
   
             

k=0

(Vnf )(x) = 
∑ 

n
k 

) 
(r∗n(x))k(1−r∗n(x))f 

( 
n

k 
)
, f ∈ C([0, 1]), x ∈ [0, 1],

where r∗n(x) : [0, 1]→ [0, 1], given as follows

r∗n(x) =


x2 (n = 1)

− 1

2(n− 1)
+

√
n

n− 1
x2 +

1

4(n− 1)2
(n = 2, 3, ...).

This sequence preserves two test functions e0, e2 and (Vne1)(x) = r∗n(x) holds.
Later, this idea was applied to some other well-known approximating operators,

such as, the Szász-Mirakjan operators (Duman and Özarslan, 2007), the Baskakov
1
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Abstract

By  using  (p;  q)-calculus,  we  introduce  the  Kings  type  modication  of  (p;  q)- Gamma operators, which
reproduce the test function x  2  .  Then, we estimate the rate of  convergence for the constructed operators  
by

  using  the modulus of continuity in terms of a  Lipschitz  class  function  and  by means of Peetres  K-functionals 
based on Korovkin theorem.

Keywords:  (p;  q)-Beta  function,  (p;  q)-Gamma  operators,  weighted approximation, rate of convergence.

X2 الأعداد الصحیحة (كیو, بي) التي تحافظ على  تعدیل نوع لمشغلي جاما بناء على 
الملخص

التقارب معدل  نقدم  ثم   X2 الدالة  إنتاج  تعید  بحیث  جاما  مشغل  (كیو,بي) -  الكشف  نوع  من  تعدیل  نقدم  (كیو,بي)  والتكامل  التفاضل  باستخدام 

كورفكن نظریة  أساس  على  بیترز  كي  دالة  وبواسطة  بتشز  فئة  دالة  حیث  من  الإستمراریة  معامل  باستخدام  المبنیین  للمشغلین 
AMS  Subject  Classification  (2010):  41A10,  41A25,  41A36.

1. Introduction  and  Preliminaries

  In  the  field  of  approximation  theory,  since  its  inception,  the  q-calculus  has
been  an  area  of  intensive  research.  The  q-calculus  has  attracted  attention  of
many  researchers  because  of  its  applications  in  various  fields  such  as  numerical
analysis,  computer-aided  geometric  design,  differential  equations  etc.  New  appli-
cations  and  generalizations  are  being  discovered  constantly.  King-type  modifi-

cation  of  positive  linear  operators  preserves  the  test  function  e2(x)  =  x2  and  so
provides  better  error  estimations  on  some  appropriate  domains  than  the  classical
ones.  Such  a  modification  was  first  noticed  by  (King,  2003),  for  the  classical 
Bernstein  polynomials  has  presented  an  example  of  linear  and  positive  operators
Vn  :  C([0,  1])  →  C([0,  1]),  are  defined  by

DOI: https://doi.org/10.56807/buj.v2i1.35



Gn(f ;x) =
1

xnΓ(n)

∫ ∞
0

f

(
t

n

)
tn−1e−

t
xdt. (1.2)

In ( Cai, 2014), introduced and studied q-analogue of Gamma operators as follows:
For f ∈ C[0,∞) satisfies (1.1), q ∈ (0, 1) and n ∈ N, the q-Gamma operators is
defined by

Gn,q(f ;x) =
1

xnΓq(n)

∫ ∞/A
0

f

(
t

[n]q

)
tn−1Eq

(
− qt

x

)
dqt.

Stancu generalization ofGn,q(f ;x) was discussed and studied in ( Özge and Örkcü,
2016).

