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Abstract

In this paper, we study some properties of the eigenvalues of sum geometric arithmetic
energy of graphs and we obtain the values of some coefficients of the characteristic poly
nominal of the sum geometric arithmetic means matrix by using some methods. The inverse
of the sum geometric arithmetic means matrix of some graphs are also obtained.
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1. Introduction

The origin of graph theory can be discovered back to Leonhard Euler work on Konigsberg bridges
problem (1735), which subsequently led to the concept of an eulrian graph. For more details see
[12] a problem that came to be known as the “Seven Bridges of Konigsberg”. In this problem,
someone had to cross once all the bridges only once and in a continuous sequence, a problem the
Euler proved to have no solution by representing it as a set of vertices and edges. This led to the
foundation of graph theory and its subsequent improvements [23].
Graph theory is one of the areas of modern mathematics having experienced a most impressive
development in recent years. In the beginning, graph theory was only a collection of recreational
or challenging problems like Euler tours or the four coloring of a map, with no clear connection
among them, or among techniques used to attach them [25].
The concept of energy of a graph was presented by I. Gutman [4] in the year 1978.
Algebraic graph theory is the branch of mathematics that studies graphs by using algebraic
properties of associated matrices. In particular, spectral graph theory studies the relation be-
tween graph properties and the spectrum of the adjacency matrix or Laplace matrix [9].

Let G be a graph with n vertices vy, v2, ..., vn and m edges. Let A = (aj;) be the adjacency matrix
of the graph G. The eigenvalues A1, 12, ,/n Of- A, assumed in non-increasing order, are the
eigenvalues of the graph G. As A is real symmetric, the eigenvalues of G are real with sum equal
to zero. The energy E(G) of G, is defined to be the sum of the absolute values of the eigenvalues

of G.
i=n
E@) = ) Al
i=1

The eigenvalues 41, 12, ...,4n Of A, assumed in noninteracting order, are the eigenvalues of
the graph G. As A is real symmetric, let 11,2, ..., n be the distinct eigenvalues of G with

|
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multiplicity my,ma, ..., my,, respectively. The multiset denoted by Spec(G) and defined as
follows

Spec(G) = (

of eigenvalues of A(G) is called the adjacency spectrum of G, the eigenvalues of G are real with
sum equal to zero.

In this paper, we will consider finite, undirected, simple (without loops and multiple edges) and
connected graphs. We will start with a some important definitions. Let G = (V(G); E(G)) be a
simple connected graph of order n = |V (G)| and size m = |E(G)|. For a vertex v € V(G), we de-
note a set of neighbours of v by N(v), degree. Denoted by deg(v) and defined as deg(v) = |N(v)],
is the number of the vertices adjacent to v. For more details see [7, 8, 29].

Al A2 . An>

mi Mo ... My

The sum geometric arithmetic means matrix of (n,m) graph is defined via its matrix elements
as

deg(u)deg(v) + w, if the vertex u is adjacent to the vertex v

0, otherwise,

Ascam (G) = (ay) = {

where deg(u), deg(v) is degree of the vertex u and v, respectively,[22], and its eigenvalues are
A1, A2, ..., A, then the sum geometric arithmetic means energy of the graph G is defined as

Escam(G) = |Ail,
=1

where \; (i =1,2,...,n) are the eigenvalues of Asgan(G)[22].

The energy of a graph G was defined by I. Gutman in 1978 as the sum of the absolute values
of eigenvalues of G [15]. The concept of graph energy has origin in chemistry which is used to
estimate the total m-electron energy of a molecule. In chemistry the conjugated hydrocarbons can
be represented by a graph called molecular graph whose eigenvalues with respect to adjacency
matrix A(G) represent the energy level of the electron in the molecule. In Hiickel theory the sum
of the energies of all the electrons in a molecule is called the 7-electron energy of a molecule [24].
In spectral graph theory, the energy-like quantities such as Laplacian energy, distance energy,
color energy, color Laplacian energy of a graph etc., are studied in [1, 15, 19, 5].

