
Albaydha University Journal – Vol.(5)-Issue(4) 2023(special Issue of the Fourth Scientific 

Conference of Albaydha University) 

  

Albaydha University Journal 5 (4), 2023 395 

 

Sum Geometric Harmonic Means Index of 

Graphs 
Sultan   Senan Mahde, Ebrahim Mohammed Abdallah 

Department of Mathematics, Faculty of Education and Science, Rada’a, Albaydha University, Yemen 
sultan.mahde@gmail.com, ebrahim.m.a.n.s.155@gmail.com 

. 
Abstract 

Let G  be a connected graph, the sum geometric - arithmetic means index of G  is 

defined as SGAM    ( G )   = ∑ (√d (u )d (v ) + 
d (v )+ d (v )

2 
) . uv  ∈ E (G )  In this paper, the concept of sum 

geometric harmonic means index of a graph G , denoted by SG  hm  (G )  is introduced and SG  hm  (G ) of few 

families of graphs is computed. Further, we establish the bounds for sum geometric harmonic means 

index. 
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1. Introduction 

Let G  be a simple connected graph with vertex set 𝑉 (𝐺 ) = {𝑣 1 , 𝑣 2 , … , 𝑣 𝑛   }and edge set E(G). Its order 

is |𝑉 (𝐺 )|, denoted by 𝑛 , and its size is |𝐸 (𝐺 )|, denoted by 𝑚 . 

The degree of a vertex 𝑣  of a simple graph 𝐺   =   ( 𝑉 , 𝐸 ) ,  denoted by 𝑑 ( 𝑣 ) ,  is the number of vertices 

adjacent to 𝑣 . We denote the maximum degree of 𝐺  by Δ (𝐺 ),  the minimum degree of G by 𝛿 (𝐺 ), 

where Δ (𝐺 ) = 𝑚𝑎𝑥   {𝑑 (𝑣 ): 𝑣 ∈ 𝑉 (𝐺 )} } and 𝛿 (𝐺 ) = 𝑚𝑖𝑛   {𝑑 (𝑣 ): 𝑣 ∈ 𝑉 (𝐺 )} [4]. 
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Definition 1.1. A molecular graph is a simple graph whose vertices correspond to

the atoms and whose edges correspond to the bonds. It can be described in different

ways, suth as by a drawing, a polynomial, a sequence of numbers, a matrix or by a

derived number called a topological indices[1].

Topological indices are numerical parameters of chemical graphs associated with

quantitative structure property relationship (QSPR) and quantitative structure ac-

tivity relationship (QSAR).

The study of topological indices is a subject of increasing interest, both in pure

and applied mathematics. Hundreds of topological indices have been introduced and

studied, starting with the seminal work by Wiener in which he used the sum of all

shortest-path distances of a (molecular) graph for modeling physical properties of

alkanes. The first topological index was introduced in 1947 by Harry Wiener and

used for correlation with boiling points of alkanes. Wiener’s index is related to the

distances in molecular graphs [7].

There are various topological indices for example distance based topological in-

dices and degree based topological indices ABC index, ABC4 index, Randic connec-

tivity index and sum connectivity index. For more detail we refer to [19].

The concept of geometric - arithmetic index was introduced in the chemical graph

theory recently and defined, as

GA1(G) =
∑

uv∈E(G)

(
2
√
d(u)d(v)

d(u) + d(v)

)
,

where d(u), d(v) denotes the degree of a vertex u and the degree of a vertex v in G

respectively. In chemical graph theory, we have many different topological index of

arbitrary molecular graph G. A topological index of graphs is a member related to

a graph which is invariant under graph automorphism obviously, every topological

index defines a counting polynomial and vice versa [12]. In 2012, Zhong presented

the minimum and maximum values of the harmonic index for simple connected

graphs and trees and characterized the corresponding extremal graphs [23]. In 2012,
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Das and Trinajstic compared the geometric - arithmetic indices for chemical trees,

starlike trees and general trees [3]. In 2014, Rodrıguez and Sigarreta [17] studied

the geometric - arithmetic index GA1 from an algebraic viewpoint.