The (p, q)-integer was introduced to generalize or unify several forms of q-
oscillator algebras well known in the Physics literature related to the representa-
tion theory of single parameter quantum algebras. The (p, q)-integer is defined
by

[n]p,q = pn−1 + qpn−2 + · · ·+pqn−2 + qn−1 =



pn − qn

p− q
(p 6= q 6= 1)

1− qn

1− q
(p = 1)

n (p = q = 1)

(1.3)
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operators  (  Rempulska  and  Tomczak,  2009),  the  Meyer-König  and  Zeller  opera-
tors  (  Özarslan  and  Duman,  2007),  the  Bernstein-Chlodovsky  operators  (Agra-
tini,  2006  ),  the  q-Stancu-Beta  operators  (  Mursaleen  and  Ansari,  2017),  and
more  general  summation-type  positive  linear  operators  (Agratini,  2006).

  Approximation  properties  of  q-analogue  of  some  more  operators  are  studied 
recently  in  (Mursaleen  et  al,  2017;  Mursaleen  and  Khan,  2013;  Mursaleen  and 
Khan,  2013).
  Most  recently,  the  (p,  q)-analogue  of  some  more  operators  have  been  studied  in
(  Mursaleen  et  al,  2017;  Mursaleen  et  al,  2016;  Mursaleen  et  al,  2016).

  It  has  been  observed  that  most  of  the  approximating  operators,  Ln,  preserve
ei(x)  =  xi(i  =  0,  1),  i.e.  Ln(e0;  x)  =  e0(x)  and  Ln(e1;  x)  =  e1(x),  n  ∈  N.
These  conditions  hold  specially,  for  the  Bernstein  polynomials,  Szász-Mirakjan 
operators,  and  the  Baskakov  operators.  For  each  of  these  operators,  Ln(e2;  x)  =
e2(x)  =  x2.

Let  f  be  a  function  defined  on  [0,  ∞)  and  satisfy  the  following  growth  condition:

|  f  (x)  |≤  M  e−βx(M  >  0;  β  ≥  0;  x  →  ∞).  (1.1)

In  (  Zeng,  2005),  investigated  and  studied  some  approximation  properties  of  the 
following  sequence  of  linear  positive  operators  (named  Gamma  operators)



(ax+ by)np,q :=
n∑
k=0

p
(n−k)(n−k−1)

2 q
k(k−1)

2

[
n
k

]
p,q

an−kbkxn−kyk,

(x+ y)np,q := (x+ y)(px+ qy)(p2x+ q2y) · · · (pn−1x+ qn−1y),

(1− x)np,q := (1− x)(p− qx)(p2 − q2x) · · · (pn−1 − qn−1x).

The (p, q)-binomial coefficients are defined by[
n
k

]
p,q

:=
[n]p,q!

[k]p,q![n− k]p,q!
.

The improper (p, q)-integrals of a function f is defined by∫ ∞
0

f(x)dp,qt = (p− q)
∞∑

k=−∞

f(
qk

pk+1
)
qk

pk+1
, 0 <

q

p
< 1.

There are two (p, q)-analogues of the classical exponential function defined as
follows

ep,q(x) =
∞∑
n=0

p
n(n−1)

2 xn

[n]p,q!
,

and

Ep,q(x) =
∞∑
n=0

q
n(n−1)

2 xn

[n]p,q!
,

which satisfy the equality ep,q(x)Ep,q(−x) = 1. For p = 1, ep,q(x) and Ep,q(x)
reduce to q-exponential functions.

For m,n ∈ N, the (p, q)-Beta and the (p, q)-Gamma functions are defined by

Bp,q(m,n) =

∫ ∞
0

xm−1

(1 + x)m+n
dp,qx,

and

Γp,q(n) =

∫ ∞
0

p
n(n−1)

2 Ep,q(−qx)dp,qx, Γp,q(n+ 1) = [n]p,q!.

The (p, q)-Gamma function of the second kind was defined in ( Sadjang,
2017) as follows

γp,q(z) =

∫ ∞
0

q
z(z−1)

2 tz−1ep,q(−pt)dp,qt, <(z) > 0.

For any nonnegative integer n > 0, the following relation holds γp,q(n+ 1) =
[n]p,q!.