The concept of color energy was presented by C. Adiga et al. in [1] , P. G. Bhat and S.
D’Souza [5] have studied the color Laplacian energy of a graph. Let G be a colored graph
on n vertices and m edges. The color Laplacian matrix of G is defined as Le(G) = D(G) —
Ac(G)where D(G) = diag(deg(v1),deg(va),...,deg(vy,)) represents the diagonal matrix with
vertex degrees deg(v1),deg(va), . .., deg(vy,) of vy, v, ldots, v, of G and Ac(G), the color matrix.
The eigenvalues p1, u2, ldots, u, of Le(G) are called color Laplacian eigenvalues of the graph G.
If auxiliary color eigenvalues yi,i = 1 : n are defined as yi = p; — 2nm, then color Laplacian
energy of G is defined as Y ;" ; |vil.

In 2013, Aouchiche and Hansen [3]| defined the distance signless Laplacian matrix of a con-
nected graph G as the nn matrix defined by DQ(G) = Tr(G) + D¢, where D¢ is the distance
matrix of G and Tr(G) is the diagonal matrix of vertex transmissions of G. In 2015, Sehge-
halli et al. [27] defined the arithmetic-geometric adjacency matrix (AG matrix) of G, denoted

by Ay = (gij), where g;; = % if viv; € E(G) and 0 otherwise. Also in 2015, E.

Sampathkumar, S. V. Roopa, K. A. Vidya and M. A. Sriraj [24] have introduced the partition
energy of a graph Ep, (G) and computed partition energy of some families of graphs with respect
to a given partition.

In 2016, V. Kaladevi and A. Abinayaa [20] computed the detour distance laplacian energy
of standard graphs. In 2017, B. Sharada, M. 1. Sowaity and I. Gutman, [26] introduced the
Laplacian sum-eccentricity matrix LS, of a graph G, and its Laplacian sum-eccentricity energy

Albaydha University Journal 558



Albaydha University Journal — Vol.(5)-Issue(4) 2023(special Issue of the
Fourth Scientific Conference of Albaydha University)

LS.E=73""1|n| , where n; = (; — 2nm and where (1, (o, ..., (, are the eigenvalues of LS. In
2017, P.G. Bhat and S. D’Souza [6] defined the new concept of color Signless Laplacian energy
LET(G). Tt depends on the underlying graph G and the colors of the vertices. Also in 2017, D.
Nilanjan investigated the eccentricity version of Laplacian energy of a graph G. In 2019, Xin
Guo and Yubin Gao [13] given some lower and upper bounds on arithmetic-geometric radius and
arithmetic-geometric energy. Also in 2019, E. Sampathkumar, S. V. Roopa, K. A. Vidya and M.
A. Sriraj [24] have introduced the concept of partition laplacian energy of a graph [Ep, (G) and
computed partition energy of some families of graphs with respect to a given partition. In 2017,
J.Guo, J. Li,P. Huang and W. Shiu given a combinatorial expression for the fifth coefficient of the
(signless) Laplacian characteristic polynomial of a graph and the first five normalized Laplacian
coefficients. More details on the properties of graph energy can be seen in [14, 16, 17, 18, 21].

2. MAIN RESULTS

3. COEFFICIENTS OF THE CHARACTERISTIC POLYNOMIAL OF THE SUM GEOMETRIC
ARITHMETIC MEANS MATRIX OF SOME GRAPHS

Definition 3.1. [8] A complete graph is a simple graph in which any two vertices are adjacent
and denoted by K, .

Example 3.1. For the complete graph Kz, the characteristic polynomial is A3 — 48\ — 128 =
(A —8)(A+4)2, its clear that cy = 1(coefficient of \3), c1 = trace(Asgan(K3)) =04+0+0 = 0.
co = %tmce(ASGAM(Kg))—clIg)) = %trace(ASGAM(Kg))(ASGAM(K;»,)—O><Ig)) = —%tmce((AgGAM(Kg)Q)

?

