x [0,00), i= 1,2},

the Shehu transform is defined by

Su(t)] = / ettt = F(5, ), b1 > 0, (1.3)

I
where e & is the kernel function and S is the operator of Shehu transform.
The inverse Shehu transform is defined by

w100 5
u(t) = STHF(6, )] = L/ leﬁtF(é, p)ds, w > 0. (1.4)

271

—100
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In the next definition, we introduce the double Kamal-Shehu transform.

Definition 1.3. The double Kamal-Shehu transform of the function u(x,t) of two variables
x> 0andt > 0isdenoted by K,Siu(z,t)] = F(v,0,u) and defined as

KSlu(et) = Feop = [ [ e G u o
0 0

@ B .
= lim / / e_(?Jr%t)u(a:, t)dxdt. (1.5)
o Jo

a—00,B—00

It converges if the limit of the integral exists, and diverges if not.

Definition 1.4. The inverse double Kamal-Shehu transform of a function F' (v, 0, i) is given by
K 'USTHF(y, 6, )] = u(a, t).

Equivalently,

el 1 K+1i00 © w100 1 5 1
w(z,t) = K, S, [F(v,6,1)] = : e dry —ewn F(;,(S, w)do, — (1.6)

(27T7’) 2 —100 —1400

where k and w are real constants.

2. Existence and Uniqueness of the Double Kamal-Shehu Trans-
form

Definition 2.1. (/8]) A function u(x,t) is said to be of exponential orders o« > 0, § > 0, on
0 <x<oo 0<Lt< oo, ifthere exists positive constants L, X and'l" such that

lu(x,t)| < Le™™ P Vo> X, t>T,

and we write

u(z,t) = o(e™ ), as x — oo, t — oo.

Or equivalently,
1 )
lim e |y (2, t)| < L lim eGPt - 0, —>a, —>p.
T—00,t—00 T—00,t—00 ’y /L

Theorem 2.2. ([7]) Let u(x,t) be a continuous function in every finite intervals (0, X) and
(0,T) and of exponential order %), then the double Kamal-Shehu transform of u(x,t)
exists for all % > a and % > f.

Proof. Let u(x,t) be of exponential order e(®**5) such that

‘u(m,t)‘g LeotB) o> X, t>T.
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Then, we have

A

(G Nu(z, t)|dedt

‘F(%&u)‘ = ‘/ / u(z, t)dxdt
L

é / / (aa:+,3t) drdt
_ / ~Gee gy / e~ (iPtgy
0 0
_ Lyp
(1 =~ya)(0 = Bu)
Thus, the proof is complete. O]

Theorem 2.3. Let Fi(v,6, 1) and Fy(7,d, 1) be the double Kamal-Shehu transform of the
continuous functions uy(x,t) and uq(z,t) defined for x,t > 0 respectively. If Fy(v,0,p) =
Fy(v, 8, 1), then uy(z,t) = us(x, t).

Proof. Assume that x and w are sufficiently large, since

B B 1 K+100 - 1 w-l—zool 5
u(e,t) = K, F (L0 0) = (5 / i) (5 / —eufF< 6. )d5)),

211 J oo 210 Sy M

we deduce that

1 K4+100 1 w+ico 1 54 1

1) = (—, wd — Sl F (2,0, d(S)

o (x ) 2mi /f;—ioo ‘ P)/ 27” w—1%00 e 1 7 Iu>

1 K400 1 w100 1 1

= <— e dv — ~ et Fy(—,0, u)dé)
2mi K—100 2m w—ico M '7

= uy(x,t).
This ends the proof of the theorem. O]

3. Some Useful Properties of the Double Kamal-Shehu Trans-
form

3.1 Linearity property

If the double Kamal-Shehu transform of functions u;(x,t) and us(z,t) are Fi(vy,d, 1) and
F5(7y, 0, 1) respectively, then the double Kamal-Shehu transform of auy(x,t) + Sus(x,t) is
given by aFy (7,0, u) + SF5(7, d, 1v), where o and 3 are arbitrary constants.
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Proof.

KoSylow (2,1) + Bus(z, 1)) = / h / T ezt (cws(2.1) + B, 1)) s

= / / (F+it Yup (@, t)dadt
+ 5/ / G uth)dazdt

= aF1(77 57 :u) + 6F2(’Y> 5a M) (3.7)

3.2 Shifting property

If the double Kamal-Shehu transform of w(z, t) is F'(, d, i), then double Kamal-Shehu trans-
form of the function e(**+%)q(z, t) is given by

F(l_’yfyoﬁ(; - /BMH)

Proof.