In the recent paper, (Cheng et al, 2019), introduced (p, q)-Gamma operators
using the (p, q)-Gamma function of the second kind preserving linear functions
as:

For f ∈ C[0,∞) satisfies (1.1), 0 < q < p ≤ 1 and n ∈ N, the (p, q)-analogue
of Gamma operators (1.2) are defined as:
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The  (p,  q)-Binomial  expansion  is



Gn,p,q(f ;x) =
1

xnγp,q(n)

∫ ∞
0

f

(
qnt

[n]p,q

)
q
n(n−1)

2 tn−1ep,q

(
− pt

x

)
dp,qt. (1.4)

Motivated by it, we propose the King type modification of (p, q)-analogue of
Gamma operators which preserves x2 as:

G∗n,p,q(f ;x) =
1

(rn(x))nγp,q(n)

∫ ∞
0

f

(
qnt

[n]p,q

)
q
n(n−1)

2 tn−1ep,q

(
− pt

rn(x)

)
dp,qt (1.5)

where

rn(x) = x

√
q[n]p,q

[n+ 1]p,q
, rn(x) ≥ 0, x ≥ 0.

2. Auxiliary results

In this section we give the following lemmas, which we need to prove our
theorems.

Lemma 2.1. For x ∈ [0,∞), 0 < q < p ≤ 1, and k = 0, 1, ..., we have

G∗n,p,q(t
k;x =)

rkn(x)q−
k(k−1)

2 [n+ k − 1]p,q!

[n]kp,q[n− 1]p,q!
.

Lemma 2.2. For x ∈ [0,∞), 0 < q < p ≤ 1, we have

(i) Gn,p,q(1;x = 1)

(ii) Gn,p,q(t;x =) x

(iii) Gn,p,q(t
2;x =)

(
1 +

pn

q[n]p,q

)
x2

(iv) Gn,p,q(t
3;x) =

(
1 +

pn([2]p,q + q)

q2[n]p,q
+

p2n

q3[n]3p,q

)
x3

(v) Gn,p,q(t
4;x) =

(
1 +

pn(q2 + q[2]p,q + [3]p,q)

q3[n]p,q

+
p2n([2]p,q[3]p,q + q[3]p,q + q2[2]p,q)

q5[n]2p,q
+

[2]p,q[3]p,qp
3n

q6[n]3p,q

)
x4.
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(ii) G∗n,p,q(e1;x) = x

√
q[n]p,q

[n+ 1]p,q

(iii) G∗n,p,q(e2;x) = x2

(iv) G∗n,p,q(e3;x) =

(
1 +

pn([2]p,q + q)

q2[n]p,q
+

p2n

q3[n]3p,q

)
r3n(x)

(v) G∗n,p,q(e4;x) =

(
1 +

pn(q2 + q[2]p,q + [3]p,q)

q3[n]p,q

+
p2n([2]p,q[3]p,q + q[3]p,q + q2[2]p,q)

q5[n]2p,q
+

[2]p,q[3]p,qp
3n

q6[n]3p,q

)
r4n(x).

Proof. From Lemma (2.1) , we get the equalities of (i), (ii), (iii), (iv) and (v)
easily. �

Lemma 2.4. For x ∈ [0,∞), 0 < q < p ≤ 1, we have

(i) G∗n,p,q((t− x);x) = rn(x)− x
≤ x(

√
q − 1)

(ii) G∗n,p,q((t− x)2;x) = 2x(x− rn(x))

≤ 2x2(1−√q).

3. Quantitative results

In this section, we present local approximation theorem for the operators
G∗n,p,q. By CB[0,∞), we denote the space of real-valued continuous and bounded
functions f defined on the interval [0,∞). The norm ‖ · ‖ on the space CB[0,∞)
is given by

‖ f ‖= sup
0≤x<∞

| f(x) | .