2

0 4 4
Asaam(K3)® = |4 0 4
4 4 0
32 16 16
= 16 32 16|,
16 16 32
hence cy = —3(32+ 32+ 32) = —48 ,
0 4 4
Cc3 = —det(ASGAM(Kg) =—14 0 4] =-128.
4 4 0

In general for the complete graph K, the coefficients are that c¢o = 1, ¢; = trace(Asgam (Kn)) =
0+0+4+...40=0,c2 = —%tmce(ASGAM(an) = 2n(n — 1), because Aggan (Kn)*=

4(n —1)3 4n—12%n—-2) ... 4n—-1>2%n—-2) 4(n—1)%*(n—-2)
4(n—1)%(n —2) 4(n —1)3 oo An—=1)2(n—2) 4(n—1)>2n-2)
4n—-1)2n—-2) 4n—-12%n-2) ... 4(n —1)3 4(n —1)%(n —2)

4n—12n—-2) 4n—-12%n-2) ... 4n—-1>2n-2) 4(n —1)3
Hence, ¢y = %trace(A(Kn)Q) =4(n—1)3+4(n—1)3+.. .+4(n—1)% = 1 x4n(n—1)3 = 2n(n—1)3.
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Remark 3.1. ASGAM(Kn)3

8n—1)4n—-2) 8(n—1*+8n—-13n-2)?% ... 8n—-1*+8(n—1)3(n—2)?
8(n—1)4n—-2) 8n—-1*+8n—-13n-2)?% ... 8n—-1*+8(n—1)3(n-2)?
8(n—1)4n—-2) 8(n—1*+8n—-1)3n-2)?2% ... 8n—1*+8(n—1)3(n—2)?

Hence, c3 = %trace(ASGAM(Kn)?’) =8n—1D*n—-2)+8n—-1)*(n—-2)+...+8(n—1)*n—-2)
= 8n(n — 1)*(n — 2). Since By = Asgam (K,)(B1 — c2I) (Farme’s Method), then in this graph
K, we have By = Asgan (Ky)(B1(Ky) — coly,) and because By = ASGAM(Kn)Q, then

By = Ascan(Kn)(Ascan (Kn)? — caAsaan (Kn)T) = Asgan (Kn)® — caAsgan (Kn),

1 1
cg = gtmce(Bg) = g(t?"ace(A(Kn)3 — cotrace(A(Ky,))), trace(A(K,) = 0,

thus .
c3 = 3 (trace(ASGAM(Kn)3),

3.1. The characteristic polynomials method. The characteristic polynomial of a graph
appears explicitly or implicitly in multiple applications. Some of the applications are summarized
as follows [28]

(1) The characteristic polynomial is used in the topological theory of chromaticity, in the
studies on the factorization of graphs, for counting the spanning trees of labeled planar
graphs and for a partial ordering of forests.

(2) The characteristic polynomial is useful in predicting the relative stabilities of conjugated
hydrocarbons and in the fonnulalion of the topological effect on molecular orbitals con-
cept.-

(3) The characteristic polynomial has found application in quantum chemistry, chemical
kinetics, dynamics of oscillatory and useful in areas other than mathematics, physics,
and chemistry, for example, in computer science and biology.

(4) The characteristic polynomial is related to several other graph invariants such as spectral
moments. They are auxiliary functions for counting subgraphs of various kinds belonging
to a given graph. Also for the generator for the characteristic equations of a graph.

Definition 3.2. [7] A complete bipartite graph is a simple bipartite graph with bipartition
(X,Y) in which each vertex of X is joined to each vertex of Y; if | X| =p and |Y| = q, such a
graph is denoted by Kp 4.

