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Abstract
By using (p; q)-calculus, we introduce the Kings type modication of (p; g)- Gamma operators, which
reproduce the test function x?2 . Then, we estimate the rate of convergence for the constructed operators

by
using the modulus of continuity in terms of a Lipschitz class function and by means of Peetres K-functionals
based on Korovkin theorem.
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1. Introduction and Preliminaries

In the field of approximation theory, since its inception, the g-calculus has
been an area of intensive research. The g-calculus has attracted attention of
many researchers because of its applications in various fields such as numerical
analysis, computer-aided geometric design, differential equations etc. New appli-
cations and generalizations are being discovered constantly. King-type modifi-
cation of positive linear operators preserves the test function eq(z) = z? and so
provides better error estimations on some appropriate domains than the classical
ones. Such a modification was first noticed by (King, 2003), for the classical
Bernstein polynomials has presented an example of linear and positive operators

V., - C([0,1]) — C([0,1]), are defined by

(Vaf )z) =" ( Z ) (rfL(x))k(l—r;_(x))f(i), fec(o,1]),z €0,1],
where 7 (z) : [0, 1] —>_[0, 1], given as follows
x? (n=1)
(@) = 1 n |
_2(n—1)+\/n—1x HPTOISNNE (n=23,..).

This sequence preserves two test functions ey, e and (V,e1)(x) = 77 (x) holds.
Later, this idea was applied to some other well-known approximating operators,
such as, the Szasz-Mirakjan operators (Duman and Ozarslan, 2007), the Baskakov
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operators ( Rempulska and Tomczak, 2009), the Meyer-Konig and Zeller opera-
tors ( Ozarslan and Duman, 2007), the Bernstein-Chlodovsky operators (Agra-
tini, 2006 ), the g-Stancu-Beta operators ( Mursaleen and Ansari, 2017), and
more general summation-type positive linear operators (Agratini, 2006).

Approximation properties of g-analogue of some more operators are studied
recently in (Mursaleen et al, 2017; Mursaleen and Khan, 2013; Mursaleen and
Khan, 2013).

Most recently, the (p, g)-analogue of some more operators have been studied in
( Mursaleen et al, 2017; Mursaleen et al, 2016; Mursaleen et al, 2016).

It has been observed that most of the approximating operators, L,, preserve
ei(r) = x;(i = 0,1), iie. Lyp(eg;z) = eg(x) and Ly(e;x) = ey(z), n € N.
These conditions hold specially, for the Bernstein polynomials, Szdsz-Mirakjan
operators, and the Baskakov operators. For each of these operators, L, (eqs;z) =
es(w) = 22

Let f be a function defined on [0, c0) and satisfy the following growth condition:

| f(z) |< Me™P"(M > 0; 8> 0;2 — o). (1.1)

In ( Zeng, 2005), investigated and studied some approximation properties of the
following sequence of linear positive operators (named Gamma operators)

Golfiz) = x";(n) /Ooof(é) 1=t g (1.2)

In ( Cai, 2014), introduced and studied g-analogue of Gamma operators as follows:
For f € C]0,00) satisfies (1.1), ¢ € (0,1) and n € N, the -Gamma operators is

defined by
1 A qt
oot = iy () (- o

Stancu generalization of G, ,( f; x) was discussed and studied in ( Ozge and Orkeil,
2016).

The (p, q)-integer was introduced to generalize or unify several forms of ¢-
oscillator algebras well known in the Physics literature related to the representa-

tion theory of single parameter quantum algebras. The (p, ¢)-integer is defined
by

; pn . n
p#q#1
p— ( )
[n]p’q =p" " P g T = 11_ q" (p=1) (1.3)
—q
WL (p=q=1)
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The (p, ¢)-Binomial expansion is

(n=k)(n= ) (e=1)
(az + by),, Zp B [ Z } a™ Rk R
p,q

(@ +y) = (x4 y)(pr + qy)(P*x + ¢Py) - ("o + ¢ My),
n—1 n—1

(1=a)p, =1 —2)(p—qu)p* — ¢x) - ("' —¢" ')
The (p, q)-binomial coefficients are defined by

