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ABSTRACT. 

 The hub-integrity graph       of a graph   is a graph with              , where   is the set of all 

nonempty   -sets of   and    is the set of all vertices belonging to  , and with two vertices              

adjacent if      and       -set of   containing  . In this paper, we initiate the study of this new graph 

valued function, and characterizations are given for graphs whose hub-integrity graphs are trees. Also some 

properties of this graph are established. 

 

 الملخص
مجمىعت كل المجمىعاث غٍش  Sحٍث               هى المخطط راث الشؤوس  G مخطط كفاءة المحىس للمخطط 

 هىمجمىعت  و     ارا كان  متجاوسة              ولأي سأسٍه     مجمىعت كل الشؤوس المىتمٍت الى    و  sets-  الخالٍت 
فً هزا البحث اوشأوا دساست لمخطط جذٌذ لذوال القٍمت, وعممىا المخططاث التً مخطط كفاءة المحىس لها  .  تحىي الشأس   التsetً-   كل

 لهزا المخطط. الخصائص أشجاس, أٌضا واقشىا بعض  عباسي عه مخطط
Keywords: Integrity, Hub set, Hub-integrity,   -set of a graph    
  

 

 

 1  Introduction 

  

  Throughout this paper we consider a finite, 

undirected graph with neither loops nor multiple 

edges. For a graph  , we denote the vertex set and 

the edge set of   by      and     , respectively. 

We use   to denote the number of vertices and   to 

denote the number of edges of a graph  . The 

distance between the vertices    and    is the length 

of the shortest path joining    and   . The shortest 

     path is often called a geodesic. The diameter of 

a connected graph   is the length of any longest 

geodesic, denoted by        . The reader follow 

Harary (1969), for graph-theoretical terminology 

and notation not defined here. The complement   of 

a graph   has      as its vertex set, two vertices 

are adjacent in   if and only if they are not adjacent 

in  . The line graph      of   has the edges of   

as its vertices which are adjacent in      if and 

only if the corresponding edges are adjacent in  . 

The girth of a graph is the length of a shortest cycle 

contained in the graph [Harary (1969)]. The 

symbols     , and      denote the vertex cover 

number, and the independence number of  , 

respectively. A gear graph    is obtained from the 

wheel        by adding a vertex between every pair 

of adjacent vertices of the cycle     . A firefly 

graph                                 

        is a graph of order   that consists of   

triangles,   pendant paths of length 2 and      
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     pendant edges sharing a common vertex [Li 
et al. (2013)]. The corona       of two graphs    

and    is the graph   obtained by taking one copy 

of    (which has    vertices) and    copies of   , 

and then joining the     vertex of    to every vertex 

in the     copy of    [Frucht et al. (1970)]. 

 

  Networks appear in many different applications 

and settings. The most common networks are 

telecommunication networks, computer networks, 

the internet, road and rail networks and other 

logistic networks. In all applications, vulnerability 

and reliability are crucial and have important 

features. Network designers often build a network 

configuration around specific processing, 

performance and cost requirements. But there is 

little consideration given to the stability of the 

networks communication structure when under the 

pressure of link or node loses. This lack of 

consideration makes the networks have low 

survivability. Therefore network design process 

must identify the critical points of failure and be 

able to modify the design to eliminate them 

[Newport et al. (1991)].  

  The stability of a communication network 

composed of processing nodes and communication 

links is of prime importance to network designers. 

As the network begins losing links or nodes, 

eventually there is a loss in its effectiveness. In an 

analysis of the stability of a communication 

network to disruption, two questions that come to 

mind are: (i) How many vertices can still 

communicate? (ii) How difficult is it to reconnect 

the graph? The concept of integrity was introduced 

as a measure of graph stability by Barefoot et al. 

(1987). Formally, the integrity is      
                  , where        

denotes the order of a largest component of    . 