The complete bipartite graph K, , has p + q vertices and pq edges. The graph K,

Example 3.2. In the complete bipartiat graph K, 4, the characteristic polynomial is
p+q ’
P(Ep g, ) = X172 (Az - < 2 (VP +pq)> ) )

let y = 59(,/pq + pq), then
p(Kp,q’ )\) — \Pta _ y2>\p+q72_
We note that

2
co=1, ¢1=0, co=—-y°, c3=c4=...=cp_1=0=¢,=0.
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Example 3.3. The characteristic polynomials of the sum geometric arithmetic means matriz
of star graph, denoted by psgam (Kin—1,A) and defined by

o) = (0 (T )
S (T )

= oA+ Clkn_l + CQ/\n_2 + ...+ cCp.

Since ¢; = trace((Asgam(Kin-1)) =0+0+4...4+0 = 0 because every element in diagonal (
a;; = 0) in the sum geometric arithmetic means matriz of star graph.

And
co = Z Aidj,
i#]
where \; and \; are eigenvalues of sum geometric arithmetic means matriz of star graph,
hence co=0Xy+0xy+...+0xy+0x —y+0x —y+...+0x —y+y x —y = —y°.

Example 3.4.

Ascam (K3) =

(NN )
B O
=TGN

the characteristic polynomaial is
A 48N — 128 = (A —8)(\ +4)2
The eigenvalues are
Al =8, =—4 A3 =—4.
The coefficients of the characteristic polynomials are
co=1, ¢ =0=trace(Ascam(K3)),
cr=—48= NA=XAda+ MAz+Aodg =8 x —4+8x —4+ —4x —4=—48,
i#]
c3 = Mg = det(Asgan (K3)) = (—1)% x 8 x —4 x —4 = —128.
Example 3.5.

Ascanm (Kq) =

SO O O
OO D
DHO oD
O OO

the characteristic polynomial is
A —216)% — 1728\ — 3888 = (A — 18)(\ + 6)°.

The eigenvalues are
)\1 = 18,)\2 = —6,)\3 = —6, )\4 = —0.

The coefficients of the characteristic polynomials are
co=1, 1 =0=trace(Asgam(ks)),
o = Z Aidj = M2 + A A3 + Ay + XAz + Aoy + A3y
i#]
= 18X —-6+4+18Xx -6+18x -6+ —-6x%x -6+ —6x -6+ —6 x —6 = —216.

3 = AA2A3 + A1 AoAs + A1 A3Ag + A2 A3
= 18X —-6X—-"64+18Xx—-6X-6+18X—-6x—-6+—-6x—-6x—6=—1728.
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ca = (=1)*MAadsAs = det (Asqan(ka))
= (=1)"x18 x =6 x —6 x —6 = —3888.

i < n) be the eigenvalues of sum geometric arithmetic means

Theorem 3.1. Let \; (1 <

matriz of complete graph K,, then the coefficients of the characteristic polynomial are
(1) C():]
(2 cl = 0

(3
4(n —1)*(n —2)(n — 3))

)
) e2=—4(n—1)*+2(n ~1)°(n - 2)
(43 c3 = (=1 (4(n —1)°(n —2) = 3

Proof. From the characteristic polynomials of sum geometric arithmetic means matrix of com-
plete graph K, and since the eigenvalues of Aggan (K,) are
M=2n—-1)%X=-2n—-1);A3=-2n—1); A= —-2(n—1);...; 0, = —2(n — 1).

We have
1 from the definition of characteristic polynomials of sum geometric arithmetic

(1) co =
means matrix of complete graph K.

(2) Since ¢; = trace(Asgam(Ky)), so
c1=2n—12-2n—-1)(n-1)=2n-1>2*-2(n-1)*=0.

(3) Co = Zi;éj )\i)\j, thus
2 =2n—-12x(=2n—-1)x(n—1)—=2(n—1) x (=2(n — 1)) x (n —2)

—4(n—-1)"4+2(n—-1)>3(n-2).