K ] = W

The improper (p, q)-integrals of a function f is defined by

q
/f )dpgt =P = 4) Zf k+1 k+1’ 0<]_7<1-

k=—00
There are two (p,q)-analogues of the classical exponential function defined as

follows

n(n2 1) n

and

which satisfy the equality e, ,(x )Ep,q(— ) = 1. For p =1, e, () and E, ()
reduce to g-exponential functions.
For m,n € N, the (p, ¢)-Beta and the (p, ¢)-Gamma functions are defined by

xmfl

Byq(m,n) :/0 de,qxa
and

> n(n—1)
Fp,q(n) = / p z Ep,q(_qx)dp,qxa Fp,q(n +1) = [n]p,q!'
0

The (p, q¢)-Gamma function of the second kind was defined in ( Sadjang,
2017) as follows

e z(z 1) e
Ypa(2) :/ q 2 1€p o(=pt)dp it R(2) > 0.
0

For any nonnegative integer n > 0, the following relation holds 7, ,(n+ 1) =
[n]p,q!.

In the recent paper, (Cheng et al, 2019), introduced (p, ¢)-Gamma operators
using the (p, ¢)-Gamma function of the second kind preserving linear functions
as:

For f € C|0, 00) satisfies (1.1),0 < ¢ < p < 1 and n € N, the (p, ¢)-analogue
of Gamma operators (1.2) are defined as:
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1 o q"t \ ne-v . 4 pt
. — S 2 " — — |d, t. 1.4
Cralfi) T"Yp,q(n) /0 f ( [n]p,q> ¢ 6p7q< z ) e (L4

Motivated by it, we propose the King type modification of (p,q)-analogue of
Gamma operators which preserves z? as:

Coaeli) = e o ()10 e (507 et 09

where

2. Auxiliary results

In this section we give the following lemmas, which we need to prove our
theorems.

Lemma 2.1. Forx € [0,00),0<¢<p <1, and k=0,1,..., we have

ry (z)q~ e n+k— 1]p,q!

Gr o (thr) = =2
o [2)5.ql7 = 1!

Lemma 2.2. For x € [0,00),0 < g < p <1, we have

() Gnp q(l’x =1
(i1) Gnpqlt;z) = @
2. 0) — P 7’
(110) Gpq(t™; ) (1 * q n]pq)
3.0) = P"(12]pg +4) P 7
(10) Gnpq(t’; v) (1 + ¢*[n]pq ¢’ Mgﬂ)
4.0 = pn<q2 + q[2]p.g + [3lp.0)
(V) Gpqe(t';z) (1 + ¢*nlpg
P (ol + aBlna + 120a) [21p,q[31p,qp3“)x4.
FEED ¢°[n]p
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Lemma 2.3. Let e, (t) =t", r € NU{0}. Forz € [0,00), 0 < g <p <1, we

have

(Z) G;,p,q(eo; fL’) =1

. . _ - q[n]p.q

(i) Gy pqle5) = il

(i) Gy, (e5w) = a?

i) G (v ) — PPt , PN

% ) = pn(q2 +q[2]pq + [Blpg)
(v) Gnyp’q(e4, ) (l—i- 0.
p2n<[2]p,q[3]p,q +q[3]pq + q 2]5.4) [2]p,q[3]p7qp3n Al
¥ P, Pl B i)

Proof. From Lemma (2.1) , we get the equalities of (i), (ii), (iii), (iv) and (v)
easily. O

Lemma 2.4. For x € [0,00), 0 < ¢ <p <1, we have
(1) Grpo(t —2);z) = rp(z) —2

h vy~ 1)
(i1) Gt = 2)%2) = 20(x - ro(a)

n,p,q
27%(1 — \/q).

