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Abstract

In this work,, we consider the following nonlinear elliptic unilateral equations of the type
Au+guVu)=f in 0

where Au is an operator of Leray-Lions type acting from Wol’ﬁ into its dual define by

N
0
Au = —2 —a;(x,u,Vu)
4 axi

i=
and the function g (x, u, Vu) is a nonlinear lower order term with natural growth with respect to |Vu/|, satisfying
the sign condition in an anisotropic Sobolev space, and we will prove the existence of entropy solutions for our

unilateral problem, where f belongs to L ().
key words : Anisotropic Sobolev spaces, Nonlinear elliptic unilateral problem, Entropy solutions.
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1 Introduction

Let Q be a bounded open subset of IRY (N > 2). Boccardo and Gallouét
have considered in [14] the elliptic problem

diva(z,u,Vu) = f in Q,
u= 0 on 01},

where f is a bounded Radon measure on ). They have proved the
existence of solutions u € W;?(Q) forall 1 <q < q= stfp 711). Also,
they have proved some regularity results. In [11], Boccardo has studied
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the existence of entropy solutions for the quasilinear elliptic problem of
the type

{ —diva(z,u,Vu) = f —dive(u) in €,

u=10 on 0f), (L.1)

with f € L'(Q2) and ¢(-) € C°(IR, IR"). He has proved the existence and
some regularity of solutions. The most studied problems were involved
in the p-Laplace operators

Apu = div (|Vu|p*2 Vu), (1.2)

with p constant, where the authors have proved the existence of solu-
tions for some nonlinear elliptic unilateral problems in Sobolev spaces.
(see for example [13}[19]).

In the framework of Orlicz Sobolev spaces, Aharouch and Bennouna
have treated the quasilinear elliptic unilateral problem

{—div (a(z,Vu))=f in Q,

u= 0 on 012, (1.3)

where f € L'(€Q). They have proved the existence and uniqueness of

entropy solutions W, L;(£2) without any restriction on the N —function

M of the Orlicz spaces (i.e. without assuming As-condition), we refer

also to , for more details.

Bendahmane and Wittbold have studied in []g[] the existence and

uniqueness solution for the quasilinear elliptic equation

{ —div (|Vu[f'"?Vu) = f in (1.4)

u= 0 on 01,

in the Sobolev spaces with variable exponents, where the right-hand

side f € L'(Q) and the exponent p(-) : Q + (1,400) is continuous,
for more related results we refer to |§|,.

Recently, the anisotropic Sobolev spaces have attracted the attention
of many scientists and researchers (see. [7[18,21]), this impulse mainly
comes from their physical applications in the processes of image restora-
tion, flows of electro-rheological fluids and thermistor problem.

M. AL-hawmi, E.Azroul, H. Hjiaj and A.Touzani have studied in [2] the
existence of entropy solutions for some anisotropic quasilinear elliptic
unilateral problems

{ Au=p— div ¢(u) in €,

u= 0 on 0. (1.5)
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where Au is an operator of Leray-Lions type acting from W, d (Q) into
its dual define by

Y9
Au = — Z a—xiai(x, u, Vu),
i=1

where ¢(-) € C°(R,IRY), and pu = f — div F such that f € L(Q)
N
and F € HL”;(Q).

i=1

AL-hawmi, A. Benkirane, H. Hjiaj and A. Touzani have studied in
the existence and uniqueness of Entropy Solutions for some Nonlinear
Elliptic Unilateral Problems

Au=f in Q,
{ u= 0 on S, (1.6)

in Musielak-Orlicz-Sobolev spaces, where f € L'(Q) and A : D(A) C
Wy L,(Q2) = WL, () is the Leray-Lions operator defined as:

A(u) = —div a(z, Vu),

In this paper, we will prove the existence of entropy solutions for non-
linear anisotropic unilateral elliptic problem of the type

{ Au+ g(z,u,Vu)=f in €Q

u= 0 on Of). (1.7)

where Au is an operator of Leray-Lions type acting from W, P (Q)
N
0
into its dual define by Au = — Z —a;(x,u, Vu) and the function
i=1 O

g(z,u,Vu) is a non linear lower order term with natural growth with
respect to |Vu| satisfying the sign condition, that is g(z, u, Vu)u > 0.