The integrity is a measure which deals with the first 

question stated above, namely how many vertices 

can still communicate? If the set   achieves the 

integrity, then it is called an  -set of  . That is, if 

                for any set  , then   is 

called an  -set. For more details on the integrity see 

[Bagga et al. (1992), Barefoot et al. (1987), 

Goddard et al. (1990), Mathad et al. (2015), Mahde 

et al. (2017), Mahde et al. (2020)]. 

 

  Suppose that        and let         . An 

 -path between   and   is a path where all 

intermediate vertices are from  . (This includes the 

degenerate cases where the path consists of the 

single edge    or a single vertex   if    , call 

such an  -path trivial). A set        is a hub set 

of   if it has the property that, for any     
      , there is an  -path in   between   and  . 

The smallest size of a hub set in   is called a hub 

number of  , and is denoted by      [Walsh 

(2006)]. For more details on the hub parameters see 

[Khalaf et al. (2018), Khalaf et al. (2018), Khalaf et 

al. (2019), Khalaf et al. (2020)].  A set        is 

called a dominating set of   if each vertex of     

is adjacent to at least one vertex of  . The 

domination number of a graph  , denoted as      

is the minimum cardinality of a dominating set in   

[Haynes et al. (1998)].  

 

  Mahde et al. (2015) have introduced the concept of 

hub-integrity of a graph as a new measure of 

vulnerability which is defined as follows.  

 

Definition 1.1 [Mahde  et al. (2015)] 

The hub-integrity of a graph   denoted by       is 

defined by,                   
                       , where        is the 

order of a maximum component of    .  

       For more details on hub-integrity of graphs see 

[Mahde et al. (2015), Mahde et al. (2016), Mahde et 

al. (2017), Mahde et al. (2018)].  

 

Definition 1.2 A subset S of      is said to be a 

  -set, if                 .  

We use the following result for our later results.  

Theorem 1.1 [Harary (1969)]  A graph   is 

bipartite if and only if all its cycles are even.  
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  By using the concepts of hub set and hub-integrity 

with   -sets, we have integrated these concepts to 

get a new concept. Motivated by this, we introduce 

hub-integrity graph of a graph as a new graph 

valued function in the field of hub set in graphs 

defined as follows. 

 

2.  Hub-integrity graph of graphs 

 

 

Definition 2.1 The hub-integrity graph       of a 

graph   is a graph with              , where 

  is the set of all nonempty   -sets of   and    is 

the set of all vertices belonging to  , and with two 

vertices              adjacent if      and 

      -set of   containing  .  

  In Figure 1, we show a graph   and its hub-

integrity graph      . We have             
                                    
                                         and 

            are   -sets of  .  

                                                                               

         
  

 Figure 1:   and        

             

  The following theorem determiners the number of 

vertices and edges in hub-integrity graph of a graph.  

Theorem 2.1  For any       graph  , 

                    , where      and  

           ∑         .  

  

Remark 2.1 For any graph  ,       is bipartite 

graph, and no two vertices of     and   are adjacent 

vertices in      .  

  In the following theorem we establish a necessary 

and sufficient conditions for the graphs whose hub-

integrity graphs are trees.  

Theorem 2.2  For any graph        , the hub 

integrity graph       of a graph   is a tree if and 

only if for every two vertices   and  , the following 

two conditions hold: 

(1) If there is a   -set of   containing   and 

 , then this set is unique. 

(2) If the vertices   and   are in different 

  -sets, then there is no   -set containing both   

and  .  

  

Proof. Suppose the conditions (1) and (2) hold. We 

must to prove that any two vertices   and   of 

      are connected by exactly one path. For 

contrary, suppose there are two vertices   and   

joined by at least two paths, thus there exist three 

  -sets       and    such that           and 

       or there are two   -sets at least 

containing   and  , this is contrary to the conditions 

(1) and (2). For this reason, every pair of vertices in 

      is uniquely connected. Then       is a tree. 