In 2018, Deng et al., obtained the first and second maximum values of geometric –

arithmetic index for all tricyclic graphs on n vertices and the corresponding extremal

graphs [4]. In 2022, Mohsen and Mahde [14] have introduced the concept of sum

geometric - arithmetic means index of graphs, they computed the sum geometric -

arithmetic means index SGAM(G) of several classes of graphs, also they detemined

bounds in terms of other graph parameters, The Sum geometric - arithmetic means

index was defined as

SGAM(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

d(u) + d(v)

2

)
.

For history and further results on this family of topological indices, please refer to

[6, 7, 12, 13, 19, 22].

In this paper, we consider another variant of the sum geometric index, called the

sum geometric harmonic means index SGhm(G), which is defined as

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
.

2 Main Results

In this section, we investigate the sum geometric harmonic means index of some

standard graphs.

Calculate the index by using the edge partition of G on the basis of the

degrees of end vertices of each edge method.

Definition 2.1. [20] The cycle graph (Cn), n ≥ 3, consists of n vertices {v1, v2, ..., vn}

and edges {v1v2, v2v3, ..., vn−1vn, vnv1}.

Theorem 2.2. For the cycle graph (Cn), n ≥ 3,

SGhm(Cn) = 4n.
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Proof. Since Cn is regular graph, of order 2, the number of edges is n and because

its vertex set can not be partitioned into subsets, and so has only one set, then the

number of edges of Cn on the basis of the degrees of the vertices of each edge is

equal to the number of edges of Cn and because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,

then

SGhm(Cn) = n

(√
4 +

2
1
2
+ 1

2

)
= n

(
2 +

2

1

)
= n(2 + 2) = 4n.

Definition 2.3. [20] The graph obtained from the cycle graph (Cn), n ≥ 3, by

removing an edge is called the path graph of n vertices, it is denoted by Pn.

Theorem 2.4. For the path graph (Pn), n ≥ 3, the SGhm index is equal to the

following

SGhm(Pn) = 2
√
2 +

8

3
+ 4(n− 3).

Proof. Suppose that V (Pn) = {u1, u2, ..., un}, E(Pn) = {e1, e2, ..., en−1, ei = uiui+1(1 ≤

i ≤ n − 1)}. The number of edges of Pn is n − 1 in which, there are two types of

edges, in the first type d(u) = 1, d(v) = 2, and number of edges is 2 and in the

second type d(u) = d(v) = 2 and number of edges is n− 3 and because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,

we have,

SGhm(Pn) = 2

(√
2 +

4

3

)
+ (n− 3)

(√
4 +

2

1

)
= 2

√
2 +

8

3
+ 4(n− 3).
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Definition 2.5. [9] The double star graph (Sr,s) is the graph constructed from

(K1,r−1) and (K1,s−1) by joining their centers v0 and u0. A vertex set V (Sr,s) =

V (K1,r−1)
⋃

V (K1,s−1) = {v0, v1, ..., vr−1, u0, u1, ..., us−1} and edge set E(Sr,s) =

{v0u0, v0vi, u0uj|1 ≤ i ≤ r − 1, 1 ≤ j ≤ s− 1}.

Theorem 2.6. For the double star graph (Sr,s) for an integer (r, s) ≥ 3,

SGhm(Sr,s) = (r − 1)
√
r + (s− 1)

√
s+

√
rs+ 2

(
r(r − 1)

1 + r
+

s(s− 1)

1 + s
+

rs

r + s

)
.