This paper is organized as follows. In section 2 we recall some defi-
nitions and basic properties concerning the anisotropic Sobolev spaces.
We introduce in section 3 the assumptions on a;(z, s,§), and g(z, s,§),
for which our problem has at least one solution. Section 4 i s
devoted to show the existence of entropy solutions for our anisotropic
nonilinear elliptic unilateral problem ([1.7)).

2 Preliminary

Let  be an open bounded domain in IRY (N > 2) with boundary 9.
Let po,p1,...,pn be N + 1 exponents, with 1 < p; < oo for i =
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0,1,..., N. We denote

ou
5’@-

ﬁ:<p0;p1;---,pN>7 D% =u and D'y =

We set
Q:min{po,pl,pQ,...,pN} then p>1 (2.1)

The anisotropic Sobolev space WP(Q) is defined as follows
WY (Q) = {u e LP?(Q) and Diue LP(Q) for i=1,2,...,N}

endowed with the norm
N
lulliz =Y 1 Dull 1ri(e). (2.2)
i=0

The space (W'P(Q), |lull15) is a separable and reflexive Banach space
(f 1)) q

We define also W, 7 () as the closure of C°(2) in W#(Q) with respect
to the norm ([2.2)).

Now, we will present some important compacts embedding,

Lemma I: Let © be a bounded open set in IRY, then the follow-
ing embedding are compact

oif p < N then WiP(Q) —— LI(Q) Vq € [p,p*[, where

1
N

|
RS 1=

o if p=N then Wy?(Q) —— LIQ) Vg € [p, +o0],

o if p> N then WyP(Q) < L®(Q) N CQ).

The proof of this lemma follows from the fact that the embedding

Wy P(Q) < VVO1 £(Q) is continuous, and in view of the compact embed-
ding theorem for Sobolev spaces.

Definition 2.1. Let k > 0, we consider the truncation function Tj(-) :
R — IR, given by

and we define

THP(Q) := {u : Q = R measurable, such that Ty(u) € W P(Q) for any k > 0}.
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Proposition 2.1. Letu € 7(')1’5(9), fori=1,...,N, there exists a
unique measurable function v; : Q — IR such that

D'Ty.(u) = v X{juj<k}  a.e. in Q, forany k>0,

where xa denotes the characteristic function of a measurable set A.
The functions v; are called the weak partial derivatives of u and are
still denoted Du. Moreover, if u belongs to Wol’l(Q), then v; coincides
with the standard distributional derivatives of u, that is v; = D'u.

The proof follows the usual techniques developed in for the case
of Sobolev spaces.
For more details concerning the anisotropic Sobolev spaces, we refer

the reader to and .

3 Essential assumptions

Let Q be a bounded open subset of IRY (N > 2), we assume that the
vector p'= (po, 1, - - - , pnv) satisfying the requirements that 1 < p; < 0o
fori=0,1,..., N.

Taking 1/ as a measurable function on € with values in IR, such that

Wt e WeP(Q) N L=(Q).
We define the convex subset K, by
Ky ={veWy?(Q) suchthat v >4 ae in Q}.

We consider a Leray-Lions operator A : WoP(Q) — W17 (Q) given
by

N
Au = — Z D'a;(x,u, Vu)
i=1

where a; : Q x IR x IRV —— IR are Carathéodory functions, for i =
1,..., N, (measurable with respect to x in € for every (s, ) in IR x RN
and continuous with respect to (s,€) in IR x IRY for almost every z in
), which satisfy the following conditions:

lai(z,5,8)| < Ri(z) + s+ |&P7Y)  for i=1,...,N, (3.1)

(CLi<LU, 575) - ai(‘rv 878))(& - 5:) > 07 for 5@ % 5; (32)
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There exist d(z) in L'(Q2) and a strictly positive constant o such that,
for some fixed element vy in K, N E>(§2)

a’i(xv Sv£>(§ - VUO> > U|£Z P —

for a.e. z € Qand all (s,€) € Rx RY, where R;(x) is a nonnegative
function lying in L7 (Q) and o > 0.
The nonlinear term g(x, s, &) is a Carathéodory function which satisfies

d(x) for i1=1,...,N, (3.3)

g(r,s,8§)s > 0, (3.4)

9@, 5,)| < b(|s]) (e +Z|£z

, (3.5)

with b : IRt — IR" is a continuous, nondecreasing growth function
and ¢:Q — IR such that ce L'Y(Q).