IN

IN

3. Quantitative results

In this section, we present local approximation theorem for the operators

G g By Opl0,00), we denote the space of real-valued continuous and bounded
functions f defined on the interval [0,00). The norm || - || on the space Cg[0, 00)
is given by
| fll= sup | f(z)].
0<zr<oco

Further let us consider the following K-functional:

Kalf,8) = int {11 f =g+ 16" I}

where § > 0 and W? = {g € Cp[0,00) : ¢, g € Cp[0,00)}. By Theorem (2.4) of
(Devore and Lorentz, 1993), there exists an absolute constant C' > 0 such that

KQ(f: 5) < Ow?(f? \/5) (31)
where

wo(f,VO) = sup sup | f(z+2h) —2f(z+h)+ f(z) |
0<h<+/6 z€[0,00)
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is the second order modulus of smoothness of f € Cp[0,00). The usual modulus
of continuity of f € Cg[0,c0) is given by

w(f,0)= sup sup | flx+h)— f(z)].

0<h<d z€[0,00)

Let B,,[0,00) be the set of all functions satisfying the condition | f(z) |<

M¢(1+2™), z € [0,00), m > 0 and My is some constant depending on f. Further,
let C},[0, 00) = B,,[0,00) N C[0, 00) endowed with the norm

o L@
e>0 1+am

1 Mlm=

and

C*[0,00) = {f € [0, 00) + lim LI oo}.

Theorem 3.1. Let ¢ = g, € (0,1), p = pn € (¢,1] such that ¢, — 1, p, — 1 as
n — 0o. Then for each function f € C5]0,00) we get

hm || annqnf_f ”2:0

Proof. According to weighted Korovkin theorem proved in ( Gadzhiev, 1974), it
is sufficient to verify the following three conditions of (3.2)

hm | Grhprgn€i — €i ll2= 0, 1=0,1,2, (3.2)

where ¢e;(t) = t', i = 0,1,2. By Lemma (2.3) (i) and (iii), (3.2) holds for i = 0, 2.
Finally, for i = 1 by Lemma (2.3) (ii) we have

| rn(2) — 7 |
G = —_—
H n,Ppn, qn — €1 “2 igl()) 1+ 22
x 1
< sup a2 ( — — 1)
x>0 € 1 + pn
Qn [n]Pn qn
< V-1
we get
nh—>nc}o || an gn€1 — €1 ”2: 0
Then the proof of (3.2) is completed. O

Theorem 3.2. Let f € Cp[0,00) and 0 < g < p < 1. Then for all n € N, there
exists an absolute constant C > 0 such that

| anq( )= f(z)| < Cwr(f Ynpq(r)) +w(f, 0npge(x)),

where

(@) = \/Ghpg(t = 2)%2) + Grpa(@)® dupa(@) = Gy (= ); ).
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Proof. For z € [0, 00), we consider the auxiliary operators G defined by

Golf52) = Gyl >+f<x>—f<x %) (53)

From Lemma (2.3) (i)(ii) and (3.3), we observe that the operators G (f;x) are
linear and reproduce the linear functions. Hence

Gi(lir) = G (La)+1—-1=1

n,p,q
Yk . _ * o q[n]]?#l .
Gn(t’x) _ anq( )+ZE Z [n+1]p,q —

G ((t—z)iz) = G (tz) —2G(lz) =0.
Let x € [0,00) and g € W2, Using the Taylor’s formula

g(t) = glx) + ¢/ (2)(t — 2) + / (t - u)g"(u)du.

Applying G to both sides of the above equation, we have
t
Galaia) = 9(0) = @Gt~ 0)a) + 6 ([ 0= gyt

- a,, (/;(t - u)g”(u)du;x)

s ]
n+ s
—/ " (x [q& — u) g" (u)du.

z n+ 1]p,q

On the other hand, since

[ =g

t
< [ lt-ullg') | du

t
<l [ Tt-uldus -2 g

and

[n+1 ( [n - 1] U) g”(u)du

2

< (:z %—) Tan
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We conclude that

Gi(g;x) — g(x)

G ([ =010 >du-x)
/ m ( [n n 1] u) g" (u)du

< Ng" 1 Ghya((t =) 2)+ 11 g |l (m [ﬂ&_b@)

IN

n+ 1]p,q
= |1 g" [ 72, ().