Proof. By categorizing the edge in (Sr,s) edge partition according to the degrees of

their connecting vertices, we can identify three distinct edge cases:

Case 1: d(u0) = r, d(u1) = 1 and the number of edges is r − 1,

Case 2: d(v0) = s, d(v1) = 1 and the number of edges is s− 1,

Case 3: d(u0) = r, d(v0) = s and the number of edges is 1, and because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,

then

SGhm(Sr,s) = (r − 1)

(√
r +

2
1
r
+ 1

1

)
+ (s− 1)

(√
s+

2
1
s
+ 1

1

)
+

(√
rs+

2
1
r
+ 1

s

)
= (r − 1)

√
r + (s− 1)

√
s+

√
rs+ 2

(
r(r − 1)

1 + r
+

s(s− 1)

1 + s
+

rs

r + s

)
.

Definition 2.7. [20] A simple graph G is said to be complete if every vertex in G

is connected with every other vertex, i.e if G contains exactly one edge between each

pair of distinct vertices, and is usually denoted by Kn and exactly n(n−1)
2

edges.

Theorem 2.8. For the complete graph (Kn), the SGhm index is equal to the following

SGhm(Kn) = n(n− 1)2.
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Proof. Since Kn is a regular graph of order n − 1 and the edge partition of Kn on

the basis of the degrees of the end vertices of edge, and because its vertex set can

not be partitioned into subsets, and so has only one set, then the number of edges

of the vertices of each edge is equal to the number of edges of Kn and because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,

it follows that

SGhm(Kn) =
n(n− 1)

2

(√
(n− 1)(n− 1) +

2
1

n−1
+ 1

n−1

)

=
n(n− 1)

2

(√
(n− 1)2 +

2(n− 1)

2

)
=

n(n− 1)

2
(n− 1 + n− 1)

=
n(n− 1)

2
(2n− 2)

=
n(n− 1)

2
2 (n− 1)

= n(n− 1)(n− 1) = n(n− 1)2.

Definition 2.9. [11] A graph G is called a bipartite graph if the vertex set V can be

partitioned into subsets V1 and V2 such that every edge of G joins a vertex of V1 with

a vertex of V2. Further more, if every vertex of V1 is joined to every vertex of V2,

then G is a complete bipartite graph. The complete bipartite graph with two partite

sets V1 and V2 of vertices such that |V1| = r and |V2| = s is denoted by (Kr,s) the

graph (K1,n−1) is a star.

Theorem 2.10. For the complete bipartite graph (Kr,s),

SGhm(Kr,s) = (rs)

(√
rs+

2rs

r + s

)
.

Proof. By using the edge partition of Kr,s on the basis of the degrees of the vertices

of each edge because it is vertex set can be partitioned into subsets, namely X and
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Y such that ∀u ∈ X, d(u) = s and ∀v ∈ Y, d(v) = r where | E(Kr,s) |= rs. then

the number of edges of Kr,s on the basis of the degrees of the vertices of each edge

is such that d(u) = s and d(v) = r is equal to the number of edges, of Kr,s. and

because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,

this implies that

SGhm(kr,s) = (rs)

(√
rs+

2
1
r
+ 1

s

)
= (rs)

(√
rs+

2rs

r + s

)
= rs

(√
rs+

2rs

r + s

)
.

Corollary 2.11. For the star graph (K1,n−1),

SGhm(K1,n−1) = (n− 1)
3
2 +

2(n− 1)2

n
.

Definition 2.12. [16] A Friendship graph Fp for an integer p ≥ 2, is the graph

constructed by joining p copies of K3 graph with common vertex. Fp graph has

n = 2p+ 1 vertices and has m = 3p edges.

Theorem 2.13. For the friendship graph Fp for an integer p ≥ 2,

SGhm(Fp) = 4p

(
√
p+

2p

p+ 1
+ 1

)
.

Proof. By categorizing the edge in Fp edge partition according to the degrees of

their connecting vertices, we can identify two distinct edge types:

in the first type d(u) = d(v) = 2 and number of edges is p and

in the second type d(u) = 2, d(v) = 2p and number of edges is 2p and because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,
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we have,

SGhm(Fp) = 2p

(√
2(2p) +

2
1
2p

+ 1
2

)
+ p

(√
4 +

2
1
2
+ 1

2

)
= 2p

(
2
√
p+

2(2p)

p+ 1

)
+ 4p

= 4p
√
p+

4p(2p)

p+ 1
+ 4p

= 4p

(
√
p+

2p

p+ 1
+ 1

)
.