We consider the anisotropic quasilinear elliptic unilateral problem

Au+ g(z,u,Vu)=f in Q,
{ u= 0 on Of). (3.6)

where
fe L), (3.7)

Now, we recall some important Lemmas useful to prove our main result.

Lemma II:(see [17], Theorem 13.47 page 216) Let (u,), be a sequence
in LY(Q) and u € L*(Q) such that

(i) u, — wae. in Q,

(ii) u, >0 and u > 0 a.e. in £,
(iii) / Uy, dz — / udz,

Q Q
then u, — u in L*(Q).

Lemma III:(see. [7] page 6) Assumlng that (3.1) — hold, and
let (u)nerv be a sequence in Wy (Q) such that u,, — u in Wo (Q) and

N
Z/ <ai(x,un, Vu,) — a;i(z, uny, Vu)) (D'u,, — D'u) dx — 0,
i=1 7

B, (3.8)
then u,, — u in W, 7(Q) for a subsequence.
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4 Main results.

Theorem 4.1. Assuming that (3.1) — (3.5) and (3.7) hold. Then there
exists at least one solution of the following unilateral problem,

u € 761’5((2), u>1 ae in Q, g(r,u,Vu)e LY(Q)

N .
; /Q a;(z, u, Vu)D'Tj,(u — v) dz + /Qg(:uu, Vu)Ty(u —v) do < /Qka(u ) da,

forany v e Ky,NL>®(), Vk>D0.
(4.1)

Our objective is to prove the following existence theorem.

4.1 Proof of Theorem 4.1

Step 1: Approximate problems.

Let (fn)new be a sequence in W‘l’ﬁ(Q) N LY(Q) such that f, — f in
LY Q) and |f,| < |f| (for example f,, = T,,(f)). We consider approxi-
mate problem.

(

un € Kw,

Z/aZ x, T (uy,), Vu,) D' (u, — v) d:l:—l—/gn(x T (uy), V) (u, —v)dz

7

for any v € Ky, and g, (x, T,,(s), &) =

(4.2)
gz, 5,)
T Lol s g @7 ) €)=

0, lgn(z,5,8)| < lg(z,s,&)| and |g,(z,Tn(s),&)] < n. We define the
operators A, and G, acted from W, 7(Q) into its dual W17 () by
N

(Ayu,v) = Z/ﬂai(x,Tn(u), Vu)D'vdx and (G, u, v) = / g(x, T, (u), Vu) D'vdx

Q

Yu,v € WyP(Q),

Lemma IV : The operator B, = A,+G,, from W, ?(Q) into W_LI;'(Q)
is pseudo-monotone. Moreover, B, is coercive in the following sense:
The bounded operator B, = A,+G,, acted from W, ?(£2) into W17 (1)
is pseudo-monotone. Moreover, B,, is coercive in the following sense :
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there exists vy € K such that

(B,v,v — vg)

— 00 as  |v|lip— o0 for wve Ky.
[vll5

Proof of Lemma IV :

Using the Hélder’s inequality and the growth condition , we can
show that the operator A, is bounded and by we conclude that
B,, is bounded. For the coercivity, let vy € Ky, for any v € K, we have

N
(Apv,v — vy = Z/ ai(z, T, (v), Vv)(D'v — V) d
— Ja
N
> UZ/ |Dw|Pi dz + C,
i=0 /9
N
> U/Z/ |D'v
i=0 /&

pi d.T

with ¢/ = min(o, C}). and

(Gpo,v) = gn(z, T,,(v), Vo)v dx
Q
L gu Tul0). W),
< ([ ol o), T+ 1)
{2 1

< (npgmeas(Q) +1)7
< Oy

\pi

(4.3)

UHLﬁ

UHl,ﬁ

vl|1p

(Gpv,vo) = Gn (2, T, (v), V) D'y dx:

WE
S—

1

7
N

> ( g (2, Ty (v), V)P dw)plz

i=1 Q

gcgi(/

i=1 Q

DiUO“pi

IN

1
CynPi(c(x)Pi + | Div|P)) da:) "

vo |1
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(Bav,v —vo)  (Apv,v—wvp) | (Gpv,v — v0)

