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ABSTRACT
In this paper, we combine the Laplace transform, Aboodh transform and Shehu transform to give another
transform which is called the triple Laplace-Aboodh-Shehu transform. This interesting transform reduce
a linear partial equation of second order with unknown function of three variables to an algebraic
equation, which can then be solved by applying the inverse triple Laplace-Aboodh-Shehu transform.

1. INTRODUCTIN
The topic of partial differential equations is one of the most important subjects in mathematics and other
sciences. Therefore, it is very important to know methods to solve such partial differential equations. One
of most common and rather method for solving partial differential equations is the integral transform
method. In the literature, several different transforms are introduced and applied to find the solution of
partial differential equations such as Laplace transform [9, 10], Shehu transform [13], Aboodh transform
[2, 3], and so on. Aboodh transform has deeper connection with Laplace and Shehu transforms, and the
Shehu transform is a simple variant of the Laplace transform.

In recent years, great attention has been given to deal with double and triple integral transforms, see for
example [1, 2, 6, 7, 8]. Aboodh [3] in 2013 introduced a new integral transform called Aboodh transform,
which is derived from the Fourier integral and similar to Laplace transform, and applied it to solve
ordinary differential equations, after that he introduced the double Aboodh transform and used it to solve
integral differential equation and partial differential equation [2]. Recently, in 2020, the authors in [4]
introduced a new double integral transform called Laplace-Shehu transform and applied it to solve partial
differential equations. In [1], the concept of triple Laplace transform was used to solve third order partial
differential equations and the properties have been determined and studied also. For further detail and
theories about triple integrals transform and their characteristics, see [7, 8, 14, 15].

The aim of this work is to study a new operator integral transform called triple Laplace-Aboodh-Shehu
transform with its fundamental properties and gave the triple Laplace-Aboodh-Shehu transform of some
elementary functions.

In order to illustrate the applicability and efficiency of the triple Laplace-AboodhShehu transform, we
apply this interesting transform to solve some kinds of partial differential equations.

I ——————————————
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Firs, we recall the definitions of Laplace, Aboodh, Shehu, double Laplace-Aboodh,

double Laplace-Shehu and double Aboodh-Shehu transforms.

Definition 1.1. [5] The Laplace transform of the continuous function g(z) is
defined by

L@ = Fp) = [ e gl (1.1)

The inverse Laplace transform is defined by

- 1 a+100 ,
LUFW) = fa) = 5 [ Pl
™ a—100
where « is a real constant.

Definition 1.2. [3] The Aboodh transform of the real function f(y) of exponen-
tial order is defined over the set of functions,

A={fy): 3K, 7,7 > 0,|f(y)] < Ke¥I",y € (=1)" x [0,00),i = 1,2},
by the following integral

1 o0
ASWI =P = [ iy n<r<n (12)
0
And the inverse Aboodh transform is
1 w—+100
AP =50 =5 [ e F@)n w20
2mi wW—100
Definition 1.3. [13] The Shehu transform of the function f(¢) of exponential

order is defined over the set of functions,
1t _
B= {f(t) L3N, pr,pe > 0, | (1) < Neor t € (—1)1 x [o,oo)} ,

by the following integral

S[f(t)] = F(s,u) = / e ulf(t)dt, s>0, u>0. (1.3)
0
The inverse Shehu transform is given by
. 1 A+ioco 1 .
— SR — ZeutF
F0) =8 (Pl = 5 [ el P s

where s and u are the Shehu transform variables, and X is a real constant and
the integral in Eq. (1.3) is taken along s = w in the complex plane s = x + iy.

Definition 1.4. [12] The double Laplace-Aboodh transform of the continuous
function g(x,y) and x,y > 0 is denoted by the operator L, A,[g(x,y)] = G(p,r)
and defined by

LoAffea) =For) =7 [ [T e sy, 0
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provided the integral exists.
The inverse double Laplace-Aboodh transform is defined by

3 3 1 a—+i00 " w100 .
f(‘ray> = L:leyl[F<p7 T)] - W/ ' ep {/ ] re yF(p7 T)d’f‘} dp7
where o and w are real constants.