K, Si[el iy (z,t)] = / / (aa+51) o =(5+51) u(zx, t)dxdt
o Jo

= / / e (Cte u))u(a:,t)dxdt
o Jo

_ il _

3.3 Change of scale property

If the double Kamal-Shehu transform of the function w(z,t) is F(v,d, ) then the double
Kamal-Shehu transform of u(ax, ft) is given by %F (ary, %, iw).

Proof. Using the definition of double Kamal-Shehu transform, we get

K,S,[u(az, 8t)] / / (o, Bt)dadt.

Letv = az, 7 = [t, then
K, Si[u(azx, 5t)] = aﬁ/ / ¢ e ﬁuu (v, T)dvdr

= @F(a% B,u)- (3.9
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3.4 Derivatives properties

If K, Si[u(z,t)] = F(v,6, ), then

(1), K5 [aug;, t)]: %F(%(S, 1) — S[u(0, ). (3.10)

Proof.

szt[ﬁu(m,t)] _ / / 248y 8u (x t)d gt

oz
:/0 dt(/o emw(x,t)da;)

Using integration by parts, let u = ¢ 7, dv = u,(x, ¢)dz, then we obtain

szt[auéz, t)} = /OO efgtdt<—u(0,t) + %/00 67%u(x,t)d:v)
= P06, = Sl(.1),

]
ou(zx,t
2. Ks8| U(afs )]: F(v,6, 1) — Klu(x,0)). 3.11)
Proof.
ou(x,t)] 284 ou(z,t)
szt[ 815}_// tddt
= evdx/euux,tdt.
| etan( [ et i)
Using integration by parts, let u = e*%t, dv = uy(x,t)dt, then we obtain
ou(w,t)y  [7 = o [ _sy
KxSt[ B } = /0 e dx(—u(:n,O)—l—;/o e u(x,t)dt)
)
]
0*u(z, 1) 1 1
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Proof.

Kzst[%] - / / )dxdt
— /0 eudt(/o ewum(x,t)da:)

Integration by parts twice, we obtain

0?u(x,t) B sy, 1 1 [ .
K.S; [W] = /0 e " dt(—um(O,t)—;u(O,t)—i——?/O e u(x,t)dx)

Y

1 1
Y Y
]
QPu(x,t)] & )
Proof.
2
Kmst[—a g;’t)] = / / AL ”a“x Pulest) gy
= ede/euu x,t)dt
[l [ )
Integration by parts twice, we obtain
Pu(x,t)) [T . 52 [
KmSt[T] = /0 e valx(—ut(a:,O)——ux 0) E i e #uxtdt)
= L P06 — LK [u(r.0)] — Klu(a.0).
AL :
]
QPu(x,t)] 0 1
() K| = F O ) = CKlu(w 0] = Sw(0.0). (14
Proof.
Pu(z,t)) [ z, 1)
K“fst[ Dot } - / / 895875 dhdt

= /Oooeutdt(/o e vumt(a:,t)dx).
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Integration by parts twice, we obtain

Pu(x,t)) [ sy 1 [ =
KxSt[W} = /o e #dt(—ut(O,t)jL;/O e Wut(x,t)dx)
= —S[ut((),t)]+l/ B:dx/ e*%tut(:p,t)dt
7 Jo 0
1 [ _a o [ _s
= —S[u(0,t +—/ e rdx|—u(x,0 +—/ e wlu(x, t)dt
w0.6]+ - | (muw, 0+ | e ue, )
d

_:ﬁpmam—%Kme—Smwﬁk

4. The Double Kamal-Shehu Transform of Some Elemen-
tary Functions

(1). If the function u(z, t) = 1, then

KxSt[U(:c,t)]z/ / e Gl dpds = 1H. (4.15)
0 0

(2). If the function u(z,t) = xt, then

B 00 oo —(£+§t) _ 72M2
K, S[u(z,t)] = e e xtdrdt = 5 (4.16)
o Jo

(3). If the function u(z,t) = 2"t™, n,m =0,1,2, ..., then

m+1
K, Siu / / )™M dpdt = nlmly" ! (?) ) 4.17)