Wy vl lolls7
Collv||1 5
|D’v|pl de + ——2=
uvnlpiZ/ by 49
lvoll 1.5 4
~Ci °||1PZ(/04|M2(C( e+ Do) de) T — oo,
Lr o /0

as ||v]j17 — 0o. On the other hand, we have then, we obtain

(Bnv, v — vo)

— +oo if ||v]j1 7 — +o0.
[v]l15

It remains to show that B, is pseudo-monotone. Let (ug)kenv be a
sequence in W, ?(Q) such that

u, —=u in WyP(Q),

Bhuy — x in W=L7(Q), (4.5)
lim sup(Bpug, ug) < (X, ).
k—o0

We will prove that
X =Bou and (Byug,ux) — (x,u) as k — +oo.
Firstly, since Wol’ﬁ(')(Q) —<— [2(Q), then

up — u in L2(Q)  for a subsequence denoted again (uy)gev-

As (up)gerv is a bounded sequence in WyP(Q), then by the growth
condition (a;(z, T}, (ug), Vug)) ke is bounded in LPi(S2).
Therefore there exists a functiony; € LPi(Q) such that

ai(x, Tp(ug), Vug) — ¢; in - LPi(Q) as k — oco. (4.6)

Similarly, it is easy to see that (g, (z, T (ux), Vug))rev is bounded in
L (Q), then there exists a function v, € L¥ (Q) such that

gn(@, Tn(ug), V) = ¢, in LE(Q) as k — oo. (4.7)
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Finally, since ux — u in LE(Q2), by using the Lebesgue dominated con-
vergence theorem, we deduce that: It is clear that, for allv € Wy (),

we get
(x,v) = lim (B,ug,v)
k—o0 N
= lim Z/ ai(z, T, (ug), Vup)D'v dx + lim | g, (z, T,,(ur,), Vug)v dx

=1

N
:Z/gpi Divdx+/wnvdm.
— Ja Q

From relations (4.5) and (4.8)), we have

(4.8)

N
lim sup(B,,(ug), ug) = limsup { 2/ ai(z, Ty (ur,), Vug) D'uy, dx + /
T Ja

k—o0 k—o0 i— (9]

. —
gZ/Qgpi Diudx—{—/gwnuda:da:.
i=1

(4.9)
Thanks to (4.7)), we have
/gn(x,Tn(uk),Vuk)uk dx — / Ypu de. (4.10)
Q Q

Therefore
N

N
limsupZ/ai(x,Tn(uk),Vuk)Diuk dr < Z/% D'udx. (4.11)
Q — Ja

k—o0 i—1

On the other hand, by (3.3), we get

3 /Q (as(2, To(un), V) — as(z, To(ux), V) (Diux — Di) da > 0,

(4.12)
then

N

Z/ai(x,Tn(uk),Vuk)Diuk dx
Q

=1

N
> Z/Qai(:v,Tn(uk),Vuk)Diu dx
i=1

N
+ Z /Q ai(z, T, (ur,), Vu)(D'up — D'u) dx.
i=1

gn(x7 Tn(“k)7 Vuk)uk d.r}
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In view of Lebesgue dominated convergence theorem, we have T, (uy) —
T, (u) in LP(Q) then a;(z, T, (ug), Vu) — ai(x, T, (u), Vu) in LPi(S2),
and by (4.6), we get

k—o0

N N
lim ian/ ai(z, T, (ug), Vug) D'uy, do > Z/ ©; D'u da.
i=1 Y i=1 Y&

This implies by using (4.11]) that
N

N
lim ) / a;(x, T, (ur), Vup) D'uy dv = Y [ ¢ D'ude.  (4.13)
Q

k—o00 4

i=1 i=1 79
According to (4.8]), (4.10) and (4.13]), we obtain
(Bpug, ur) — (x,u) as k — +oo.
Now, by (4.13]) we can prove that

N

lim 3 /Q (a(, To(un), V) — as(z, To(ug), Va) (D'ux — Dit) d = 0.

koo £—
and so, by vertue of Lemma III , we get
up, — u in Wa?(Q)  and  D'uy — D'u a.e. in €,
then
a;(z, Ty (ug), Vug) — a;(x, T,,(u), Vu) in LP(Q) for i=1,...,N
and
gn(z, T (ur), Vug) = gn(z, Tn(u), Vu) in  LPo(Q),

which implies that x = B,u, there exists at least one solution u, €
VVO1 () of the anisotropic nonlinear elliptic unilateral problem 1}
(cf. [20], Theorem 8.1 page 131).