Definition 2.14. [20] The wheel graph Wn is obtained when an additional vertex to

the cycle Cn−1, for n ≥ 4, and connect this new vertex to each of the n− 1 vertices

in (Cn−1), by new edges.

Theorem 2.15. For the wheel graph (Wn), n ≥ 4,

SGhm(Wn) = (n− 1)

(√
3(n− 1) +

6(n− 1)

n+ 2
+ 6

)
.

Proof. Let V (Wn) = {v1, v2, ..., vn}, E(Wn) = {e1, e2, ..., e2n−2}. By using the edge

partition of Wn on the basis of the degrees of the vertices of each edge, there are two

types of edges, in the first type d(u) = 3, d(v) = n− 1 and number of edges is n− 1

and in the second type d(u) = d(v) = 3 and number of edges is n− 1 and because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,

this implies that

SGhm(Wn) = (n− 1)

(√
3(n− 1) +

2
1

n−1
+ 1

3

)
+

(√
(3)(3) +

2
1
3
+ 1

3

)
(n− 1)

= (n− 1)

(√
3(n− 1) +

6(n− 1)

n+ 2

)
+ (n− 1)(6)

= (n− 1)

(√
3(n− 1) +

6(n− 1)

n+ 2
+ 6

)
.
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Definition 2.16. [15] The crown graph (S0
r ) for an integer r ≥ 2 is the graph

with vertex set {u1, u2, ..., ur, v1, v2, ..., vr} and edge set {uivj : 1 ≤ i, j ≤ r, i ̸= j}.

S0
r is therefore equivalent to the complete bipartite graph Kr,s with horizontal edges

removed.

Theorem 2.17. For the crown graph (S0
r ), r ≥ 2,

SGhm(S
0
r ) = 2r(r − 1)2.

Proof. Suppose that V (S0
r ) = {u1, u2, ..., ur, v1, v2, ..., vr} and edge set E(S0

r ) =

{uivj : 1 ≤ i, j ≤ r−1, i ̸= j}. Since in every edge eij in S0
r has d(ui) = d(vj) = r−1,

thus the edge partition of S0
r on the basis of the degrees of the vertices can not be

partitioned into more one subset and equal to the number of edges of S0
r and because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,

therefore

SGhm(S
0
r ) = r(r − 1)

(√
(r − 1)(r − 1) +

2
1

r−1
+ 1

r−1

)

= r(r − 1)

(√
(r − 1)2 +

2
2

r−1

)

= r(r − 1)

(
r − 1 +

2(r − 1)

2

)
= r(r − 1) (r − 1 + r − 1)

= r(r − 1)(2)(r − 1)

= 2r(r − 1)2.

Theorem 2.18. Let G be a simple connected graph of order n with m edges, ∆ and

δ be the maximum and minimum degree of the graph, respectively. Then

2δm ≤ SGhm(G) ≤ 2∆m.

The equality holds if and only if G is a regular graph.
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Proof. Since

δ ≤
√

d(u)d(v) ≤ ∆, δ ≤ 2
1

d(u)
+ 1

d(v)

≤ ∆,

therefore

2δ ≤
√

d(u)d(v) +
2

1
d(u)

+ 1
d(v)

≤ 2∆.

Because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,

we get,

∑
uv∈E(G)

2δ ≤ SGhm(G) ≤
∑

uv∈E(G)

2∆.

Since |E(G)| = m, it follows that

2δm ≤ SGhm(G) ≤ 2∆m.

Theorem 2.19. For any connected graph G,

SGAM(G) ≥ SGhm(G),

with equality holding if and only if G is a regular graph.