Further let us consider the following K-functional:

K2(f, δ) = inf
g∈W 2
{‖ f − g ‖ +δ ‖ g′′ ‖},

where δ > 0 and W 2 = {g ∈ CB[0,∞) : g
′
, g
′′ ∈ CB[0,∞)}. By Theorem (2.4) of

(Devore and Lorentz, 1993), there exists an absolute constant C > 0 such that

K2(f, δ) ≤ Cω2(f,
√
δ (3.1))

where

ω2(f,
√
δ) = sup

0<h≤
√
δ

sup
x∈[0,∞)

| f(x+ 2h)− 2f(x+ h) + f(x) |
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Lemma  2.3.  Let  er(t)  =  tr,  r  ∈  N  ∪  {0}.  For  x  ∈  [0,  ∞),  0  <  q  <  p  ≤  1,  we
have

(i)  G∗n,p,q(e0;  x)  =  1



‖ f ‖m= sup
x≥0

| f(x) |
1 + xm

and

C∗m[0,∞) =

{
f ∈ Cm[0,∞) : lim

x→∞

| f(x) |
1 + xm

<∞
}
.

Theorem 3.1. Let q = qn ∈ (0, 1), p = pn ∈ (q, 1] such that qn → 1, pn → 1 as
n→∞. Then for each function f ∈ C∗2 [0,∞) we get

lim
n→∞

‖ G∗n,pn,qnf − f ‖2= 0.

Proof. According to weighted Korovkin theorem proved in ( Gadzhiev, 1974), it
is sufficient to verify the following three conditions of (3.2)

lim
n→∞

‖ G∗n,pn,qnei − ei ‖2= 0 i, = 0, 1, 2, (3.2)

where ei(t) = ti, i = 0, 1, 2. By Lemma (2.3) (i) and (iii), (3.2) holds for i = 0, 2.
Finally, for i = 1 by Lemma (2.3) (ii) we have

‖ G∗n,pn,qne1 − e1 ‖2 sup=
x≥0

| rn(x)− x |
1 + x2

≤ sup
x≥0

x

1 + x2

(
1√

1 +
pnn

qn[n]pn,qn

− 1

)

≤ √
qn − 1

we get

lim
n→∞

‖ G∗n,pn,qne1 − e1 ‖2= 0.

Then the proof of (3.2) is completed. �

Theorem 3.2. Let f ∈ CB[0,∞) and 0 < q < p ≤ 1. Then for all n ∈ N, there
exists an absolute constant C > 0 such that

| G∗n,p,q(f ;x)− f(x) | ≤ Cω2(f, γn,p,q(x)) + ω(f, δn,p,q(x)),

where

γn,p,q(x) =
√
G∗n,p,q((t− x)2;x) + (δn,p,q(x))2, δn,p,q(x) = G∗n,p,q((t− x);x).
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is  the  second  order  modulus  of  smoothness  of  f  ∈  CB[0,  ∞).  The  usual  modulus
of  continuity  of  f  ∈  CB[0,  ∞)  is  given  by

ω(f,  δ)  =  sup  sup  |  f  (x  +  h)  −  f  (x)  |  .
0<h≤δ  x∈[0,∞)

Mf  (1
L
+
et
x
B
m  
m[0,  ∞)  be  the  set  of  all  functions  satisfying  the  condition  |  f  (x)  |≤

  ),  x  ∈  [0,  ∞),  m  >  0  and  Mf  is  some  constant  depending  on  f  .  Further,
let  Cm[0,  ∞)  =  Bm[0,  ∞)  ∩  C[0,  ∞)  endowed  with  the  norm



Proof. For x ∈ [0,∞), we consider the auxiliary operators G∗n defined by

Ḡ∗n(f ;x) = G∗n,p,q(f ;x) + f(x)− f

(
x

√
q[n]p,q

[n+ 1]p,q

)
. (3.3)

From Lemma (2.3) (i)(ii) and (3.3), we observe that the operators Ḡ∗n(f ;x) are
linear and reproduce the linear functions. Hence

Ḡ∗n(1;x) = G∗n,p,q(1;x) + 1− 1 = 1

Ḡ∗n(t;x) = G∗n,p,q(t;x) + x− x

√
q[n]p,q

[n+ 1]p,q
= x

Ḡ∗n((t− x);x) = Ḡ∗n(t;x)− xḠ∗n(1;x) = 0.