Step 2: A priori estimates.

In this step, we will prove an uniform estimate for the truncated solution
Tio(uy). Let kl[vo]|os and let @r(s) = se™, where v = (2%)2_ 1t is well

known that, 0
, b(k)

or(s) — T\gok(s)\ > -, VseR. (4.14)

N | —
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Taking v = u, — neg(T;(u, —vo)(n = e”lz) as test function in (4.2)),
where | = k + ||v||o0, We obtain

Z /Q ai(l‘v Tn(“ﬂ): VUH)DZTZOJJH - UO)QO;c(Tl(un - UO)) dx + /an(l‘, Tn(“ﬂ): VUN)SDk(Tl(un - UO))

S/anWk(Tl(Un—Uo))diﬁ-

(4.15)
Since gn(z, T (un), V) ok (T (u, — v9)) > 0 on the subset {z € Q :
|un(x)| > Kk}, then

N

Z/ a;(z, T, (uy), Vun)Di(un — Uo)go;g(Tl(un — 1)) dx
i=1 7 {un—vo|<U}

< / ‘g<x>Tn(un)> V’Um)HSOk(T’l(Un - UO))|d$+/ fn@k(ﬂ(un - UD)) dz .
{lun|<k} Q
(4.16)
By using (3.1)), (3.5)) and the fact that {x € Q, Ju,(z)] <k Cz € Q: |u, —vo| <},
we get

N N
> / | D [P dar <) / | DT (uy) P da < 205, (4.17)
i=1 Y {lun—vo|<l} i Y Q

where (Y, is a positive constant depending on k£ and we obtain

1Tk (un )15 < Ch,

where € is positive constant that does not depend on n. Thus, the
sequence (Tj(uy,)), is bounded in WyP(Q) uniformly in n, then there
exists a subsequence still denoted (Ty(u,))nenw and a function vy €

W, P(Q) such that

{Tk(un)évk weakly in - Wy7(Q), (4.18)

Ty(un) = v strongly in  L2(Q) and a.ein €.

On the other hand, thanks to (4.17) and Poincaré inequality, we have
N
VTl =3 [ 1DTi )l ds
ZEI
< Z/ | DTy (uy,)
i=1 /9

(4.19)

P dz + NIQ| < Cok.
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Therefore, there exists a constant C5 that does not depend on k£ and n,
such that )
VT (un)|lp, < Cok? for k>1,

and we obtain

k meas{|u,| > k} = / [T (uy,)| dx < / | Ty (uy)| da
{lun|>k} Q

< N 1T ()l (4.20)
< CIVTi(un)|lp

1
S C3k27
which yields

meas{|u,| > k} < Cy3 — 0 as k— oo (4.21)

1—-1

k]

Now, we will show that the sequence (u,), is a Cauchy sequence in
measure. Indeed, we have for every ¢ > 0,

meas{ |t —Uy,| > 0} < meas{|u,| > k}+meas{|u,,| > k}+meas{| Ty (un) =Tk (um)| > 0}.

Let € > 0, in view of (4.21)) we may choose k = k(e) large enough such
that

meas{|u,| > k} < % and  meas{|upn| > k} <

Moreover, thanks to (4.18) we have

(4.22)

Wl M

Ti(up) — me  in L2(Q) and a.e. in €.

Thus (7% (un))nen is a Cauchy sequence in measure, and for any k > 0
and §,e > 0, there exists ng = ng(k, d,¢) such that

meas{|Ti(un) — T ()| > 6} < g for all m,n > ny(k,d,¢).
(4.23)

By combining (4.22)) and (4.23)), we conclude that : for all d,¢ > 0,
there exists ng = ny(0, €) such that

meas{|u, — u,| >0} <e for any m,m > ny.

It follows that (u,), is a Cauchy sequence in measure, then converges
almost everywhere, for a subsequence, to some measurable function w.
Thanks to (4.18]) we obtain

{Tk(un)éTk(u) in WlP(Q),

Ti(up) = Tp(uw) in LP(Q) and a.e. in €. (4.24)
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Step 3: Almost everywhere convergence of the gradient.