Proof. To prove this relationship, we assume the series with only two observations

d(u) and d(v) ( where d(u) and d(v) are positive vertices degree ) for sake of sim-

plicity and clarity although the relationship holds for any number of observations

since,

SGAM(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

d(u) + d(v)

2

)
,
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and ∑
uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,

we want to show that

d(u) + d(v)

2
≥ 2

1
d(u)

+ 1
d(v)

,

we know that(√
d(u)−

√
d(v)

)2
≥ 0

=
(√

d(u)
)2

− 2
√

d(u)
√

d(v) +
(√

d(v)
)2

≥ 0

=d(u)− 2
√
d(u)d(v) + d(v) ≥ 0

=d(u) + d(v)− 2
√

d(u)d(v) ≥ 0

=d(u) + d(v) ≥ 2
√

d(u)d(v)

=
d(u) + d(v)

2
≥
√

d(u)d(v). (1)

We have, (√
d(u)−

√
d(v)

)2
≥ 0

=d(u)− 2
√

d(u)d(v) + d(v) ≥ 0

d(u) + d(v) ≥ 2
√

d(u)d(v).

Dividing both sides by d(u)d(v)

=
d(u) + d(v)

d(u)d(v)
≥

2
√

d(u)d(v)

d(u)d(v)

=
d(u)

d(u)d(v)
+

d(v)

d(u)d(v)
≥

2
√
d(u)d(v)

d(u)d(v)

=
1

d(v)
+

1

d(u)
≥ 2

(d(u)d(v))1−
1
2

=
1

d(v)
+

1

d(u)
≥ 2√

d(u)d(v)
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Dividing both sides by d(u) + d(v) and multiply both sides by
√
d(u)d(v)

⇒
√
d(u)d(v) ≥ 2

1
d(u)

+ 1
d(v)

. (2)

From (1) and (2), we get

d(u) + d(v)

2
≥ 2

1
d(u)

+ 1
d(v)

.

We add both sides
√

d(u)d(v),

√
d(u)d(v) +

d(u) + d(v)

2
≥
√

d(u)d(v) +
2

1
d(u)

+ 1
d(v)

.

Therefor

SGAM(G) ≥ SGhm(G).

3 Sum geometric harmonic means index of some

chemical graphs

Definition 3.1. [13] An alkane graph is a tree in which vertices correspond to atoms

and edges to carbon - carbon or hydrogen - carbon bonds in a chemical alkane such

that the carbon atoms represent the vertices and the hydrogen atoms are the edges i.e

Alkanes having n carbon atoms and 2n + 2 hydrogen atoms we denote by CnH2n+2

as shown in Fig. 1.
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Figure 1: Alkanes
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Theorem 3.2. For the alkane graph (CnH2n+2),

SGhm(CnH2n+2) = 4

(
9

5
(n+ 1) + 2(n− 1)

)
.

Proof. By using the edge partition of CnH2n+2 on the basis of the degrees of the

vertices of each edge, we have two types of edges depending on the vertices of carbon

atoms, first type, all edges have one vertex of degree one and another vertex of degree

four, and the number of edges of this type is 2n + 2. In the second type, all edges

have two vertices of degree four, so the number of edges of this type is n − 1 and

because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,

this implies that

SGhm(CnH2n+2) =

(√
(1)(4) +

2

1 + 1
4

)
(2n+ 2) +

(√
(4)(4) +

2
1
4
+ 1

4

)
(n− 1)

=

(
2 +

8

5

)
(2n+ 2) + 8(n− 1)

=
18

5
(2n+ 2) + 8(n− 1)

= 4

(
9

5
(n+ 1) + 2(n− 1)

)
.

Definition 3.3. [18] Cycloalkanes are hydrocarbones in which all the carbon - car-

bon bonds are single bonds,all or some of the carbon atoms are arranged in a ring
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and have the general formula CnH2n as shown in Fig. 2.