Let x ∈ [0,∞) and g ∈ W 2. Using the Taylor’s formula

g(t) = g(x) + g′(x)(t− x) +

∫ t

x

(t− u)g′′(u)du.

Applying Ḡ∗n to both sides of the above equation, we have

Ḡ∗n(g;x)− g(x) = g′(x)Ḡ∗n((t− x);x) + Ḡ∗n

(∫ t

x

(t− u)g′′(u)du;x

)
= G∗n,p,q

(∫ t

x

(t− u)g′′(u)du;x

)

−
∫ x

√
q[n]p,q
[n+1]p,q

x

(
x

√
q[n]p,q

[n+ 1]p,q
− u

)
g′′(u)du.

On the other hand, since∣∣∣∣ ∫ t

x

(t− u)g′′(u)du

∣∣∣∣ ≤ ∫ t

x

| t− u || g′′(u) | du

≤‖ g′′ ‖
∫ t

x

| t− u | du ≤ (t− x)2 ‖ g′′ ‖

and ∣∣∣∣ ∫ x

√
q[n]p,q
[n+1]p,q

x

(
x

√
q[n]p,q

[n+ 1]p,q
− u

)
g′′(u)du

∣∣∣∣

≤

(
x

√
q[n]p,q

[n+ 1]p,q
− x

)2

‖ g′′ ‖ .

116 www.baydaauniv.net/buj

  

¯

Albaydha University  Journal (BUJ)- vol(2)– Issue  1- April 2020 ابریل2020  مجلة جامعة البیضاء-المجلد(2)-العدد(1) 



We conclude that∣∣∣∣Ḡ∗n(g;x)− g(x)

∣∣∣∣ ≤ ∣∣∣∣G∗n,p,q (∫ t

x

(t− u)g′′(u)du;x

)

−
∫ x

√
q[n]p,q
[n+1]p,q

x

(
x

√
q[n]p,q

[n+ 1]p,q
− u

)
g′′(u)du

∣∣∣∣
≤ ‖ g′′ ‖ G∗n,p,q((t− x)2;x)+ ‖ g′′ ‖

(
x

√
q[n]p,q

[n+ 1]p,q
− x

)2

= ‖ g′′ ‖ γ2n,p,q(x).

Now, taking into account boundedness of Ḡ∗n, we have

| Ḡ∗n(f ;x) | ≤ | G∗n,p,q(f ;x) | +2 ‖ f ‖≤ 3 ‖ f ‖ .
Therefore

| G∗n,p,q(f ;x)− f(x) | ≤ | Ḡ∗n(f − g;x)− (f − g)(x) |

+

∣∣∣∣f
(
x

√
q[n]p,q

[n+ 1]p,q

)
− f(x)

∣∣∣∣+ | Ḡ∗n(g;x)− g(x) |

≤ | Ḡ∗n(f − g;x) | + | (f − g)(x) |

+

∣∣∣∣f
(
x

√
q[n]p,q

[n+ 1]p,q

)
− f(x)

∣∣∣∣+ | Ḡ∗n(g;x)− g(x) |

≤ 4 ‖ f − g ‖ +ω(f, δn,p,q(x)) + γ2n,p,q(x) ‖ g′′ ‖ .

Hence, taking the infimum on the right-hand side over all g ∈ W 2, we have the
following result

| G∗n,p,q(f ;x)− f(x) | ≤ 4K2(f, γ
2
n,p,q(x)) + ω(f, δn,p,q(x)).