Definition 1.5. [11] The double Laplace-Shehu transform of the function f(z, )
of two variables x > 0 and ¢t > 0 is denoted by L,S:[f(z,t)] = F(p,s,u) and
defined as

LoSi[f (2, 1)] = F(p, s, u) =/Ooo /OOO e Pt f(a, t)dadt (1.5)

provided the integral exists.
The inverse double Laplace-Shehu transform is defined by

1 1 1 a+1i00 )\—l—zool .
L 'S F = t) = —— pr ZeulF dsy d
z Ot [ (p,S,U)] f(l’, ) (271_2)2 /a_ioO € {/)\_ZOO ue (p75,U) S} D,
where o and w are real constants.

Definition 1.6. [15] The double Aboodh-Shehu transform of the continuous
function f(y,t), y,t > 0 is denoted by the operator A,S;[f(y,t)] = F(r,s,u) and
defined by

ASF(0, 1) = F(r, s, u) / / =050 £y Dyt (1.6)

It converges if the limit of the integral exists, and diverges if not.
The inverse of double Aboodh-Shehu transform is defined by

1 w100 A+ioco 1 .
fly,t) = AJIS;H[F(r,s,u)] = : / re™ {/ —eu'F(r,s u)ds} dr,
w A

(271-@)2 —100 —ico U

where w and \ are real constants.
In the next, we introduce the definition of our main result in this work.

Definition 1.7. Let f be a continuous function of three variables say x,y,t > 0;
then, the triple Laplace-Aboodh-Shehu transform of f(x,y,t) is denoted by the
operator L, A,S;[f(x,y,t)] = F(p,r,s,u) and defined by

L ASif(z,y,t)] = F(p,r,s,u) / / / ~etry i) £ (2, y, t)dadydt.
(1.9)
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Provided the integral exists.
The inverse triple Laplace-Aboodh-Shehu transform is defined by

f(I y? )_L lA 1S [F(p,T,S,U)]

1 a+1ico w+ioco A+ioco 1 5
= —<2m)3 /a—ioo eP* {/w_m re™ {//\_ioo Eeu 'F(p, r,s,u)ds} dr} dp,

where «, w and A are real constants.

2. EXISTENCE AND UNIQUENESS OF TRIPLE LAPLACE-ABOODH-SHEHU
TRANSFORM

Definition 2.1. A function f(z,y,t) is said to be of exponential order e(@@+by+et),
a, b, ¢ >0 on [0,00), if there are positive constants M, X, Y, and T such that

|f(z,y,t)] < Melw ™t w> X y>Y, t>T,

and we write

f($7 Y, t) =0 (6(aw+by+6t)) as (l‘, yvt — OO)
Or, equivalently,
|f(z.y.t)]
332/137-520 <€(ax+by+ct) e

Theorem 2.2. Let f(z,y,t) be a continuous function on the interval [0, 00) and
of exponential order e\**+0v+et) - Then the triple Laplace-Aboodh-Shehu transform
of f(x,y,t) exists for all p > a, r>b and > > c.

Proof. Let f(z,y,t) be of exponential order e(@®+b+¢) syuch that
Fp )] < M)y 5 X ysY, t>T

Then, we have
L[ i

/ / / SO | f (2, y, t)| dadydt
/ / / —(pz+ry+:t) (ax-i—by-i—ct dl‘dydt
—M/ { / e (r= b)y{/ e_(p_“)zdx} dy}dt
0 0

Ty )(7‘ - b)(s —cu)’
Thus, the proof is complete. |

’LxAySt[f(xv Y, t)” =

Theorem 2.3. Let Fi(p,r,s,u) and Fy(p,r,s,u) be the triple Laplace-Aboodh-
Shehu transform of the continuous functions fi(z,y,t) and fa(x,y,t) defined
for z, y, t > 0 respectively. If Fy(p,r,s,u) = Fa(p,r,s,u), then fi(z,y,t) =
f2($7y7t)'
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Proof. Assume that aq, as and az are sufficiently large, since