(4) e3 = (-1)°[4(n — 1)’(n = 2) = 3(n — D*(n — 2)(n - 3)] ;
D VD IP.YY.T SU W

(5) because ¢, = (—1)"det (Ascam(Ky)) = (=)™ ],

O

Theorem 3.2. Let A\;(1 <i < n) be the eigenvalues of sum geometric arithmetic means matrix
of complete bipartite graph K 4, then the coefficients of the characteristic polynomial are

(1) C():]

(2) cl = 0

(3) e = —(B5%/pq + pg)?
(4) C3 =

(5) ¢n =0

Proof. From the the characteristic polynomials of the sum geometric arithmetic means matrix

of complete bipartite graph K, ; is
2
- p+q
psGam (Kpg, A) = APTI72 (AZ B <2(qu +PQ)> ) 7

and since the eigenvalues of Aggan (K, ) are

Pt P+aq
M=o VPatpg) A= VPatpg)i A=A =A== Apag2 = 0.

We have
(1) co=1. It is clear that from the definition of characteristic polynomials of sum geometric
arithmetic means matrix of complete bipartite graph K, .

(2) Since ¢; = trace(Asgam (Kpq), so
c=2n—-12-2n—-1)(n—-1)=2n-12-2(n-1)2=0.
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(3) Since co =, AiAj, thus
ca=2(n—1)?x(=2(n—1) x (n—1) =2(n—1) x (=2(n — 1)) x (n — 2)

= —4(n—-D'+2(n—-1)3(n-2).
(4) Since c3 =", 4 ineqk NiAjAk, thus

c3 = (—1)[4(n —1)°(n —2) — %(n —D*n—2)(n - 3)].

(5) Since Cp = (—1)nd€t (ASGAM(Kp,q)) = (—1)” H?:l )\i = )\1)\2)\3---)%7 as /\3 = )\4 =
As = ... = Aptg—2 = 0, then ¢, = 0.

O

Definition 3.3. [8] A star graph is a complete bipartite graph K, , with |p| =1 or |q| = 1,
denoted by Ky ,—1 i.e. A star graph is simple bipartite graph with bipartition (X,Y’) in which
each vertex of X is joined to each vertex of Y; if |X| =1 and |Y| = n — 1, such a graph is
denoted by K1 1.

Theorem 3.3. Let \; (1 < i < n) be the eigenvalues of the sum geometric arithmetic means
matriz of star graph Ky ,—1, then the coefficients of the characteristic polynomial are

(1) Co—]

(2) Ccl = 0

(3) co=—(5vn—1+4(n— 1))?
(4) C3 = 0

(5) cn =

Proof. From the characteristic polynomials of the sum geometric arithmetic means matrix of
star graph Ki,_1 is

pscan (K1n-1,\) = A" 72 (AZ - (gm+ (n — 1)2))
and since the eigenvalues of Aggan(K1n—1) are
M= =A3=...= Ao =0; An_q = (gm+(n—1));An = 1 = —(g\/m—i—(n—l)).
We have

(1) ¢ = 0 from the definition of characteristic polynomials of sum geometric arithmetic
means matrix of star graph K ,_1.
(2) Since ¢; = trace(Asgam(Kpq), so

c=2n-12-2n-1)(n-1)=2n-12-2(n-12=0.
(3) Since co = Z#j AiAj, and because A\j = Ag = A3 = ... = A\, = 0, thus
C9 :O—f-)\n,l X )\n

- (%ﬁ+ (n—1)) x (—gm - —(gM+ (n— 1))

(4) Since c3 = Zi#neqk AidjAg,and as Ay =X =A3=... = X2 =0, s0
C3 — 0.
(5) Since Cp = (—1)nd€t (ASGAM(Kp,q)) = (—1)” H?:l )\i = /\1)\2)\3. ..)\n, as /\3 = )\4 =
As =...= X, =0, then ¢, = 0.

