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Abstract

In this paper, we presented a new differential operator to solve singular initial value problems of higher
order differential equations by utilizing Adomian decomposition method (ADM). The suggested
approach is applicable to linear as well as non linear problems. Some exampls are used in testing and
the obtained results demonstrate that the suggested strategy is effective.
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1. Introduction

Adomian Decomposition Method (ADM) [1-3] presented by G. Adomian is a powerful and reliable
method for solving various kinds of problems arising in applied sciences. The main advantage of ADM
is that it can be applied directly to solve all types of differential equations, ordinary [14], partial
[11], fractional [8], both linear and non- linear [6], and systems [7]. The method gives approximate
solution which converges rapidly to accurate [9,12]. A large amount of literature developed concerning
ADM [1,2,4,5] and the related modifications [10,13,15], to investigate various scientific models.
The aim of this paper is to use ADM for solving some higher order differential equations. For this
reason, a new differential operator which can be used for solving singular initial problems of some
higher order differential equation, is used.
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2 . Building Differential Equations of Higher
Order

We consider the equation in form

Ly + f(z,y) = g(x), (1)

where f(z,y), g(x) are real functions and L is linear operator,

we use Eq. (1), to derive higher order differential equation and we suggest
L is differential operator as below:

d2

—n dn_2 n—m m
2T ()’ (2)

L(.) =
()== dam—2 dx?

where m > n,m > 3, n > 2, and the inverse operator L~ as

LY ()=a™™ /Ow /OI ™ /090 /Ow /090 2" ()dzdrdz...dxdz. (3)

The Eq. (1), it can be rewritten as

dn—2 d2
dan—2" da?

—n

x 2™ (y) + f(,y) = g(x). (4)

To determine such different equations of higher order, we set n to different val-
ues, when putting n = 2 in(4), we obtain

v 2m + m(m-—1
Y +7y +%y+f($ay):9($)’

when putting n = 3 in Eq. (4), we obtain

3+2m) «» m2+3m) m2—m
y® 1L )y Jy 4 p Jy + () = g(a),

x x2

when putting n = 4 in Eq. (4), we obtain

8+ 2m m2+1lm+12) » (Am?+8m) + (2m? —2m
Y . ) @4 — )y L - Jy 4 - )yt fla.y) = (@),

by continuing with the same procedure we get

n—2 n—2
n—2 n! (- n—2\ (n-1! _ —r—
§ r, (n—r) 2 E r—1, (n—r—1)
( T )(n—r)!x Y - mr_()( r )(n—r—l)!x Y

r=0

n—2
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3 . The Adomian Decmposition Method

We consider the equation in form (5) with conditions

y(0) = bo,y (0) = b1,y (0) = ba, .., y "= (0) = b1,
where bg, by, ..., b,,_1 are constants.
According to the ADM, we rewrite Eq. (5)in the form as

Ly = g(x) — f(z,y), (6)
by applyingL=! on (6), we obtain

y(z) = ¢(a) + L™ g(x) — L7 f(z,y), (7)

where ¢(x) = 0, the constants of integration, are determined by the initial
or boundary conditions according to the problem as initial-value problem or
boundary-value problem.

The ADM represents the solution y(z) and the non-linear function f(z,y)
by infinite series

y(@) = > yala), (8)
n=0
and
fla,y) =Y A, (9)
n=0

where the elements y,, (z) of the solution y(z) will be determined recurrently
by algorithm [1,2,3]. And the A, are the Adomain polynomials, which are
obtained as in the following formula :

1 d» <
Ay, =——|F n=0,1.. 1
"!Wl (iX_;Ay)L_O n=0 (10)

where A is a parameter.
From Eq. (10) we have

AO = F(y0)7
A = y1F/(yo),
’ 1 7"
Ay = yoF (yo) + iyfF (%0),

1"

!/ 1" 1
Az = y3F (yo) + y1y2F (yo) + gyf’F (o), (11)
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Substituting Eq. (8)and(9)into Eq. (7), we have

Y= + L7 glx) - LY A, (12)
n=0 n=0

we get the components y,, which can be specified as

Yo = ¢(l‘> + L_lg(x)7
Ynt+1 = _LilAnvn > Oa (13)

which gives

yo = d(z) + L™ 'g(x),

y1 = —L " Ay,
Yo = _L71A17
Y3 = _L_1A27

Using the equations (11) and (13) we can determine the components y,,, and
therefore, we can immediately obtain series solutions of y(«) in (7). In addition,
and for numerical reasons, we can use the n-term approximate

n—1

Pn = Z yk($)7
k=0

which can be used to approximate the exact solution.