Conversely, suppose       is a tree, and condition 

(1) does not hold. Then there are at least two   -

sets containing   and   and hence there is a cycle of 

length four in      , a contradiction. Now, assume 

that for vertices   and  , for contrary, suppose 

condition (2) does not hold. Then there are two 

vertices    and   , also there are three   -sets 

      and    such that        ,         and 

      . Then    and    are joined by at least two 

paths in      , a contradiction. This completes the 

proof.  

 

We now present a characterization of graphs whose 

hub-integrity graphs are   .  

Theorem 2.3  The hub-integrity graph       of a 

graph   is a complete graph    if and only if 

                 .  
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Proof. Suppose       is a complete graph   . 

Since no two vertices in       corresponding to 

  -sets of   are adjacent, the   -sets contain one 

vertex as hub set of      , so the graph that has 

minimum hub set of one vertex only is 

               . Converse is clear because 

                 and   -set of             

contains only one vertex, hence the result.  

  The following theorem characterizes graphs whose 

      graphs are connected.  

 

Theorem 2.4 For any graph               is a 

connected.  

  

Proof. Since   has either one or at least two   -sets 

such that there exists at least one vertex belonging 

to two sets,       is connected. But the graph      

contains two disjoint   -sets. Therefore          is 

disconnected.  

 

  By Theorem 2.4 we have the following lemma.  

 

Lemma 2.1 For any graph  ,       is 

disconnected if and only if       . 

  

  Depending upon the cardinality of the set  , we 

characterize the graphs   for which       is a tree.  

Proposition 2.1 For any graph  ,   

    1.        if and only if             .  

    2.  If      , then  

     

 {
                                   

                          
 

 

  

  

Proof. Suppose that       and       , 
depending on the number of elements in set   , we 

have the following cases: 

Case 1: If    has one element, then by definition of 

     ,    is adjacent to this element. So we get 

             . 

Case 2: If    has two elements, then    is adjacent 

to these elements, thus the resulting graph is     . In 

general, if    has     elements, the resulting 

graph is       . 

Conversely,              is considered, let 

                               , with   as 

center vertex. By definition of      , all   -sets of 

  form an independent set in      . Consider an 

  -set    of   such that      in       . Then 

                  and hence      . Now, if 

     in        then       for some       

   . Then      ,         are   -sets 

each contains on element  . So,        . Since 

                          , a 

contradiction to the fact that   -sets form an 

independent sets in      . So         
  

Observation 2.1              if   

                                     

                               

                                

                           , and the following 

graphs as in the figure 2.  

  

                                    
 

  

Theorem 2.5 For any graph  ,             , 
where     is the number of   -sets of  .  

Albaydha University Journal 2(2), 2020



(ءم )عدد خاص بأبحاث المؤتمر العلمي الأول لجامعة البيضا2222أغسطس ( 2العدد) –( 2المجلد)  –مجلة جامعة البيضاء  

 

   06 
 

  

Proof. The following cases are considered.  

Case 1:      , the vertex in       corresponding 

to the element of   is adjacent to all remaining 

vertices, so           . 

Case 2:      , from definition of      , no two 

vertices in       corresponding to elements of 

     are adjacent and no two vertices 

corresponding to   -sets are adjacent. Since all 

vertices in       corresponding to   -sets are 

adjacent to all vertices which belong to   -sets, the 

  -sets are dominating sets of      . Then 

            .  
  In the next proposition, we characterize the graphs 

  for which      is totally disconnected and 

             .  

 

 

Proposition 2.2    

1.  For any graph  ,      is totally disconnected 

graph if and only if                  .  

2.  For any graph  ,               if and only 

if                  .  

  

Proof. (1) Since      is totally disconnected, 

      is complete graph and hence         , by 

Theorem 2.3,                  . Converse is 

obvious. 

(2) Since              ,       is complete 

graph, so         , and by Theorem 2.3   is 

               . Converse is clear.  