1 a1 +i0co g +1i00 34100 1 »
flz,y,t) = W/ e {/ e’ {/ e F(p, T,s,u)ds} dr} dp,
a1 —100 a2 —100 a3—100
we deduce that
1 a1 +1i00 ag+100 a3+100 1 5
fl (ZE’ . t) - (271-@)3 /alioo - {/aQioo e {/a3ioo ae“ Fl (p’ he U)ds} dr} dp
1 a1+100 - ag+100 . ag3+ico 1 s
= iy ). e e re e e Fy(p,r, s,u)ds ¢ dr

= f2($7y7t)'

dp

This proves the uniqueness of the triple Laplace-Aboodh-Shehu transform. [

3. SOME PROPERTIES OF TRIPLE LAPLACE-ABOODH-SHEHU TRANSFORM

4.1. Linearity property If fi(z,y,t) and fo(x,y,t) be two functions such
that

LxAySt[fl(xaya t)] - Fl(p7 T, S,U),
LﬂﬂAySt[fQ(x7y7t)]

Fy(p,r, s,u).
Then for any constants a and b, we have

L, A,Si[agi(z,y,t) + bga(x,y,t)] = aL, AySi[g1(z, y,t)] + 0L, AySt[g2(, y, 1)].

Proof. Using definition of triple Laplace-Aboodh-Shehu transform, we obtain

1 o o9 o .
L:cAySt [a'.fl (Ia Y, t) + bf2 (xa Y, t)] = ; / / / e—(p:c—l—ry—i—at) {U/fl ('I, Yy, t) + bfg (l‘, Yy, t)} dl‘dydt
0 0 0

— g / / / e_(px—l-ry-l-%t)fl(aj’ Y, t)dxdydt
T 0 0 0

b o0 o (@) s

+ —/ / / e~ Pyt f) (2, y, t)dadydt
T Jo 0 0

= aLxAySt [fl (ZE, Y, t)] + beAySt [f?(x> Y, t)]

The proof is complete. O

4.2. Shifting property If the triple Laplace-Aboodh-Shehu transform of
f(x,y,t) is F(p,r,s,u), then for real constants a, b and ¢, we have

(r—b)

LxAySt[e(““by“t)f(x, y,t)] = F(p—a,r —b,s—uc,u). (3.1)
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Proof. Using the definition of triple Laplace-Aboodh-Shehu transform, we get
1 o0 oo o0 s
LxAySt [e(ax—'_by-i_d)f(l', v, t)} — _/ / / 6—(px+ry+§t)e(aaz-l—by-&-ct)f(x’ n t)d:cdydt

- / / / keI G) £z, y, 1) dadydt
™ Jo

—b)
- b/ / / (=Dt £z, y, ) dadydt
T_

:uF(p—ar b, s — uc, u).
r

The proof is complete. O
4.3. Changing of scale property Let f(x,y,t) be a function such that
L, AS[f(x,y,t)] = F(p,r,s,u).
Then for a, b and ¢ are positive constants, we have
1 prs
ac oy e
Proof. Using the definition of triple Laplace-Aboodh-Shehu transform, we deduce
L, A,Si[f (azx, by, ct)] / / / e~ Py f (ax, by, ct)dedydt,

Let 0 = ax, ¢ = by and go— ct, then

Lo AySi[f(0, ¢ mbc / / / ~@OHEHLO £(6, ¢, p)dOdpd

_ab%r / / / IR £(0, 6, ) dbdpde

0

pr s
__Lpkrs,

(a7b7c)

L, A,S[f(ax, by, ct)] = (3.2)

ab’c
The proof is complete. O
4.4. Derivatives properties If L, A,S,[f(z,y,t)] = F(p,r,s,u), then
[Of(x,y,t
@ s | T prrsn - ASIOL 33
Proof.