4 . Illustrative Examples

Example 1. We consider the non-linear initial problem:
" 6 ’ 6
v o+ oy 45y = (@ +20) - (14)

y(0) =0,y (0) =0,
with exact solution y(z) = 22, Eq. (14) which can be written as

Ly = (z* +20) — *, (15)

where differential operator as

g
3?37

L() =2 T2,
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and the inverse operator

L) = x_3/0$ /le?’(.)dxdx,

by applying L~! on both sides of (15), and using the initial conditions
at x = 0, yields

y(x) = L7 (2" +20) — L7172, (16)

substituting the decomposition series y,, for y(z) into (16) gives

(oo}
> wa(@) = L7t +20) — L7, (17)
n=0

yo = L™ (a* + 20),

Yn+1 = *LilAnyn Z 07 (18)
were the non linear term y2 has the first few Adomain polynomials A4,, are given
by

AO = ygv
A1 = 2yoy,

Y2 = Y5 + 2yoy2,

Using (18), the first several calculated solution components are

_ oo
Yo=12"+

72
ZG xlO $14
17779 7T 5616 1410048°
_oal? N 1502 N 350z N x*?
Y27 5616 " 54991872 ' 23096586240 | 3045703600

the series solution by ADM is given by

111z N 350218 N x??
54991872 23096586240 = 3045703600’

y(r) =yo+y1 +y2 = 2> +

that converges to the exact solution y(x) = z2.

Example 2. We assume the linear initial problem:

11 1]_ 1 28 ’7 12 x x
y oy 5y +;:f(fv)€ +ze” —xy, (19)
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y(0) =1,y (0) = 1,y (0) = 1,
with exact solution y(x) = €%,
4 341122 + 28 12
Wheref(m):x Tt :r3 et .
x
Eq.(19) which can be written as

Ly = f(x)e” + xe® — ay, (20)
where differential operator
d d?
_ -394 1 4
L()== da:x szx (),

and the inverse operator

L) :1:_4/; /Ozx/ozx3(.)dxdxdx,

by applying L~! on both sides of (20), and using the initial condition
at x =0, yields

y(@) = L7 (f(x)e” + ze”) — L™ ay, (21)
substituting the decomposition series y,, for y(z) into (21)gives

S o) = L(F (@) + we) — Ly, (22
n=0

yo = L7 (f(x)e® + xe®),
Ynt+1 = Lilxynvn 2 Oa (23)

by using Taylor series of e” and Eq. (23), we obtain

2 3 4 5 6 7

O RV A A
Jo 2 6 390 ' 432 ' 1260 ' 5280 @ 7
{E4 {E5 1.6 £C7 1’8 $9 {EIO 1.11
V1= 7390 432 1260 5280 7 463320 673990 2522520 13305600 | 7
(ES QCQ xlO (Ell x12 13 {E14
Y2 = 163320 T 673990 ' 2522520 | 13305600 | ' 1445558400 | 2566287360 | 11578366800

the solution series by ADM is given by

2 1,3 12 13 14

X i o i
V(@) = Yotytye = Lt e e 0 T 0566287360 T 11578366800 |

Which is Taylor series of exact solution y(x) = e*.
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Example 3. We consider the non-linear initial problem:

nre 18 " 72 17 140 ’ 40 €T €T
v+ —y 5y gy oy =f@)e? + e -y
T x T T

y(0) =1,y (0) =2,4"(0) = 4,4"(0) =8,
with exact solution y(z) = €27,

162* 4 14423 + 288z2 + 280x + 140
where f(z) = )

4

Eq. (24) which can be written as
Ly — f(x)eQ;c 4 663: _ y37

where differential operator as

and the inverse operator

L_l(.):x_ﬁ/ / x2/ / 2 () dzdzdzde,
o Jo o Jo

by applying L~! on both sides of (25), and using the initial condition
at x = 0, yields
Y= L*lf‘(x)62a: 4 L71€6z . L71y37

substituting the decomposition series y,, for y(z) into (26) gives
oo
Zyn(-r) — L—lf(x)e2z +L—166$ _ L_lyS,
n=0

by modification of ADM in [15], we have
yo = L7 f(z)e™,
g = LS — 71 A,,
Ynio = —L71A,,n >0,

where the Adomian polynomail A4,, to non-linear term y> gives

AO = yga
A1 = 3ygu,
Ay = 3y3ys + 3yoy?,
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by using (28), we have
Yo = e2m7
Y1 = 07
y’n+1 - 07 n Z 17

the series solution by ADM given by
y(x) = yo = €2*, which is the exact solution .

5 Conclusion

The ADM is a powerful and strong to solve higher order differential equations
both linear or non linear. Using a new operator has been successful for solving
singular initial value problems, therefore, obtaining approximation solutions
rabidly converges to exact solution without large computations in some cases
can be obtained directly exact solution.
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