We fix k > ||vo]|oo, and let wy, , = Tog(wn — vo — Th(tyn — vo) + Tk (un) —
Ti(w)) and wy, = Top(u—vo — Ty (u —vy), with h > 2k. For n = e(~41%*),
we define the following function as

Up = Un — NPk (Wnp)

Now, taking v, ; as test function in (4.1)), we get

/a(:): Upy Vi)V 0y (Wnp) dx—i—/gn(a: Up,y, Vg )k (wn ) d
Q

/ fn()pk: Wn, h
(4.25)

Note that, Vw, , > 0 on the set where |un| > h+ 5k, therefore, setting
m = 5k + h, and denoting in the sequel by €;(n) i =1, 2,... a various
functions of real numbers which converges to 0 as n tends to infinity
for any fixed value of h. By virtue of , sinceu,, — u a.e. in €2 and
the fact that g,(x, u,, Vu,)or(wn ) > 0 on the setx € Q, |u,(x)| > E,
we can write

/ a(z, Trn(un), VT (un)) Vi n@h (wnn) do + / g(x, T (), VI (un))pr(wnn) de
Q {lun|<k}

S/anSOk(Wh) dx + &5, (n).

(4.26)
Splitting the first integral on the left hand side of (4.26)) where |u,| < k
and |u,| > k, we have

/Q a(z, T (un), VI (un))Vwn n@h (wnn)) d
- /{| . a(z, T (tn), Vi (un)) D'l (wp i) da (4.27)

+ a(z, Trn(un), VI (un)) V@ (wnn) da.
{lun|>k}
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On the one hand, we get
/Qa(x,Tm(un), VT (un)) (D' Ty (uy) — DTy (w)) @) (Wi p ) d
> /Q(a(fﬁ,Tk(un), VT (un)) = a(z, T(un), VIi(w))) (D' Ti(un) — D' Ti(u))¢f (wn,n)

—) (2k) /{| . o(x)) dx + i (n).

(4.28)
We now turn to the second term of the left hand side of (4.26)), using
(3.5)), we have

an(fE,Tn(un),Vun)wk(wn,h) dx| < b(k)/Q(C(fﬁ) +;|DiTk(un)|pi|¢k(wmh)|)de
b(k)

< b(k) / c@lorennl e+ [ of@)lpntwn)] do

Z/ z, T (uy), VT (w)) Vool or(wnp)| da.
- (4.29)

‘ / (2 T (1), Vi) (c0n) dt
|un | <K}

< Z /Q (a:(z, Ty (un), VTi(un)) — ai(z, Te(un), V() (D'Tk (un) — DTi(w))|or(wn)| da

<) [ cllntonnlde +20 [ o@iorn)l do

Q
—%k)/ hi,Vuo|pr(wh)| d:c—i—é?l(n).
Q

Combining (4.28)), (4.29) and (4.30)), we obtain

Z /Q (ai(z, Ty(un), VT (un)) — ai(x, Te(un), V(1)) (D' Ty (un) — D'Tk(u))

i) = “Danillontonnl de - <88) [ colononnlde +22 [ ata)lpntn)] ds

S [ Tulonon do+ [ f)pnten) do+ el

g

(4.30)

(4.31)
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, hence the

N —

/ b(k
By (1.14) we have (g} (u) — 2 gy ()] >
monotonicity (3.2) gives

Z /Q(ai(x,Tk(un), VTi(un)) — ai(z, Te(un), V() (DT (un) — DT (u)) dz:

< 20(0) | ela)louen)] d LU [ oot ds
—ﬂ@KﬁAWWM%”m+?Aﬂ@%WUW+£W>

g

(4.32)
Then, by letting h and n goes to infinity in (4.32)), we get

N
Z/(ai(x,Tk(un), VTi(un)) — ai(z, T (un), VI (w)) (D' Ty (un) — D'Ti(u)) dz — 0.
i=1 78
(4.33)
Using the Lemma III , we deduce that

Ti(un) — Ti(u) — in WEP(KQ). (4.34)

Therefore,

Diu,, — D'u a.e. in .

Step 4: The equi-integrability of g,(x, T, (u,), Vu,) .

In order to pass to the limit in the approximate equation, we show that
9n (2, Ty (), Vu,) — g(z,u, Vu) strongly in L*(Q).