LAS, {W(x?y,t) / / / . 3f(x of(z,y.t) dydt

or |
= —/ _Tydy/ e utdt{/ e P fo(x,y, )dx}
rJo 0 0

Of (z,y,t)
ox

Using integration by parts, let u = e ", dv = , then we obtain

a (o] o0 s o
L,A,S; {%] = %/o erydy/o e uldt {—f(O,y,t) —|—p/0 ep”f(x,y,t)da:}
= pF(p7 r,s, u) - AySt[f(Ovy7t)]'
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This ends the proof. O

of (z,y,1)

(2) L,A,S, [ ay

] = rF(p,r s )~ LS00 (34)

Proof.

L.A,S, [af LYt ] / / / ~orry+20) 1, 0 (@4 1) (Z;Jy’t)dxdydt

= —/ _pxdx/ e utdt{/ e_ryfy(x,y,t)dy}.
™ Jo 0 0

Using integration by parts, let u=e7"Y, dv = %{f”t), then we obtain

L,A,S, {M} = 1/ e_pxdx/ e_itdt{—f(a:,o,t)qLT/ e_ryf(x,y,t)dy}
Ox r Jo 0 0

1
= rF(pr,50) = LS(f(2,0,0))
This ends the proof. O

Similarly, we can prove that:

Lo [P0 2 s - L)
LS | TLELD] 200,50~ pASL0.9.0)] — AS1100..0)
L.AS, _%yy’)_ = 2 F(p,r,5,u) ~ LS{f(w,0,1)] =~ LS[f,(x,0,1),
£y | P 0 O] % ) = S LA 0, ,0) ~ LA, i, 0,0
Lo [FEELON b, 5,0) = LS 70,0)] = ASL(0,9.0),
LS | TREIOT 2, ) pl [, 0]~ ASL0,3.0)]
L.AS, :%: = " F(pr,5,u) ~ LAy f (9, 0)] — ~LSIfi(,0,0)]

4. TRIPLE LAPLACE-ABOODH-SHEHU TRANSFORM OF SOME ELEMENTARY
FUNCTIONS

(1) If f(x,y,t) =1, then

LoASf(x,y,t) / / / e~ Pyt dudydt =
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(2) If f(z,y,t) = zyt, then

L, ASf(z,y,t) / / / e~ Py (pyt) dadydt = 27’332'

(3) If f(x,y,t) = a"y™t* n, m k=0,1,2,..., then

L,A,S[f(x,y,t / / / ~prEry L) gy ik dadydt
B
- pn+1 rm+2 (S) kL.

(4) If f(x,y,t) = 2°y°t", a > -1, > —1,7 > —1, then

L, AS[f(x,y,t / / / e~ Pyt g B dadydt
= / e Py adz/ - ﬂdy/ e witdt,
" Jo 0 0

let 0 = pr, ¢ =71y and ¢ = 2t

1 > o0 1 0o
LASI .0~ [ etan [ tio [T e

I'a+1) T
- (pcle ) (fﬁzl)N?ﬂ*’l)(g)rﬂ

where I'(.) is the Euler gamma function.
(5) If f(z,y,t) = el@@+byted) then

LxAySt l’ Ly, t / / / —(pr+ry+It) a:1:+by+ct)dxdydt

~r(p—a)(r = b)(s —cu)’

(6) If f(x,y,t) = sinh(ax + by + ct) or cosh(azx + by + ct).
Recall that

(az+by+ct) _ —(ax+by+tct (az+by—+ct) —(az+by—+ct)
‘ 26 ), cosh(az+by+ct) = ‘ +2€

sinh(az+by+-ct) =

Therefore,

u(epru + bps + ars + abeu)
@ — )7 — ) — )

u(prs + bepu + acru + abs)
" — @) = P)( — )

L, A,S[sinh(azx + by + ct)] =

L, A,Si[cosh(azx + by + ct)] =
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(7) If f(x,y,t) = ellaz+bytet) then

1 [o° [oo [oo o
LxAySt [f(l’, n t)] — ; / / / 6—(p:c+7"y+at)ez(ax-i—by-i—ct)dxdydt
0 0 0

r(p —ia)(r —ib)(s — icu)
u(prs — bepu — acru — abs) + iu(cpru + bps + ars — abcu)
r(p? + a?)(r?2 + b?)(s? + 2u?) '

Consequently,
u(epru + bps + ars — abcu)
r(p?+ a?)(r? + b?)(s% + 2u?)’
u(prs — bepu — acru — abs)
r(p? + a?)(r? + 0?)(s? + c2u?)