Figure 2: A cycloalkane
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Theorem 3.4. For the cycloalkane graph (CnH2n), n ≥ 3, the SGhm index is equal

to the following

SGhm(CnH2n) =
36

5
(n) + 8(n).

Proof. By using the edge partition of CnH2n on the basis of the degrees of the vertices

of each edge, we have two types of edges depending on the vertices of carbon atoms,

first type, all edges have one vertex of degree one and another vertex of degree four,

and the number of edges of this type is 2n,

in the second type, all edges have two vertices of degree four, and the number of

edges of this type is n and because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2
1

d(u)
+ 1

d(v)

)
,
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we have,

SGhm(CnH2n) =

(√
(1)(4) +

2

1 + 1
4

)
(2n) +

(√
(4)(4) +

2
1
4
+ 1

4

)
(n)

=

(
2 +

8

5

)
(2n) + 8(n)

=
18

5
(2n) + 8(n)

=
36

5
(n) + 8(n).

Definition 3.5. [14] Cycloalkene, We denote a cycloalkene having r carbon atoms

and 2r− 2 hydrogen atoms by C2r−2
r . The molecular graphs of them are obtained by

attaching 2r − 2 pendant vertices corresponding to hydrogen atoms to vertices of a

cycle corresponding to carbon atoms as shown in Fig.3.
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1 2
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45
n

Figure 3: Acycloalkene and its graph model

Theorem 3.6. For r ≥ 3, the SGhm index is equal to the following

SGhm(C
2r−2
r ) = 532r − 789 + 210

√
3 .

Proof. The cycloalkene molecular graph C2r−2
r has 3r − 2 vertices including two

vertices (namely,C1 and C2) of degree three, r − 2 vertices C3, C4, ..., Cr of degree
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four and correspond to the carbon atoms of cycloalkenes and the remaining 2r − 2

vertices (namely,H ,s) are end vertices and they correspond to hydrogen atoms of

cycloalkenes. thus we have the following: on the basis of degrees of the vertices we

divide the edge set into a partition

E1 = uv ∈ E(C2r−2
r ) | d(u) = d(v) = 4,;

E2 = uv ∈ E(C2r−2
r ) | d(u) = d(v) = 3,;

E3 = uv ∈ E(C2r−2
r ) | d(u) = 3, d(v) = 4,;

E4 = uv ∈ E(C2r−2
r ) | d(u) = 1, d(v) = 3,;

E5 = uv ∈ E(C2r−2
r ) | d(u) = 1, d(v) = 4.

So there are five types of edges, where | E1 |= r − 3, | E2 |= 1, | E3 |= 2, | E4 |= 2,

| E5 |= 2r − 4, and because

SGhm(G) =
∑

uv∈E(G)

(√
d(u)d(v) +

2d(u)d(v)

d(u) + d(v)

)
,
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it follows that,

SGhm(C
2r−2
r ) = (r − 3)

(√
(4)(4) +

2
1
4
+ 1

4

)
+ (1)

(√
(3)(3) +

2
1
3
+ 1

3

)
+ (2)

(√
(3)(4) +

2
1
4
+ 1

3

)
+ (2)

(√
(1)(3) +

2
1
1
+ 1

3

)
+ (2r − 4)

(√
(1)(4) +

2
1
1
+ 1

4

)
= 8(r − 3) + 6 + 2

(√
12 +

24

7

)
+ 2

(√
3 +

3

2

)
+ (2r − 4)(2 +

8

5
)

= 8r − 24 + 6 + 2
√
12 +

48

7
+ 2

√
3 + 3

+ 4r − 8 +
16r

5
− 32

5

= 12r +
16r

5
− 23 + 6

√
3 +

48

7
− 32

5

= 76r − 115 + 30
√
3 +

16

7

= 532r − 789 + 210
√
3 .

4 Conclusion

In this paper, we have computed the concept of sum geometric harmonic means

index of some standard graphs. Also, sum geometric harmonic means index of a

graph in chemistry is given. The sum geometric harmonic means index of several

other families of graphs is an open problem.
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