(4). If the function u(z,t) = 27t”, 0 > —1, v > —1, then

é15)0'1/ _ Oofga Oo*étu
K, Siu(z,t)] // #xtdxdt—/evxda:/e#tdt.
0 0

Let& = f and n = %t, then we have

KoSilu(et) = o [ eteagGyn [T ey
0 0

— T(o+ 1) T(v+1) (%‘)Vﬂ. (4.18)

Where T'(.) is the Euler gamma function.
(5). If the function u(z,t) = ™™™ n,m =0,1,2, ..., then

K, Si[u(z,t)] / / G+a Denetmt godt = s . 4.19)
o (L —ny)(6 —mp)
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(6). If the function u(z,t) = sin(nz + mt), n,m =0,1,2, ..., then

Ky Siu(z,t))] = / / e~ Gt sin(na + mt)dudt

Y(nyd + my)
= 4.20
1+ n22) (2 + mip?) (4.20)
(7). If the function u(x,t) = cos(nz +mt), n,m =0,1,2, ..., then
K, Si[u(x,t)] = / / cos(nx + mt)dxdt
— nmyp)
= . 4.21
= n2 )32 + m22) 2D
Consequently,
. Yu(nyd +myp)
K, Si[sinh(nz + mt)] = 0= n2y2) (5 — my) (4.22)
K, Si[cosh(nx + mt)] = V(0 & nimyp) (4.23)

(1 = n2y?)(0% —m?p?)’
5. Applications

In this section, we applied the double Kamal-Shehu transform method to linear partial differ-
ential equations. Let the second-order nonhomogeneous partial differential equation in two
independent variables be in the form:

Aty (2,t) + Buy(z,t) + Cug(z,t) + Duy(x,t) + Bu(z,t) = h(z,t), (z,t) € RY, (5.24)
with the initial conditions:
u(z,0) = hy(x), u(z,0) = ho(x), (5.25)
and the boundary conditions:
u(0,t) = hs(t), uz(0,1) = hy(t), (5.26)

where A, B, C, D and E are constants and h(z, t) is the source term.

Using the property of partial derivative of the double Kamal-Shehu transform for equation
(5.24), single Kamal transform for equation (5.25) and single Shehu transform for equation
(5.26) and simplifying, we obtain that:

(BS + D)l (v) + Bhia(7) + (£ + C)hs(8, ) + Aha(8, i) + H(7,0, m]

F(v,5, 1) =
(1 6:4) (% +BL+<+D2+E)

(5.27)
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where H (7,0, 1) = K5 [h(z,1)].
Finally, solving this algebraic equation in F'(v,d, 1) and taking the inverse double Kamal-
Shehu transform on both sides of equation (5.27), yields:

u(z,t) = K;'57!

(BS + D)l (7) + Bhia(y) + (2 + C)hs (8, ) + Aha(6, 1) + H(7,0, u)]
(4 +B%+ <+ DI+ E) |

(5.28)
which represent the general formula for the solution of equation (5.24) by the double Kamal-
Shehu transform method.

Example 5.1. Use double Kamal-Shehu transform method to solve the following first order
inhomogeneous partial differential equation

Uy (2, t) +ug(w, t) = (1 +2)e’,  u(z,0) ==z, u(0,t)=0. (5.29)
Solution.
Applying the double Kamal-Shehu transform on both sides of equation (5.29), we have
K.Siug(m,t) + ui(z,t)] = K, S[(1+ x)ef].

By linearity property and partial derivative properties of double Kamal-Shehu transform, we
get

1 J o
—F(v,6, 1) — Slu(0,t)] + —F(v,6, n) — Klu(z,0)] = ——— + , (5.30)
~F(.0.) = ST0.0]+ £ F (.00 — Klu(w,0)] = 57 4 L
where
2
1 TH TR
KxSt[(l—l—x)e]——(S_M—i—é_M
Substituting

hl (7) = 727 h3(5a ,U) = 07

into equation (5.30) and simplify to obtain

Y

o+ 0 (v + )
( Vi )F( O = 0—p

or equivalently

F(v,6,p) = (#ﬁ/) (7(;(5_+M“)): ;i“u. (5.31)

Taking the inverse double Kamal-Shehu transform of equation (5.31), we get

2
u(z,t) = K, '8! [%] = ze'.

