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Abstract 
 

We reported the simulation of photo acoustic signal which can be generated due to interaction between laser 

and molecules inside suitable designed cavities. We started with simulation of the eigenvalues and 

eigenfunctions acoustic waves generated in resonance cylindrical shape.  The second step is done with 

rectangular box where we show that the eigenvalues and eigenvectors of acoustic wave have less efficiency 

than that from cylindrical. In addition, the effect of losses due to edges in the structure shape of rectangular 

has an extra reason to damping acoustic wave.  
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ال الذاتية في تجاويف رنانة هندسية مختلفةصوتية المعتمدة على الدو-محاكاة الموجات الضوء  

 الملخص 
بسبب لنخفاعم بيٍ لنهيزس ولنجزيئاث دلخم حجاويف يصًًت بشكم يُاسب. بذأَا بًحاكاة لنًىجاث لنصىحيت لنُاحجت  صىحيت-ضىءشااسة لننلإيحاكاة  قًُا بعًم

كفاءة  أٌ لاحظُا  باسخخذلو صُذوق يسخطيم حيث  حًج لنحساباث  لنخطىة لنثاَيت في شَيُيلنسطىلَي للأ شكملنلنزلحيت لنًخىنذة في  ولنذولل رلث لنقيى لنزلحيت
ت. بالإضافت إنى رنك ، فإٌ حأثيش لنخسائش بسبب لنحىلف في يللأسطىلَ للأشاكال  أقم يٍ حهك لنًىجىدة في   لنقيى لنزلحيت ولنًخجهاث لنزلحيت نهًىجت لنصىحيت

  ي نخثبيط لنًىجت لنصىحيتشاكم هيكم لنًسخطيم نه سبب إضاف
 ، قيى رلحيت ، يىجاث يسخطيم   ، لسطىلَت ،  صىحيت-ضىء: الكلمات المفتاحية
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Introduction:  

Bessel's function is a famous partial differential 

equation. The solutions of Bessel equation have 

many applications in different fields. One of  its 

applications help in determination the exact 

frequencies (Eigen value) and Eigen functions of 

light-sound interactions. In such interaction the 

light source is used to excite the molecules inside a 

resonance cavities to upper energy level E2. The 

excited molecule eventually falls down to its initial 

energy E through several processes as follow 

(Kreuzer-1971,Yehya-2011,Sigrist-1994): 

a)  Radiation (stimulated or spontaneous 

emission of a photon), 

b) Chemical reactions such as a bond 

rearrangement-photochemistry 

c) Non-radiative deactivation, which consist in 

energy transfer towards surrounding 

molecules through collisions. 

 

Fig-1: The physical mechanism of acoustic 

wave’s generation 

The third process is behind the increasing in a 

kinetic energy of the molecules which causes a 

local heating and subsequently a thermal expansion 

in the medium. If the intensity of light radiation is 

modulated at a given frequency, the induced 

periodical thermal expansion gives rise to a sound 

wave of the same frequency. This process takes the 

name of Photoacoustic effect.(Bell-1880,Tyndall-

1881,Rontgen-1881) 

In Photoacoustic spectroscopy, the generated 

acoustic signal is fitting to a preamplifier and then 

to integrated system for amplification and  

converting the acoustic signal  to an digital signal.  

 

Theoretical background 

1. Bassel equation(Tam-1983,Miklos-

1989,Yehya&Chaudhary-2013)  

The second order differential equation given as 

         (     )                         (1.1) 

is known as Bessel’s equation. 

If       

The equation becomes as follows : 

                                                  (1.2)   

is known as Bessel’s equation of zero order. 

 Where the solution to Bessel’s equation yields 

Bessel functions of the first and second kind as 

follows: 

     ( )      ( )                      (1.3) 

where and  are arbitrary constants. While Bessel 

functions are often presented in textbooks and 

tables in the form of integer order , i.e.   
            in fact they are defined for all real values 

of         is often encountered when solving 

boundary value problems, such as separable 

solutions to Laplace’s  equation or the Helmholtz 

equation, especially when working in cylindrical or 

spherical coordinates. The constant  , determines 

the order of the Bessel functions found in the 

solution to Bessel’s differential equation and can 
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take on any real numbered value. For cylindrical 

problems the order of the Bessel function is an 

integer value(    )  while for spherical problems 

the order is of half integer value (          )  
Since Bessel’s differential equation is a second-

order equation, there must be two linearly 

independent solutions. Typically the general 

solution is given as: 

      ( )      ( ) 

where the special functions    ( )and   ( ) are: 

1. Bessel functions of the first kind,    ( )which are 

finite at      for all real valuesof   (fig-2) 

2. Bessel functions of the second kind,  ( )  (also 

known as Weber or Neumann functions), which are 

singular at       

The general solution of the equation (2) is as 

follows : 

      ( )      ( )                        (1.4) 

   ( )is called Bessel function of first kind of zero 

order ,   ( ) is called Bessel function of second 

kind of zero order . 