In view of the property of K-functional, we get

| G∗n,p,q(f ;x)− f(x) | ≤ Cω2(f, γn,p,q(x)) + ω(f, δn,p,q(x)).

Consequently, the proof is finished. �

Theorem 3.3. Let q = qn ∈ (0, 1), p = pn ∈ (q, 1] such that qn → 1, pn → 1, as
n → ∞. If f ∈ C∗m(0,∞] and let f ∗(z) = f(z2), z ∈ [0,∞). For all t > 0 and
x ≥ 0, we have

| G∗n,pn,qn(f ;x)− f(x) | ≤ 2ω

(
f ∗,
√

2x(1−√qn)

)
.

Proof. Let f ∈ C∗m(0,∞] is fixed. By definition of f ∗ we get

G∗n,pn,qn(f ;x) = G∗n,pn,qn(f ∗(
√
·);x).

Now, we can write
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=

∣∣∣∣(f ∗(
√

qnnt

[n]pn,qn
)− f ∗(

√
x)

)
Sn(pn, qn; rn(x))

∣∣∣∣
≤

∣∣∣∣f ∗(
√

qnnt

[n]pn,qn
)− f ∗(

√
x)

∣∣∣∣Sn(pn, qn; rn(x))

≤ ω

(
f ∗;

∣∣∣∣
√

qnnt

[n]pn,qn
−
√
x

∣∣∣∣)Sn(pn, qn; rn(x))

= ω

(
f ∗;

∣∣∣∣√ qnnt

[n]pn,qn
−
√
x

∣∣∣∣
G∗n,pn,qn(|

√
· −
√
x |;x)

×G∗n,pn,qn(|
√
· −
√
x |;x)

)
Sn(pn, qn; rn(x))

where

Sn(pn, qn; rn(x =))
1

(rn(x))nγpn,qn(n)

∫ ∞
0

q
n(n−1)

2
n tn−1epn,qn

(
− pnt

rn(x)

)
dpn,qnt.

Using the property of modulus of continuity

ω(f ∗;αδ) ≤ (1 + α)ω(f ∗; δ) α, δ, ≥ 0,

we obtain∣∣∣∣G∗n,pn,qn(f ;x)− f(x)

∣∣∣∣ ≤ ω

(
f ∗;G∗n,pn,qn(|

√
· −
√
x |;x)

)

×
(

1 +

∣∣∣∣√ qnnt

[n]pn,qn
−
√
x

∣∣∣∣
G∗n,pn,qn(|

√
· −
√
x |;x)

)
Sn(pn, qn; rn(x))

= 2ω

(
f ∗;G∗n,pn,qn(|

√
· −
√
x |;x)

)
.

Since
1√

qnnt

[n]pn,qn
+
√
x

≤ 1√
x

and using Cauchy-Schwarz inequality, we get
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|  G∗n,pn,qn  (f  ;  x)  −  f  (x)  |  =  |  G∗n,pn,qn  (f  
∗(
√
·);  x)  −  f  ∗

√
x  |



G∗n,pn,qn(|
√
· −
√
x |;x) =

∣∣∣∣
√

qnnt

[n]pn,qn
−
√
x

∣∣∣∣Sn(pn, qn; rn(x))

=

∣∣∣∣ qnnt

[n]pn,qn
− x
∣∣∣∣√

qnnt

[n]pn,qn
+
√
x

Sn(pn, qn; rn(x))

≤ 1√
x

∣∣∣∣ qnnt

[n]pn,qn
− x
∣∣∣∣Sn(pn, qn; rn(x))

≤ 1√
x

√∣∣∣∣ qnnt

[n]pn,qn
− x
∣∣∣∣2Sn(pn, qn; rn(x))

≤ 1√
x

√
G∗n,pn,qn((· − x)2; rn(x))

≤
√

2x(1−√qn).