Which is the required solution of (5.29).
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Example 5.2. Consider the following linear problem
Ugt(z,t) = —x + u(z,t), (5.32)
subject to the conditions
u(z,0) =z + €, u(0,t) = €, uy(0,t) = e’
Solution.
Applying the double Kamal-Shehu transform on both sides of equation (5.32), we get
K Si[ug(z,t)] = KpS)[—x + u(x, t)].

By linearity property and partial derivative properties of double Kamal-Shehu transform, we
get

5 1 Y
—F (7,0, 1) — —Ku(z,0)] — S[u(0,t)] = ——— + F(~,0, p). (5.33)
glL g 0
Substituting
K[U(ZL‘70)] :72+ﬁa S[ut(ovt)] = ﬁa
in (5.33) and simplifying, we get
0 — yp 1 no Y
F 7(57 = + + - ’
( o JF (7,6, 1) =~ T SR

or equivalently

v v [
FOom =t -

Taking the inverse double Kamal-Shehu transform of equation (5.34), we get a solution of
(5.32)

(5.34)

11 [YH gl 1
B A e O
= z4+e
Which is same as solution obtained by decomposition method [14].
Example 5.3. Consider the following boundary Poisson equation
Uge (T, 1) + uy(x,t) = tsinz, (5.35)

subject to the conditions

u(z,0) =0 = hy(z), u(x,0) = —sinz = ho(z), u(0,t) =0 = hs(t), u,(0,t) = —t = hy(t).
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Solution.
Applying the double Kamal-Shehu transform on both sides of equation (5.35), we get

%Fw, 5.1) %swm — Sl (0,1)] + %Fw, 6.11) — %K[uu, 0)] - Klus(z,0)]
B M2 72
T 2 (1+42) (5.36)
Substituting
K@) =0, K[h(2)] = —%72, Slhs(®] =0, Shu(t)] = -5,

in (5.36) and simplifying, we get
H v
F(v,0,p) = ————. 5.37
(7,0, 1) = =5 T+ (5.37)
Taking the inverse double Kamal-Shehu transform of equation (5.37), we get a solution of
(5.35)

2 2
_ —1o-1] M g

= —tsinx.
Example 5.4. Consider the following nonhomogeneous Wave equation
U (T, 1) — Uy (x, t) + 3u(z, t) = 3, (5.38)
with the conditions

u(z,0) =1=h(z), ur(z,0) = 2sinx = he(x),
u(0,t) =1=hs(t), u.(0,8) =sin2t = hy(t).

Solution.
Substituting
272 7 2p4° 3yp
h =, h =—"  ha($ = = A8 ="  H(~.§ e g
1(7) s 2(7) 1+727 3( 7“) 5’ 4( ,,LL) 52_'_4#27 (/77 7:“) 5

in (5.28) and simplifying, we get a solution of (5.38)

2 2
_ pg-lg-t[2H v H
wet) = KO o s )

= 1 + sin z sin 2¢.

2

Example 5.5. Use the double Kamal-Shehu transform method to solve the inhomogeneous
partial differential equation

up(z,t) — Uge(z,t) = —61, (5.39)
subject to the conditions
u(r,0) = 2° +sinz = hy(v), u(z,0) = —sinz = hy(x),
u(0,t) = 0 = hy(t), u(0,8) = et = hy(t).

223



Albaydha University Journal-Vol. (6)- Issue (3)- Aug. 2024

Solution.
Substituting
iy, p Gy*p
ha(y) = 67" + T2 h3(0,p1) =0, ha(0,p1) = v H(v,0,1) = ——5—,
in (5.28) and simplifying, we get a solution of (5.39)
4 2
R N ¥ A ]

= 234+ e tsing.

6. Conclusion

We introduced a new method for solving linear partial differential equations subject to the ini-
tial and boundary conditions called double Kamal-Shehu transform. We also discussed some
theorems and properties about the double Kamal-Shehu transform and gave the double Kamal-
Shehu transform of some elementary functions. The efficiency of the considered method was
illustrated by some examples. The results reveal that the proposed method is very effective and
can be applied for other linear problems in mathematical physics. We suggest that researchers
continue to research and develop new methods for solving linear and nonlinear partial differen-
tial equations due to the importance of these equations and their multiple applications in various
aspects of science.
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