L, A,S[sin(ax + by + ct)] =

L,A,Si[cos(ax + by + ct)] =

(8) If f(x,y,t) = fi(w) ), then
EedSilT ey ) =5 / / / S (fu(@) faly) fo (1) dadydt

:/0 {3 [Temnm{ [Tt noan ) o

= Lo [f1(2)] A, [ (y)]StLfs(2)].

Therefore,
D 1 us
L, A,Si[cos(ax) cos(by) cos(ct)] = P+ @) (P2 1w
a b cu?

L, A,S[sin(ax) sin(by) sin(ct)] = ) o+ 1) Rt )

5. APPLICATIONS

In this section, we apply the triple Laplace-Aboodh-Shehu transform operator
for solving some kinds of linear partial differential equations.

Example 5.1. Consider the following diffusion equations:

foe(@,y,t) + fyy(2,y,t) — filz,y,t) =0, (2,y) € RL, >0, (5.1)

Subject to the following initial and boundary conditions:

£(0,y,t) = e¥*2, f2(0,9,t) = e¥ 2, (5.2)
f(z,0,t) = ™+ fy(2,0,t) = "+ (5.3)
f(x,y,0) ="t (5.4)

Solution. Applying triple Laplace-Aboodh-Shehu transform on Eq.(5.1), we have
La:AySt [fx:v(x7 Y, t)] + LszSt[fyy(x7 Y, t)] - LxAySt [ft(xa Y, t)] - O (55)
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By linearity property and partial derivatives properties of triple Laplace-Aboodh-
Shehu transform, we get

p*F(p,r,s,u) — PAS f(0,y,t)] — A,Si[f2(0,y,t)] + r?F(p, 7, s,u) — LS [f(x,0,1)]

1 s
- ;LxSt[fy<xu 07 t)] - EF(pa Ty S, U) + L:L“Ay[f(xv Y, 0)] = 0. (56)
Rearranging the terms, we have

m[pflygt[f((), Y, O + AySi[f2(0, 4, 1)] + LaSi[f (, 0, )]

+ %LzSt[fy(x, 0,t)] — Ly Ay[f(x,y,0)]]. (5.7)

Using double Aboodh-Shehu transform for equations (5.2), double Laplace-Shehu
transform for equations (5.3) and double Laplace-Aboodh for equation (5.4), we
obtain

F(p,r, s,u) =

AySt[f(Ov yvt)] = AySt[fa:(()?yvt)] = 7’(7“ . 1)(5 . 2’&)7 (58)
L,St[f(x,0,t)] = L,S[f,(x,0,t)] = D20 (5.9)
1
Substitute equations (5.8)-(5.10) into equation (5.7) and simplify to obtain
B u u(p+1) u(r+1) B 1
Flp,r,s,u) = up? +ur? — s {r(r —1(s—=2u) r(p-1)(s—2u) r(p-1)(r—-1)

T rlp—D(r—1)(s—2u) (5.11)

Taking the inverse triple Laplace-Aboodh-Shehu transform of equation (5.11), we
get

I u
et = 1450 o
— prtyt2t (5.12)

Example 5.2. Consider the following nonhomogeneous Wave equation
2ftt('ray7t) = fmm('ruyvt)+fyy(x7y7t)+24t2+4y7 (.T,y) S ]R2+7 t> 07 (513)

subject to the boundary and initial conditions

f(0,y,t) = t" + yt?, f2(0,y,t) = sinysint, (5.14)
f(z,0,t) =t*, fy(2,0,t) = t* + sinxsint, (5.15)
f(z,y,0) =0, fi(x,y,0) = sinzsiny. (5.16)