  

Theorem 2.6        triangle-free for any graph  .  

  

Proof. By Remark 2.1,       is bipartite and 

Theorem 1.1 completes the proof.  

  In the next result, we obtain bounds on the 

domination number of      .  

Proposition 2.3 For any graph  ,            
    

  

Proof. If      , then clearly           , and 

the upper bound is satisfied if     , because we 

have     -sets consisting of one vertex, so we must 

choose all vertices in       that are adjacent to 

vertices corresponding to these sets.  

  

Proposition 2.4  For any graph  ,  

         {
                       

                         
 

 

  

Proof. Let   denote the set of vertices of      , 

which correspond to the   -sets of   and let   

denote the set of all vertices which belong to 

element of  , which correspond to vertices of  . It 

is clear from definition of       that the set   is 

independent, also the set   is independent in      . 

Now depending on the number of vertices in      , 

we have two cases. 

Case 1:        , we have to show that the set   

is maximal independent set of      . Considering 

the existence of maximal independent set    
containing  ,    contains other vertices of  . Then 

there exists at least one vertex of   adjacent to one 

vertex of       from the set  , so    is not 

maximal independent. In addition to that     
   . Thus,               
Case 2:        , the proof is similar to Case 1, 

hence              .  
  Now we determine vertex cover number   of the 

hub-integrity graph.  

Proposition 2.5  For any graph  ,  

          {
                       

                          

 

  

Proof. By Remark 2.1,   and    are independent 

sets of       and every vertex of    is adjacent 

with some vertices of  . Now, if         , the 

vertices of    cover all the vertices of      . 

Otherwise if         , the vertices of   cover all 

vertices of      , this completes the proof.  
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 We now present a characterization of graph whose 

      has domination number 1.  

 

Theorem 2.7  For any graph  ,            if 

and only if      .  

  

Proof. Consider      , then by Observation 2.1, 

            , so           . 

Now if           , then there exists at least one 

vertex   adjacent to all vertices of      , so the 

following cases are considered. Suppose        and 

by definition      , it follows that      . if   
 , then there exists at least one set   such that   is 

adjacent to it and if       this is required, and if 

there exist two sets    and    and        , there 

exists a path    and this case           . Hence 

     .  

  

Observation 2.2          if            .  

  

Theorem 2.8 For any graph  ,              
  

Proof. Choose a vertex     and   be   -set of   

such that    . It is clear, both   and   form a 

minimal dominating set of       since   and   are 

adjacent in      . Then  (     )      

  Finally, we calculate the girth of      . 

  

Theorem 2.9 For any graph        , if       is 

not tree, then              
  

Proof. Let                such that       are 

vertices of       corresponding to   -sets of  . 

Since       is not tree, there exist at least two 

vertices           and since   and   are 

adjacent with both    and   , it follows that the 

vertices           form a cycle    in      . Since, 

by Theorem 2.6,       is triangle-free we have, 

          .  

 

 

 

3. Conclusion 

 

Hub concept and integrity are very valuable 

measures for network designers. Integrity gives 

information about the stability of graph model of 

network. Our new concept hub- integrity graph 

combines these two important concepts. 

In this paper, we introduced the concept of the 

 hub –integrity graph of graphs. Some properties of 

the       and      are established. For future 

work we plan to extend our results on other 

important classes of graphs under some operation 

and generalize the obtained results. 

 

References 
 

 

[1] Harary, F. (1969). Graph Theory. Addison Wesley, 

Reading Mass. 

 

[2]  Li, J. X., Guo, J. M. and Shiu, W. C. (2013). On the 

second largest Laplacian eigenvalues.  Linear Algebra 

Appl., 438, 2438-2446.  

 

[3]  Frucht, R. and Harary, F. (1970). On the corona of 

two graphs. Aequat. Math., 4, 322-325.  