The Bessel function of the first kind of order  can 

be be determined using an infinite  power  series 

expansion as follows : 
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or by noting that  (      )    (    )   we 

can write 
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Fig-2: Bessel functions of the first kind,    ( ) 

If   is an integer, the Bessel function of the first 

type are as follows : 

   ( )  ∑
(  ) (

 

 
)
     

     (      )

 
                     (1.6) 

 

2. Generation of  Heat: 

The Photoacoustic effect follows the two-steps 

mechanism: i) the heat produced by the absorbed 

light radiation, ii) the generation of sound wave due 

to the medium thermal expansion. The first steps 

can be explained in details as following: 

When the molecules are subjected to the laser beam, 

they absorb the photons and transform  to the 

excited state. The mechanism of production of Heat 

through collision process can be understood by 

using two level model which is discussed as follow:  

In the excited state, the respective populations are 

Nb and N –Nb of the excited and the ground energy 

levels Eb and Ea, respectively(Sigrist-
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1994,Miklos,Hess-

2001,Miklos,Hess,Sneider,Kamm-1999) .  

Therefore, we can write the Rate equation for the 

excited level as follows: 

   

  
     (     )   

  

 

 (    )     (   
 

 
)      [

 

(     )
]        (   ) 

Where φ is the incident photon flux which given by: 

 (   )  
 

  
  ( ) ( )            (   ) 

E is the pulse energy, g(r) is the normalized beam 

profile, h is Planck constant, σ is the absorption 

cross section of the transition, and    is the global 

lifetime of the excited state, depending on the 

combined contributions from radiative and non-

radiative deactivation processes which is define by 

following expression: 

 

 
 

 

  

 
 

   

                              (   ) 

Typically, in atmospheric conditions, the non-

radiative lifetime     is much shorter than the 

radiative contribution    (typically between 10
−6

 - 

10
−9

 s and between 10
−1

 - 10
−3

 

s(A.Hess,A.Sneider,J.Kamm,S.schafer-1999  [11]), 

so that we can approximate the total lifetime by its 

non-radiative component. The incident excitation 

rate    is usually small enough. Therefore, we can 

consider that Nb<<N and then neglect it with 

respect to N. Hence the rate equation can be 

approximated by the following expression: 

   (   )      
  

 
                       [

 

(     )
]               (   ) 

In Photoacoustic approach   the light source can 

either be modulated by an optical chopper in case of   

CW laser with emission frequency Fmo or pulsed 

laser with pulse repetition rate Fp=1/T (T is pulse 

period=2π/w0). 

In case of modulated CW laser (square wave), the 

square pulse duration time    is much greater than 

the non-radiative decay time   . Therefore,   the 

steady state (i.e. dNb/dt =0) is achieved directly 

after the start of square pulse and Nb(r, t) is rapidly 

decay to zero after the end of the pulse.   

Based on equation No. 2.2 and 2.4 and the fact that 

the integration over the duration of one pulse is 

unity, we can write Nb(r, t) as follows: 

  (   )     ( )
     

     

                   (   ) 

In trace gas analysis, the absorption of light is very 

small. Therefore, the heat production rate H(r,t) is 

directly related to Nb(r, t)  and given by following 

equations: 

 (   )  
  (   )  

   
  ( ) ( )   ( ) ∑    

     

   

    

      (   ) 

And            ( )     ( )
  

    
                               (   ) 

In case of pulsed laser, the pulse duration time    is 

much lesser than the non-radiative decay time     

and the V-T energy which may transfer during the 

pulse is very small and does not play significant 

role.  Therefore, collisional deactivation term in 

equation No. 2.4 can be eliminated and Nb’(r, t)  is 

given by following equation: 

   (       )                                (   ) 

Assuming Nb(r, 0) = 0, the above equation can be 

integrated with the  help of equations No.2.2 and 

2.4. The result is expressed as: 

  (    )     ( )
  

    
                                (   ) 

After the pulse, the first term in equation No.2.4 can 

be eliminated and the equation is given by: 
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   (      )   
  (   )