Solution. We can rewrite the equation (5.13), as

1
Julx,y,t) = §(fm(9c,y,t) + fyy(:v,y,t)) + 1262 + 2y, (x,y) € Ri, t>0, (5.17)

|

636



Albaydha University Journal — Vol.(5)-Issue(4) 2023(special Issue of the Fourth
Scientific Conference of Albaydha University)

Taking the triple Laplace-Aboodh-Shehu transform to both sides of equation (5.17)
and rearranging the terms, we get

U2

p2U2 + r2u2 — 2¢2

F(pa r, s, u) = <§Ay8t[f(07 Y, t)] + %Ayst[fa:(oa Y, t)]

7
— LA, [fi(2,y,0)] 1(48u3 . du >>’

2\pr2s3 = pris

+%Lx8t[f(x,0,t)]+ LSy (r,0.0] = LA f(2,9.0)] (5.18)

where
48u3 4u

+—
pr2s® - pr3s

L, A,S[24% + 4y] =

Applying double Laplace-Aboodh transform, double Aboodh-Shehu transform and
double Laplace-Shehu transform to the given conditions, we obtain

u? p,24u®  2u u?
F = £
(p,r,5,u) p2u? + r2u? — 2s2 (2 ( r2sd r3s3) * 2r(r? + 1)(s2 + u?)
24u° 2u? u?
5.19
* 2psd * 2prs3 * 2r(p? + 1)(s% 4+ u?) (5.19)
1 2403 2u
r(p?+1)(r2+1) pr2sd  pris )]’
by simple computation, we get
24 5 2 3 2
F(p7 T,S,U) = - - 4 (520)

prisd + pris3 + r(p2 4+ 1)(r2 4+ 1)(s2 + u?)’

Applying the inverse triple Laplace-Aboodh-Shehu transform on equation (5.20),

we get
245 2u3 u?
)= L7'ATIST!
f@y,1) TV pr2g5 T pr3s3 + r(p? +1)(r2 4+ 1)(s? 4+ u?)
=t + yt> + sinzsinysint. (5.21)

Example 5.3. Consider the following boundary Laplace equation

Jaw(x,y, t) + fyy(z,y,t) + fu(z,y,t) =0, (z,y,t) € R3, (5.22)
subjected to the conditions

F0,y,6) =0,  f.(0,y,t) = sinysinh V2, (5.23)

f(z,0,t) =0, fy(x,0,t) = sinz sinh V2t, (5.24)

f(z,y,0) =0, filz,y,0) = V2sinzsiny. (5.25)
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Solution. Applying triple Laplace-Aboodh-Shehu transform to the equation gives
and by linearity property and partial derivatives properties of triple Laplace-
Aboodh-Shehu transform, we get

p2F(p> rSs, U) - pAySt[f(Ov Y, t)] - AySt[fI(Ov Y, t)]
r2F(p, 7 5,0) — LaSlf(2,0,4)] — %LISt[ £,(,0,4)] (5.26)

52 s
+$F(pa Ty S, U) - aLxAy[f(xv Y, 0)] - L:cAy[ft(xa Y, 0)] =0
Substituting
2u? 2u?
\/_u ) LISt[fy(x707t>] = \/_u y
(7T 1) — 2ad) T 1) = 2u2)
V2
CrE R
in equation (5.20) and simplifying, we get
U2 V2(u2p? + u2r? + )
(w?p? +u?r2 + %) | r(p®> + 1)(r2 + 1)(s% — 2u?)
) Vi
(P2 D) (r2 4 1)(s2 — 2u?)’

Taking the inverse triple Laplace-Aboodh-Shehu transform of equation (5.27), we
get

AySt[fr(Oa Y, t)] - r

LacAy [ft(xa Y, 0)] -

F(p,r,s,u) =

(5.27)

r(p? + 1)(r2 + 1)(s? — 202) (5.28)

— sin z sin y sinh v/2t. (5.29)

Which is the required solution of the considered Laplace equation.

flz,y,t) =L A'S { vu? }
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