Thus the proof is completed. �

4. Approximation properties in weighted spaces

First, let us recall the definitions of weighted spaces and corresponding mod-
ulus of continuity. Let C[0,∞) be the set of all continuous functions f defined
on [0,∞) and Bρ[0,∞) the set of all functions f defined on [0,∞) satisfying the
condition | f(x) |≤Mfρ(x) where Mf is a constant depending only on f and ρ(x)
is a weight function.

Let Cρ[0,∞) be the space of all continuous functions in Bρ[0,∞) with the
norm
‖f‖ρ = sup

x∈[0,∞)

|f(x)|
ρ(x)

and

C0
ρ =

{
f ∈ Cρ[0,∞) : lim

x→∞

| f(x) |
ρ(x)

<∞
}
.

In what follows, we assume the weight function as ρ(x) = 1 + x2.
Next we give the following theorem to approximate all functions in C0

ρ . This
type of result is discussed in (Lenze, 1988), for locally integrable functions.

Theorem 4.1. Let 0 < q = qn < p = pn ≤ 1 such that qn → 1, pn → 1, qnn → 1,
pnn → 1 as n→∞. For each f ∈ C0

ρ and a > 0, we have

lim
n→∞

sup
x∈[0,∞)

| G∗n,pn,qn(f ;x)− f(x) |
(1 + x2)1+a

= 0.
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Proof. For any fixed x0 > 0,

sup
x∈[0,∞)

| G∗n,pn,qn(f ;x)− f(x) |
(1 + x2)1+a

≤ sup
x≤x0

| G∗n,pn,qn(f ;x)− f(x) |
(1 + x2)1+a

+ sup
x≥x0

| G∗n,pn,qn(f ;x)− f(x) |
(1 + x2)1+a

≤ ‖G∗n,pn,qn(f ;x)− f(x)‖C[0,x0]

+‖f‖ρ sup
x≥x0

| G∗n,pn,qn(1 + t2;x) |
(1 + x2)1+a

+ sup
x≥x0

| f(x) |
(1 + x20)

1+a

= I1 + I2 + I3. (4.1)

Since | f(x) |≤ ‖f‖ρ(1 + x2), we have

I3 = sup
x≥x0

| f(x) |
(1 + x2)1+a

≤ sup
x≥x0

‖f‖ρ
(1 + x2)a

≤ ‖f‖ρ
(1 + x20)

a
.

Let ε > 0 be arbitrary.
There exists n1 ∈ N such that

‖f‖ρ
| G∗n,pn,qn(1 + t2;x) |

(1 + x2)1+a
<

1

(1 + x2)1+a
‖f‖ρ

(
(1 + x2) +

ε

3‖f‖ρ

)
,∀n ≥ n1

<
‖f‖ρ

(1 + x2)a
+
ε

3
∀n ≥ n1. (4.2)

Hence

‖f‖ρ sup
x≥x0

| G∗n,pn,qn(1 + t2;x) |
(1 + x2)1+a

<
‖f‖ρ

(1 + x20)
a

+
ε

3
, ∀n ≥ n1.

Thus

I2 + I3 <
2‖f‖ρ

(1 + x20)
a

+
ε

3
, ∀n ≥ n1.

Now, let us choose x0 to be so large that
‖f‖ρ

(1 + x2)a
<
ε

6
.

Then,

I2 + I3 <
2ε

3
, ∀n ≥ n1. (4.3)

I1 = ‖G∗n,pn,qn(f)− f‖C[0,x0] <
ε

3
, ∀n ≥ n2. (4.4)

Let n0 = max(n1, n2). Then, combining (4.1)-(4.4)

sup
x∈[0,∞)

| G∗n,pn,qn(f ;x)− f(x) |
(1 + x2)1+a

< ε, ∀n ≥ n0.

This completes the proof. �
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Now we present ordinary approximation in terms of Lipschitz constant de-
fined by

lipM(β) =

{
f ∈ CB[0,∞) :| f(t)− f(x) |≤M

| t− x |β

(t+ x)
β
2

}
, (4.5)

where M is a positive constant and 0 < β ≤ 1.
In the following theorem, we obtain the rate of convergence of the operators

G∗n,p,q for functions lipM(β).