  

             (    )                

So, using equation No.2.9,  the solution can be 

written as: 

  (      )      ( )
  

    
                                (    ) 

Now the heat produced can be calculated using 

equation No. 2.6 and 2.11 and given by: 

 (   )   ( ) ( )     ( )
  

     
 ∑    

     

   

    

    (    )   

3. Generation of Sound: 

The inhomogeneous wave equation of the sound 

pressure in the lossless cylindrical resonator is well 

explained by different groups (Miklos,Lorincz-

1989,Yehya & Chaudhary-2013, Miklos, Hess-

2001, Miklos,Hess,Mohacsi,Sneider, 

Kamm,Schafer -1999, Thomas-2006). 

   (   )

   
       (   )  (   )

  (   )

  
   (   ) 

Where c, γ and H are the sound velocity, the 

adiabatic coefficient of the gas and the heat density 

deposited in the gas by light absorption, 

respectively.  

Because the sound velocity which is proportional to 

the gradient of P(r) vanishes at the cell wall, the P(r) 

must satisfy the boundary conditions of the 

vanishing gradient of p(r) normal to the wall [9]. 

The solution of equation 3.1 is given by: 

 (   )    ( )  ∑  ( )  ( )      (   )

 

   

 

Where  C0(t), Cn(t)  are  the eigen mode amplitude 

of corresponding   sound wave, Cn(t) is given by the 

Fourier series  as : 

  ( )  ∑           

 

   

     (   ) 

  

The dimensionless eigenmodes distribution of 

cylindrical resonator is the solution of the 

homogeneous   wave equation and can be expressed 

as: 

  (   )    ( ) 
        (   ) 

Where Wn is the resonance frequency of the cavity 

resonator, Pn(r) is: 

  ( )      (     )    (    )    (   ) *    (  )
   (  )

 +     (   )  

The amplitude (An) for modulated beam is: 

   
   (   )  

  
    

  (   
  

 
)
     (   ) 

and amplitude (An) for pulsed lasers is: 

   
(   )         (  )   

 
     (   ) 

Where fn is the overlap integral which describes the 

effect of overlapping between the pressure 

distribution of the n
th

 acoustic resonance frequency 

and the propagating laser beam divided by the 

normalized value of the n
th

 eigen mode as: 

   
∫ ( )  ( )  

∫    ( )  
   (   ) 

The generated acoustic resonant modes inside  the 

cylindrical cells can also be expressed as: 

     
 

 
((

   

 
)  (

   

 
)
 

)

 
 

    (   ) 

Where c is the sound velocity, αmn is the nth zero of 

the derivative of the m
th

 Bessel function at r = R, 

where R and l represent the radius and the length of 

the cylinder, respectively. The normal modes are 
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separated into longitudinal (q), radial (n) and 

azimuthal (m) modes.  

Methods and Materials  

The present study produces a modeling and 

simulation of the generated acoustic signal in a 

different resonance cavities. However, the paper 

divided to five sections as follow: 

a)   First section deals with a modeling and 

simulation of a cylindrical cavities . we have 

started with one dimension then membranes 

as a two dimension of cylindrical cavity.  

Three dimension waves is the final result of 

this section. The study deals with three 

different size of cylindrical cavities. 

b) Second section deals with a modeling and 

simulation of a rectangular shapes . Three 

different size of rectangular shapes have 

been studied.  

Results and Discussions: 

First: PA waves in Cylindrical Cavity 

Fig-3 shows the general form of cylindrical cavities. 

In our study we have used a three different size 

cavities as shown in table-23. Most of publications 

work on Photoacoustic spectroscopy have used the 

cylindrical  cavity which refers to many reasons. 

Some of that reasons is foxing on losses and 

efficiency. 

 

Fig-3: Cylindrical cavity 

Table 1: Dimensions of three cylindrical cavities 

3 cylindrical cavities 

 First cavity Second cavity  Third cavity 

Lz (cm) 10 50 1 

R (cm) 4 10 0.3 

 

A) Longitudinal Modes  

In the longitudinal mode the indices n=m=0 

and the resonance frequencies can be 

calculated by:                

                              fooq=qc/2l ……….. (a.1) 

Table 2: longitudinal frequencies  for 3 cells(Hz) 

K Lz1=10cm Lz2=50cm Lz3=1cm 

1 1715 343 17150 

2 3430 686 34300 

3 5145 1029 51450 

4 6860 1372 68600 

5 8575 1715 85750 

6 10290 2058 102900 

7 12005 2401 120050 

 