Now, taking into account boundedness of G, we have
|GL(fsa) | < | GL () 20 FI<3IfI-

Therefore

(G o) = f(2)| < | GAf —gi2) — (F — 9)(@) |
+f<:c %)—f@)ﬂamg;m—g(m)\

n+1]pq
| Go(f—gi2) [+ ] (f —g)(2) |

ny ( %) —f@)|t | Clgro) — 9(o) |

n+ 1]p,q

< A f =gl +wf,0npa(@) + 90,0 1" ] -

Hence, taking the infimum on the right-hand side over all g € W?2, we have the
following result

| Grpa(fi2) = [(@) | < AK(f, 77 5,4(2) + 0 (f npg(@)).

In view of the property of K-functional, we get

| anq( ) f([E) | S Ow?(f7 fyn,P,q(x)) +w(f7 571,P7Q(x>)'
Consequently, the proof is finished. O

IN

Theorem 3.3. Let ¢ = g, € (0,1),p = p, € (q,1] such that q, — 1, p, — 1, as
n — oo. If f € C!(0,00] and let f*(z) = f(2%),z € [0,00). For allt > 0 and
x > 0, we have

|G (i) = 1) | < 202000 V) ).
Proof. Let f € CF (0,00] is fixed. By definition of f* we get

Grpnan([17) = Gy 0 (fF(V);2).

Now, we can write
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G (S Ya) = FE
- ](f( It >—f*<ﬁ>)sn<pmqn;rn<x>>

| Grprn (fi7) — [(2) |

[n]p’VMQn
qnt .
< |f* ( [n]p , )_f (\/E) Sn(pn7Qn;rn(x>)
< w(f*, qnt —\/E)Sn(pn,qn;rn(x))
( |"f Vi o)
R )1l
where
Suontnirale) = o [T e (= 2

Using the property of modulus of continuity

w(ffad) < (14 a)w(f"9), a,d >0,

we obtain

< (3Gl V- VE [i0)
‘ gl _JE

[n]pn an

x(” ol V- — VT 152)
= 2( Gl 1V~ VE i) )

)i (ons i)

and using Cauchy-Schwarz inequality, we get
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npnqn<|\/_ \/_| ) =

Sn(Dns Qi ()

nanQn
o
- P L, i)
[n]ann \/_
1 n
< — q" — 2|8 (Pas @i ()
ann
< S (Pns G o ()
ann
S \/—\/annqn I)Q’TH(J;))

< y/2x(1 — \/qn).

Thus the proof is completed. 0

4. Approximation properties in weighted spaces

First, let us recall the definitions of weighted spaces and corresponding mod-
ulus of continuity. Let C[0,00) be the set of all continuous functions f defined
on [0,00) and B,[0, 00) the set of all functions f defined on [0, co0) satisfying the
condition | f(x) |< Msp(x) where My is a constant depending only on f and p(z)
is a weight function.

Let C,[0,00) be the space of all continuous functions in B,[0, c0) with the

norm
Ifllo = sup L5 and

z€[0,00)
= {f € C,[0,00) zh_g)lo | )J;g; | < oo}.

In what follows, we assume the weight function as p(x) = 1 + 2.
Next we give the following theorem to approximate all functions in C’g. This
type of result is discussed in (Lenze, 1988), for locally integrable functions.

Theorem 4.1. Let 0 < g = ¢, < p = p, <1 such that ¢, = 1, p, = 1, q} — 1,
pr— 1 asn — oo. ForeacthC'g and a > 0, we have

1; ’ G;,pn,qn(f; l’) - f(l’) |
o (1 + 22)l+a
z€[0,00)

=0.