O

Definition 3.4. [10] The crown graph Sg on 2p wertices for an integer p > 2 is the graph with
vertex set {ui,ug, ..., up,v1,v2,...,0p} and edge set {u;v; : 1 <1i,j <p,i# j}. Sg is therefore
equivalent to the complete bipartite graph K, , with horizontal edges removed.
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Theorem 3.4. Let \;(1 < i < n be the eigenvalues of f the sum geometric arithmetic means
matriz of crown graph Sg) , then the coefficients of the characteristic polynomial are

(1) C():]

(=1)P2%(p —1)°p.

Proof. From the characteristic polynomials of the sum geometric arithmetic means matrix of
crown graph 52 is and since the eigenvalues of Agga M(Sg) are

M =2p-1D% = -20-D5N =M= s=...= M1 = 20— 1), \pr2Api3 = ... = Agp = —2(p—1).
We have

(1) co=1 . Clearly, it follows from the definition of characteristic polynomials of the sum
geometric arithmetic means matrix of crown graph Sg .

(2) Since ¢1 = trace(Asgan(Sy), so
a=2p-1°-20-Dp-1)=20p-1)°>-2(p-1)°>=0.
(3) c2 =2 ;2 AiAj, thus
e =2(p—1)"x(=2(p—1)) x (p—1)=2(p—1) x (=2(p—1)) x (p—2) = —4(p—1)* +2(p—1)*(p—2).
(4) Since c3 = Zi#neqk AidjAg,and as Ay = A= A3 =...=X,_2 =0, s0
cg = 0.
(5) Since

2p
Cop = (_1)2pd€t(ASG’AM(S}9)> = (—1)2pH)\;k
=1

= 2(p—1*x —2(p—-12x2p—1x(p—1)x —2(p—1) x (p— 1),
then ¢y, = (—1)P2%(p — 1)%.

3.2. The inverse of the sum geometric arithmetic means matrix of some graphs.

Definition 3.5. [11] If a matriz B such that AB = BA = I,, exists, then it is unique, and it
is called the inverse of A. The matriz B is also denoted by A™'. An invertible matriz is also
called a nonsingular matriz, and a matriz that is not invertible is called a singular matriz.

Example 3.6. In the complete graph K3, the inverse of the sum geometric arithmetic means

matriz of Asgam (K3), denoted by A;éAM(Kg) 1s equal to
1 1 1
PR
PS4
8 8 8

Example 3.7. In the complete graph Ky, the inverse of the sum geometric arithmetic means
matriz of Asgam (K1), denoted by Agh s, (K1) is equal to

L 1 1L 1
AR
B9k
B
8 18 18 9
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Example 3.8. In the complete graph K5, the inverse of the sum geometric arithmetic means
matriz of Asgam (Ks), is

_3 1 1 1 1
32 2B R
—1 _ 1 1 1
Aggan(Ks) = w o® mom R
32 32 32 32 32

Example 3.9. In the complete graph Ks, the inverse of the sum geometric arithmetic means
matriz of Asgam (Ks), is

3 1 1 1 1
32 3?3 33 312 312

? T 32 ﬁg) 32 32

-1 _ 1 1 1
ASGAM<K5)_ ? ? _1372 3723 ?
32 32 32 32 32

Example 3.10. In the complete graph Kg, the inverse of the sum geometric arithmetic means
matriz of Asgam (Ks), is

2 1 1 1 1 1
FAC R O O
L GO A
scan (Ke) = ? ? fS _502 ? ?
Ty Y OE N
O U R
50 50 50 50 50 25

Example 3.11. In the complete graph K7, we have the inverse of the sum geometric arithmetic
means matriz of Asgan (K7), denoted by AE&AM(IG) and equal to