The eigen functions of the longitudinal modes are 

given by the following expression: 

  ( )      ( )     (   )
   (   ) 

The simulation of the first four patterns of 

longitudinal frequency modes is shown in fig-1.2(a) 

 

B) Radial & Azimuthal Modes 

In the radial modes, the indices m=q=0 and 

the resonance frequencies are calculated by:   

                               

     (  )         (    ) 

     The eigen modes distribution is given by: 
  ( )      ( )    (    )  (   ) 
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The simulation of the first four patterns of radial 

modes is shown in fig-1.2(b)  

In the case of radial and azimuthal modes 

the indices  q=0 and  the resonance 

frequencies are calculated by using :  

                                   Fmn0=cα’(mn)/2πr  , 

(n=1)………(b.3) 

              and the eigen modes distribution is given 

by: 

  ( )      (   )    (    )*    (  )
   (  )  +    (    ) 

Table(4 ):Alfa for derivatives 

N/

M 

M=0 1 2 3 

N=

0 

3.83170

6 

7.015587 10.1734

7 

13.3236

9 

1 3.05423

7 

6.706133 9.96946

8 

13.1703

7 

2 4.20118

9 

8.015237 11.3459

2 

14.5858

5 

3 5.31755

3 

9.282396 12.6819

1 

15.9641

1 

 

 

Table (5) Radial  modes 3 cylindrical 

cavities (c=34300cm/s) 

K Rz1=4cm Rz2=10cm Rz3=0.3c

m 

1 0 0 0 

2 5229.327 2091.731 69724.35 

3 9574.566 3829.826 127660.9 

4 13884.32 5553.728 185124.3 

Table (6) Azimuthal  modes 3 cylindrical 

cavities (c=34300cm/s) 

K Rz1=4cm Rz2=10cm Rz3=0.3c

m 

1 5229.327 2091.731 69724.35 

2 7276.048 2910.419 97013.97 

3 9152.174 3660.87 122029 

4 10938.77 4375.509 145850.3 

 

Second: PA waves in rectangular shapes: 

   

The general solution (i.e. eigenvalues & 

eigenfunction) is: 

             (
  

  
)    (

  

  
)    (

  

  
) ………..(B.1) 

     
 

 √(
 

  
)  (

 

  
)  (

 

  
) ………..(B.2) 

 

 

3 Rectangular cavities 

 First cavity Second 

cavity  

Third 

cavity 

Lx (cm) 5 10 3 

Ly (cm) 10 10 3 

Lz (cm) 50 30 20 
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Fig. 4 the first longitudinal modes 

 

Fig- ( 5): The first  patterns of radial modes 
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Figure (6 ): The first patterns of mixing (Azimuthal & Radial) modes 

 

Fig- ( 7): Longitudinal modes in one dimension of rectangular shape 

 

Fig- (8 ): Two dimension  modes of rectangular shape 
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a) First Dimension  

                           (
  

  
) ………..(B.3)  

(1-D means:                      ) 

     
 

 
(
 

  
) ………..(B.4)  

K Lz1=50c

m 

Lz2=30c

m 

Lz3=20

cm 

1 343 
571.7 857.5 

2 686 
 1143.3 1715 

3 1029 
 1715 2572.5 

4 1372 
 2286.7 3430 

5 1715 
 2858.3 4287.5 

 
b) Two dimensions 

Eigenfunction & Eigenvalues:  

             (
  

  
)    (

  

  
) ………..(B.5) 

     
 

 √(
 

  
)  (

 

  
) ………..(B.6) 

   

Ly(m) 

Lx(n) 

 

1 2 3 4 5 

1 3835 4851 5184 7670 9236 

2 7071 7670 8575 9702 1098 

3 1.0432 

 

1.0847 11505 1.2367 1.3395 

4 1.3827 1.4142 

 

1.4653 15339 1.6179 

 

5 1.7236 

 

1.7490 

 

1.7905 1.8471 19174 

Conclusions:    

We have succesfully simulatted the generated 

photoacoustic signals inside diifferent types of 

resonsnt cavities. The calculated  values of 

resonance frequencies  for  longitudnal ,radial and 

azimuthally  modes of the cavity resonators  have 

been studied and used to simulate the higher order 

of their eigen functions. The study of surface losses 

indicates that the radial modes have minimum loses 

as compared to other modes. Similer study of 

rectanguler cavities has been done.the study can be 

use a basic to improvise the cell desinging by 

introducing  new type of special disigning cells. 
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