By using Vitali’s Theorem, it suffices to prove that g,(x,u,, Vu,) is
uniformly equi-integrable. Indeed, taking 7)(u, — Th(u,)) as a test
function in (4.2)), and using (3.2)) since T} (u,, — Tr(u,)) have the same

sign as u,, we obtain

/ n(x, T (uy), Vuy)Th (un — Th(uy,)) dx
{h<lunl} (4.35)
S fnTl (un - Th(un)) dx
{h<|un|}
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It follows that

/ |gn($7Tn(Un),Vun)| d,I‘
{h+1< un|}
< gn(l'y Tn(Un), Vun)Tl (Un — Th(un)) dx

h<|unl}
< fnTl (un - Th(un)) dx
h<|unl}
< |/ dz,
{h<funl}
thus, for all n > 0, there exists h(n) > 0 such that

/ |92, T (un), Vuy)| dz < 3. (4.36)
{h(m)<Jun}

N3

On the other hand, for any measurable subset £ C €2, we have

E

< b(h(n)) /E (c(z) + Z | D" Ty (un)[?*) dx (4.37)

=1

{h(m)<lunl}

From ([4.34), there exists 3(n) > 0 such that, for all E C Q with
meas(E) < 5(n), we have

b(h(n)) /E (@) + 3 1D T (1)

=1

Finally, by combining (4.36]), (4.37) and (4.38)), one easily has

o3

. (4.38)

/ |gn (2, T (uy), Vuy,)| de <n  for all E such that meas(F) < 5(n),
E

(4.39)
we then deduce that (g,(x,T,(u,), Vuy,)), is equi-integrable, and by
Vitali’'s Theorem we deduce that

gn (2, Ty (uyn), V) — g(x,u, Vu) in  L'(Q). (4.40)
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Step 5: Passing to the limit.

By using Tj(u, — ¢) as a test function in (4.2), with ¢ € Wy 7(Q) N
L>(9), and putting m = k + ||¢||o0, we get

N
Z/ a;(z, T, (uy), Vun)DiTk(un — ) dr + / n(z, Ty (un), V) Ti(u, — @) dz
i=1 /& Q

= fQ fnTk<un - ()0) dx.

(4.41)
On one hand, if |u,| > m then |u, — ¢| > |u,| — ||¢]l > k, therefore
{Jun — ¢| < k} C{]u,| < m}, which implies that

/ ai(x7 Tn(un)7 Vun)Dsz(un - 90) dx
Q
_ / (2, Ton (1) VT (10)) (D Ty (1) — D¥0) X ity

— /Z(ai(x,Tm(un), VT (un)) — ai(z, T (un), Vo)) (DT, (uy,) — Digo)xﬂun_(pgk} dx

+/ (2, Ton (), Vo) (D T (1) — D¥O)X i<y
Q
(4.42)

According to Fatou’s Lemma, we obtain

lim inf/ ai(z, Ty (un), Vu,) D Ty (u, — @) dx
Q

n—-+o0o

> /ﬂ (ai(@, T (u), VIn(w)) = ai(x, T (u), V@) (DT (1) = D'O)X {u—pl<h} d

+ lim [ ai(z, Tp(un), Vo) (DT (tn) — D'0) X {lun—oi<k} da.

n—+o0o [o
(4.43)
The second term in the right hand side of (4.43)) is equal to

/Q ai(z, T (u), V) (D' Ty (1) — D'0) X {ju—p|<kyd.
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Therefore, we get

N
lim mfz / a;(, Ty (un), V) D' Ty (u, — ) da
=1 Q

n—+oo 4

ai(xv Tm(u)a va(u))(DZTM(U) - DZSD)X{W*SDK]C} dx

M-

@
Il
—

Cli(.I, u, Vu)(‘Dlu - DZ(P)X{|u—<p|§k} dx

@
I
—

a;(x,u, Vu)D'Ty,(u — ) da.

I
.MZ,

I
] =
S~ — S—

=1

On the other hand, we have Ty (u,, —¢) = Tip(u — ) weak-* in L>(2)
and in view of (4.40). We obtain,

/ gn(, Ty (up), V)T (u, — @) de — / g(x,u, Vu) Tp(u — ¢) dx
Q Q
(4.44)
and

/anTk<un — ) dx — /Qf Ti(u — ) d. (4.45)

Again, since Ty, (u, — @) — Ti(u — ©) in Wy 7(€) we have done com-
pleted the proof of Theorem[4.].
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