-5 i i 1 1 1 1
PO A B A
PP R oRo7R
A O T B A
712 712 712 712 712 172725
2 72 T2 T2 72 T2 T2

Example 3.12. For the complete graph K,,, the inverse of the sum geometric- arithmetic means
matriz of Asgam (Kn), denoted by Ag s (Kn) and is equal to

__n=2 1 1 1 1 1 1 1
2(7}—1)2 _2(717:71)22 2(7‘LI1)2 2(n;1)2 2(n;1)2 2(nII)2 2(nI1)2 2(nI1)2
2(71;1)2 2(7{—1)2 _2(7171—_%2 2(nII)2 2(n11)2 2(nfl)2 2(71;1)2 Q(TLII)2
2(n;1)2 2(nII)2 2(q—1)2 f(n;ﬁ%Q 2(n;1)2 2(nII)2 2(nI1)2 2(7LII)2
2(n—1)2 2(n—1)2 2(n—1)2 2(n—1)2 2(n—1)2 2(n—1)2 2(n—1)2 2(n—1)2

1 1 1 1 n—2 1 1 1
2(n;1)2 2(71;1)2 2(TLI1)2 2(n;1)2 ) 2(n—1)2 _2(n—3)22 2(nI1)2 2(nI1)2
2(71;1)2 2(11;1)2 2(71;1)2 2(n;1)2 2(nII)2 2(n—1)? 2(717:_1)22 Q(TLII)2
2(n;1)2 2(nIl)2 2(nI1)2 2(n;1)2 2(n—1)2 ) 2(n—1)2 2(7}—1)2 2(”;})2

2(n—1)2 2(n—1)2 2(n—1)2 2(n—1)2 2(n—1)2 2(n—1)2 2(n—1)2 T 2(n—1)2
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Example 3.13. In the crown graph SS , the inverse of the sum geometric arithmetic means
matriz of Asgam(S3), denoted by Agh 4,,(S9) and is equal to

O O O
o= O O
O OO
O O Oni

o)
( o)) ASGAM(K2) , where Oy denotes to the

-1

kASGAM(KQ) Oy

zero matrix of order 2 Ag(l;AM(Kg) denotes to the inverse of the sum geometric arithmetic
means matriz of Asgan (K2).

Lo -1 0y _
and we can write it as Agg ,,,(53) =

Example 3.14. In the crown graph S3, the inverse of the sum geometric arithmetic means
matriz of Asgam(SY), denoted by Agh 41, (SS) and equal to

0 0 0 —?1 i %
0 0 0 5 F 3
A .
0o 0 0 & 5 =
8 8 8
= 5 5 0 0 0 [’
8
a3 i g 0 o
SO G
s 3§ =% 0 0 0
» \
and we can write it as ASGAM 5'3 ( Asqan(Ks) , where O3 denotes to the
SGAM (K33) O3
zero matrix of order 3 ASGAM( ) denotes to the inverse of the sum geometric arithmetic

means matrix of ASGAM(Kg)

Example 3.15. In the crown graph S, the inverse of the sum geometric arithmetic means
matriz of Asgam(SY), denoted by Agh 4,,(SY) and is equal to

0 0 0 0 —?1 S
0 0 0 0 & F & =
s 9 1§ 18
0 0 0 0 % % % 1z
s B 9 1§
o 0o o0 o0 £ &£ &
Sy, 5, B I8 18 79 7
T EE ) 00
is 9 1§ g8 0 0 0 O
I T B
R 0O 0 0 0
is i§ i8s 9 O 0 0 O
Aglan (K \
and we can write it as ASGAM S9) = ( scan (K1) , where O4 denotes to the
k SGAM (K4) Os
zero matrix of order 4 ASGAM(K4) denotes to the inverse of the sum geometric arithmetic

means matriz of ASGAM(K4)
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Example 3.16. For the crown graph Sg , the inverse of the sum geometric arithmetic means
matriz of Asqan(Sy), denoted by AEéAM(Sg) and is equal to