119 www.baydaauniv.net/buj



Albaydha University Journal (BUJ)- vol(2)- Issue 1- April 2020 2020d:, (1)3221-(2)alaall-slianll dasls dlas

Proof. For any fixed xq > 0,

| G pn (f32) = f(2) | | G (F37) = f(2) |
Sup 2\1+a S Sup 2\1+a
z€[0,00) (14 22) z<z¢ (14 22)
1 sup ’ G:L,pn,qn(f;x) - f(.fll') |
T>T0 (1 + I2>1+a

< NG g0 (F32) = F ()| cp0,20]

| G gL+ 15 2) |
+HIfllp sup —=2=

2>10 (1 _|_x2)1+a
| f(=z) |
+
2z (L+ )17
=L+ L+ Is. (4.1)
Since | f(z) |< || f]|,(1 + 2?), we have
b e @ U,

e (1+22)1Fe = oopy (T 22)e = (14 25)e

Let € > 0 be arbitrary.
There exists n; € N such that

| Gy (L E%2) | 1 < 2 € )
T < 1+2°)4+ —— |,Vn>n
Hf”ﬂ (1 +£L’2)1+a (1 +x2)1+a||fHP ( ) 3||f||p 1
f €
< % + g Vn >ng. (42)
Hence
| G, L1557 | Il €
Pn YN _ \v/ >
||f||ﬂ§§'£) (1 4 .T2)1+a (1 + 33(2))‘1 3> Z N
Thus
2 flo | €
L+ < ———+ -, Vn >
2+ 13 (14—:6(2))&_'—3 n > n
Now, let us choose z to be so large that % < g
Then,
2¢
L+ 13 < g, Vn > ny. (43)
. €
I = ||Gn,pn,qn<f) - f”C[O,xo} < ga vn > Na. (44)
Let ng = max(ny, ny). Then, combining (4.1)-(4.4)
G* ix) — fx
T FEE R (€] I
2€[0,00) (1 +x ) ta
This completes the proof. O
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Now we present ordinary approximation in terms of Lipschitz constant de-
fined by

. |t —z|°
lipas (8) = {f € Cpl0,00) | f(t) - f(a) |< Mm} (4.5)

where M is a positive constant and 0 < g < 1.
In the following theorem, we obtain the rate of convergence of the operators
G} ., for functions lipy (B).

n,p,q

Theorem 4.2. Let be f € Cp[0,00), 0 < g < p < 1, then for any x € (0, 00),
the following inequality holds:

N[@

X

Gl fi0) — F@)] < M(“—”) |

where a, () = G ((t—2)?% 7).

n,p,q

Proof. First, we prove that the result is true for 5 = 1. Then, for f € lipy(B),
we obtain

! B R (.
Grpall50) = J@) S s / @ ( m(x))
(1)~ f@)d

[n]p,q i

M /<ooqn(an)tn16 <_ pt )
()" p.a(1) Jo I\ ra(@)
"t

t

q _ $’
+x
[n]p,q

"t
Using v/ < 4 / [q] + x and the Cauchy-Schwarz inequality, we get
Npg

Gyl fi0) — f()] < ﬁ(rn(f)f%(n) /wqt(‘%>

Pﬁqt

X‘%—I
_ MG* S x)Q;x)SM(%”“—q(J;))%.

Therefore the result is true for 7 = 1. we prove that the result is true for
0 < 8 <1, applying Holder’s inequality with p = %, q= ﬁ,
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x ‘2) — flx L e N ot
Graaldio) = Fol < ey [ 0t (- )
X f(#) — f(@)|dpqt

IN

{ (e L (- 5)

VAN
——
=
3
=
\_:/ —_
=
=}
S
N
8
R
S
ol
=
3
iR
=
(=]
VR
|
S
ok
~_

Since f € lipy(5), we have

N M 1 RATCES VI t
‘Gn,p,q(f;x) —f(.’l?)| < _ﬁ{ /0 q 2 t 16p,q(_ P )
T2

(rn(2))"yp4(n) @)
2 2

q"t >

X —x| d t

<[n]p,q P }
. : @)}
= 2 (Gpalle—win)) < v ((2enal))
T2
Hence, the desired result is obtained. -

Conclusion

In this paper we have constructed a new King type modification of Gamma
operators based on ( p, ¢)-integers and investigated their approximation

properties. We have obtained weighted approximation and some other results

of these operators are studied by means of modulus of continuity and Peetre K

-functional.
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