Theorem 4.2. Let be f ∈ CB[0,∞), 0 < q < p ≤ 1, then for any x ∈ (0,∞),
the following inequality holds:

|G∗n,p,q(f ;x)− f(x)| ≤ M

(
αn,p,q(x)

x

)β
2

,

where αn,p,q(x) = G∗n,p,q((t− x)2;x).

Proof. First, we prove that the result is true for β = 1. Then, for f ∈ lipM(β),
we obtain

|G∗n,p,q(f ;x)− f(x)| ≤ 1

(rn(x))nγp,q(n)

∫ ∞
0

q
n(n−1)

2 tn−1ep,q

(
− pt

rn(x)

)
×
∣∣∣f(

qnt

[n]p,q
)− f(x)

∣∣∣dp,qt
≤ M

(rn(x))nγp,q(n)

∫ ∞
0

q
n(n−1)

2 tn−1ep,q

(
− pt

rn(x)

)

×

∣∣∣ qnt
[n]p,q

− x
∣∣∣√

qnt

[n]p,q
+ x

dp,qt.

Using
√
x <

√
qnt

[n]p,q
+ x and the Cauchy-Schwarz inequality, we get

|G∗n,p,q(f ;x)− f(x)| ≤ M√
x(rn(x))nγp,q(n)

∫ ∞
0

q
n(n−1)

2 tn−1ep,q

(
− pt

rn(x)

)
×
∣∣∣ qnt
[n]p,q

− x
∣∣∣dp,qt

=
M√
x
G∗n,p,q((t− x)2;x) ≤M

(
αn,p,q(x)

x

) 1
2

.

Therefore the result is true for β = 1. we prove that the result is true for
0 < β ≤ 1, applying Holder’s inequality with p = 2

β
, q = 1

2−β ,
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|G∗n,p,q(f ;x)− f(x)| ≤ 1

(rn(x))nγp,q(n)

∫ ∞
0

q
n(n−1)

2 tn−1ep,q

(
− pt

rn(x)

)
×
∣∣∣f(

qnt

[n]p,q
)− f(x)

∣∣∣dp,qt
≤

{(
1

(rn(x))nγp,q(n)

∫ ∞
0

q
n(n−1)

2 tn−1ep,q

(
− pt

rn(x)

)

×
∣∣∣f(

qnt

[n]p,q
)− f(x)

∣∣∣dp,qt) 2
β

}β
2

×

{
1

(rn(x))nγp,q(n)

∫ ∞
0

q
n(n−1)

2 tn−1

×ep,q
(
− pt

rn(x)

)
dp,qt

} 2−β
2

≤

{
1

(rn(x))nγp,q(n)

∫ ∞
0

q
n(n−1)

2 tn−1ep,q

(
− pt

rn(x)

)

×
∣∣∣f(

qnt

[n]p,q
)− f(x)

∣∣∣ 2β dp,qt}
β
2

.

Since f ∈ lipM(β), we have

|G∗n,p,q(f ;x)− f(x)| ≤ M

x
β
2

{
1

(rn(x))nγp,q(n)

∫ ∞
0

q
n(n−1)

2 tn−1ep,q

(
− pt

rn(x)

)

×
(
qnt

[n]p,q
− x
)2

dp,qt

} γ
2

=
M

x
β
2

(
G∗n,p,q((t− x)2;x)

)β
2

≤M

(
αn,p,q(x)

x

)β
2

.

Hence, the desired result is obtained. �

Conclusion
In this paper we have constructed a new King type modification of Gamma

operators based on ( p, q)-integers and investigated their approximation
properties. We have obtained weighted approximation and some other results
of these operators are studied by means of modulus of continuity and Peetre K
-functional.
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