_ p=2 1 1 1
0 0 0 0 -1 WA AP - 1°
0 0 0 0 AP T EpIP 2 Ip 21)?
0 0 0 0 AP W ol 1)°
0 0 0 0 T T 51
0 0 0 0 W17 307 Hp1P -1
2 1 1 1 : : ,
R ey R ey S 0 0 0 0
1 __p=2 1 - 1 0 0 0 0
2(p—1)2 2(p-1)2  2(p-1)? 2(p—1)2
1 p=2 . _1 0 0 0 0
2(p—1)? 2(p—1)? 2(p—1)2 2(p—1)2
1 1 1 e 0 0 0 0
2(13;1)2 2(10;1)2 2(10;1)2 2(17;_1%2 :
%17 -7 WG-? T Tapr iV 0 0 0
. \
and we can write it as AgéAM(Sg) = ( On AscanKn) , where Oy, denotes to
kAséAmKn) On )

the zero matrix of order n, A;éAM(Kn) denotes to the inverse of the sum geometric arithmetic
means matriz of Ascan (Kn).

Remark 3.2. The inverse of the sum geometric arithmetic matriz of the complete bipartite graph
Ascanm (Kpq) does not exist because it has zero eigenvalues ( from theorem in linear algebra)(A
square matriz A is invertible if and only if A =0 is not an eigenvalue of A )[2].

Remark 3.3. The inverse of the sum geometric arithmetic matriz of the star graph Asgan (k1,n—1)
does not ezist because it has zero eigenvalues ( from theorem in linear algebra)(A square matriz
A is invertible if and only if X = 0 is not an eigenvalue of A )[2].

3.3. The eigenvalues of power of the sum geometric arithmetic means matrix of
some graphs. In this section, we find the eigenvalues of power of the sum geometric arithmetic
means matrix of some graphs

Definition 3.6. [2] If A is square matriz we define Al = A, A? = AA A3 = A2A = AAA A" =
AVTA = AA--- AA  (nfactors).

Example 3.17. The eigenvalues of Asganm (K3)P are

8P, 4P, 4P

Example 3.18. The eigenvalues of Asganm (K4)P are
187, —6P, —GP, —6P

Example 3.19. The eigenvalues of Asganm (Ks)P are
32p —8P 8P 8P

Remark 3.4. In linear algebra we have important property of eigenvalues which is if A1, Az, ..., Ap
are the eigenvalues of A, and if g(A) is polynomial of any matriz A(q(A) = A¥), then the eigen-
values of q(A) are q(A1), q(X2), ..., q(Mn) or A%, X%, A [2]

Theorem 3.5. The eigenvalues of Asgan (Kn)* are 2F(n—1)2%, (=2)F(n —1)k(n—1) (times).

Proof. Since the eigenvalues of Asgan (k) are 2(n—1)2, —2(n — 1)(n — 1)(times) and by using
the remark 3.4, we get the result. O
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Theorem 3.6. The eigenvalues of Asgan (Kpq)* are 2P(n—1)%, (=2)P(n—1)P(n—1) (times).

Proof. Since the eigenvalues of Aggans(kn) are 2(n —1)%, —=2(n —1)(n — 1)(times) and by using
the remark 3.4, we get the result. (Il

Theorem 3.7. The eigenvalues of Ascan (K1n—1)F are 2P(n—1)%P, (=2)P(n—1)P(n—1) (times).

Proof. Since the eigenvalues of Aggan (kn) are 2(n —1)2, —2(n — 1)(n — 1)(times) and by using
the remark 3.4, we get the result. O

Theorem 3.8. The eigenvalues of ASGAM(SS)k are 2P(n — 1), (=2)P(n — 1)P(n — 1) (times).

Proof. Since the eigenvalues of Asgan(Sy) are 2(n—1)%, =2(n—1)(n—1)(times) and by using
the remark 3.4, we get the result. (I
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