 

[4]  Newport, K. T. and Varshney, P. K. (1991).  Design 

of survivable communication networks under 

performance constraints. IEEE Transactions on 

Reliability, 40, 433-440. 

 

[5]  Barefoot, C. A., Entringer, R. and Swart, H. (1987).  

Vulnerability in graphs - A comparative survey.  J. 

Combin. Math. Combin. Comput.,  1, 13-22. 

 

[6]  Bagga, K. S., Beineke, L. W., Goddard, W, Lipman, 

M. J. and Pippert, R. E. (1992).  A survey of integrity. 

Discrete Applied Math., 37/38, 13-28. 

 

[7]  Barefoot, C. A., Entringer, R. and Swart, H. (1987). 

Integrity of trees and powers of cycles.  Congr. Numer., 

58, 103-114.  

 

[8]  Goddard, W. and Swart, H. (1990).  Integrity in 

graphs: bounds and basics. J. Combin. Math. Combin. 

Albaydha University Journal 2(2), 2020



(ءم )عدد خاص بأبحاث المؤتمر العلمي الأول لجامعة البيضا2222أغسطس ( 2العدد) –( 2المجلد)  –مجلة جامعة البيضاء  

 

   00 
 

Comput., 7, 139-151. 

 

[9] Mathad, V., Mahde, S. S., and Sahal, A. M. (2015). 

Vulnerability: vertex neighbor integrity of middle 

graphs. J. Comp. Math. Sci., 6, 43-48. 

 

 

[10]  Mahde, S. S. and Mathad, V. (2017).  Distance 

majorization integrity.  Proc. Jangjeon Math. Soc., 20 

(3), 353-364. 

 

[11]  Mahde, S. S., Alanod M., and Mathad, V. (2020).  

D- Integrity and E-Integrity numbers in graphs.  Applied 

Mathematics and Information Sciences., 14 , 453-458. 

 

[12]  Walsh, M. (2006). The hub number of graphs.  Int. 

J. Math. Comput. Sci., 1, 117-124.  

 

[13]  Khalaf, S., Mathad, V. and Mahde, S . S. (2018). 

Hubtic number in graphs. Opuscula Math., 38,  841-847. 

 

 [14]  Khalaf, S., Mathad, V. and Mahde, S. S. (2018). 

Edge hubtic number in graphs. International J. Math. 

Combin., 3, 140-145. 

 

 [15] Khalaf, S., Mathad, V. and Mahde, S. S. (2019). 

Edge hub number in graphs. online  

j. Anal. combin., 14, 1-7. 

 

[16] Khalaf, S., Mathad, V. and Mahde, S. S. (2020). 

Hub and global hub numbers of a graph. Proc. Jangjeon 

Math. Soc., 23 (2), 231-239. 

 

[17]  Haynes, T. W., Hedetniemi, S. T. and Slater, P. J. 

(1998). Fundamentals of domination in graphs. Morcel 

Dekker, Inc. 

 

[18]  Mahde, S. S., Mathad, V. and Sahal, A. M. (2015).  

Hub-integrity of graphs.  Bull. Int. Math. Virtual Inst., 5, 

57-64.  

  

[19]  Mahde, S. S. and Mathad, V. (2015). Some 

operations in hub-integrity of graphs.  Asia Pac. J. 

Math., 2, 108-123. 

 

[20]  Mahde, S. S. and Mathad, V. (2016). Hub-integrity 

of splitting graph and duplication of graph element.  

TWMS J. App. Eng. Math., 6, 289-297. 

 

[21]  Mahde, S. S. and Mathad, V. (2017). On the weak 

hub-integrity of graphs.  Gulf J. Math, 5 (2), 71-86. 

 

[22] Mahde, S. S., Mathad, V. (2018). Hub-integrity of 

line graph.  Electron. J. Math. Anal. Appl., 6, 255-265. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Albaydha University Journal 2(2), 2020


