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Abstract
We combine the Aboodh transform and Shehu transform to give another double transform which is
called the double Aboodh-Shehu transform. This interesting transform reduces a linear partial
differential equation with unknown function of two independent variables to an algebraic equation,
which can then be solved by the formal rules of algebra, or by applying the double Aboodh-Shehu
transform directly to the given equation.
1. Introduction
One of most popular and rather method for solving partial differential equations is the integral
transform method. In the literature, several different transforms are introduced and applied to find the
solution of partial differential equations such as Laplace transform [10], Sumudu transform [7], Aboodh
transform [1], Shehu transform [5], and so on. In 2013, K. Aboodh [1] introduced a new integral
transform called Aboodh transform, which is derived from the Fourier integral and similar to Laplace
transform, and applied it to solve ordinary differential equations, after that he introduced the double
Aboodh transform and used it to solve integral differential equation and partial differential equation
[2]. Shehu transform of single variable [12], is a new transform which was recently introduced by M.
Shehu and W. Zhao in 2019. Shehu transform is a generalization of Laplace and Sumudu transforms.
This transform is used to solve both ordinary and partial differential equations. In recent years, great
attention has been given to deal with double integral transforms, see for example [2, 4, 6, 9] and others.
The main objective of this paper is to introduce a new method for solving some partial differential
equations subject to the initial and boundary conditions called double Aboodh-Shehu transform, the
definition of double Aboodh-Shehu transform and its inverse. We also discuss some theorems and
popular properties about the double Aboodh-Shehu transform and gave the double Aboodh-Shehu
transform of some elementary functions. To show the applicability and efficiency of this interesting
transform we apply this transform to some test examples.
Definition 1.1. [1] The single Aboodh transform of the real function f(x) of exponential order is defined
over the set of functions,
A= f(x): K, 71,72>0, | f(X) |< Ke|x|zj , x €(—1)] X [0,0),j=1, 2,
Key words and phrases. Double Aboodh-Shehu, Aboodh transform, Shehu transform, Partial
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by the following integral

AU@HzF&%:%Ame”ﬂmwgﬁgrgﬁ. (L.1)
And the inverse Aboodh transform is

Alw@n:ﬂ@:§%1i:VJWWanzo (12)
Definition 1.2. [12] The single Shehu transform of the function f(¢) of expo-

nential order is defined over the set of functions,

B= {f(t) 3N, prpa > 0] £(8) |< Nets t € (<1 x [0,50), j = 1,2},

by the following integral

SWMzF@@z/‘&W@ﬁJ>Qu>O (1.3)
0
The inverse Shehu transform is given by
Y Al B
A _— “eu 1.4
£ =S Pl = 5 [ et P, (1.4

where s and u are the Shehu transform variables, and w is a real constant and
the integral in Eq.(1.3) is taken along s = w in the complex plane s = x + iy.
In the next definitions, we introduce the double Aboodh-Shehu transform.

Definition 1.3. The double Aboodh-Shehu transform of the continuous function
f(z,t), x,t > 0 is denoted by the operator A,S;[f(x,t)] = F(r,s,u) and defined
by

ASi[f(z,t)] = F(r,s,u) / / —0e 5D f(x, ) dadt
-~ lim / / ~0e D) £ (2, ) dadt. (1.5)

r a—o0,b—00

It converges if the limit of the integral exists, and diverges if not.
The inverse of double Aboodh-Shehu transform is defined by

et _ 1 p1+ico - p2+ico 1 o
flz,t) =A"S; " [F(r,s,u)] = — re ew F(r,s,u)ds ¢ dr,
P P

(27?1)2 1—100 2 — 100 Uu
(1.6)
where p; and py are real constants.

2. EXISTENCE AND UNIQUENESS OF DOUBLE ABOODH-SHEHU TRANSFORM

In this section, we prove the existence and uniqueness of double Aboodh-Shehu
transform.

Definition 2.1. A function f(z,t) is said to be exponential order e(**) q b > 0
on [0,00), if there exist positive constants L, X and T such that

| f(z,t) |< Lelazttt), for all x> X, t>T,
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and, we write
f(x,t) = o(ela=t?) as (x — 0o,t — 00).

Or, equivalently,

ap (DY o

x,t>0 6(ax+bt)

Theorem 2.2. Let f(x,t) be a continuous function in every finite intervals (0, X)
and (0,T), and of exponential order (%) then the double Aboodh-Shehu trans-

form of f(x,t) exists for all r > a and 2,
u

Proof. Let f(z,t) be of exponential order e(@®+%) such that
| fz,t) |< Lt Vo > X t > T.
Then, from the definition of double Aboodh-Shehu transform, we have

|F(r,s,u)| = |—/ / ~re i) f (2, t)dadt|
< —/ / N f(z,t)|dadt
r
L /oo /OO —(ra+2t) (aerbt dadt
"Jo Jo
= £/ e = “”da:/ ~GDtgy
" Jo 0

Lu
Cr(r—a)(s—bu)
The proof is complete. [

| /\

Theorem 2.3. Let fi(x,t) and fy(x,t) be continuous functions defined for x,t >
0 and having the double Aboodh-Shehu transform Fy(r,s,u) and Fy(r,s,u), re-
spectively. If Fi(r,s,u) = Fy(r, s,u), then, fi(z,t) = fao(x,t).

Proof. Assume (3 and [, are sufficiently large, since
1 B1+ioco Ba+ioco 1 o
flz,t) = A'S;H[F(r,s,u)] = 2ri)? /Blioo re’® {/@m ae?F(T, s,u)ds} dr,

we deduce that

]. 131+ZOO 62+ZOO 1 st
— re Zeu F
fi(z,t) (27”)2/,3 e {/ﬂ € (s u)ds} dr

11100 2 —100
1 B1+ioco B2+ioco 1 o
=5 re’™ {/ —ew Fy(r, s u)ds} dr
(2mi) B1—ico Bo—ico U
= f2 (xa t)
Thus, the proof is complete. O

I ————
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3. SOME PROPERTIES OF DOUBLE ABOODH-SHEHU TRANSFORM

3.1. Linearity property. If f(x,t) and h(z,t) be two functions such that
ASi[f (2, )] =F (r, s, u),
A,Si[h(x,t)] =H(r, s, u).
Then for any constants a and b, we have
A;Silaf(x,t) + bh(x,t)] = aAS[f(z,t)] + bALS A (x, 1)].
Proof. By using the definition of double Aboodh-Shehu transform, we obtain

A,Silaf(z,t) + bh(x,t)] / / e~ o) (af (a,t) + bh(x,t))dwdt

/ / ~0e D) f(z, ) dadt
/ / ~e D p(z, t)dadt

= aASi[f (2, 1)] + bAS[h(x,1)].
0

3.2. Shifting property. If A,S;[f(x,t)] = F(r,s,u), then for any pair of real
constants a,b > 0

ALS [T f (2, )] = uF (r—a,s —ub,u). (3.1)
T
Proof. Using the definition of double Aboodh-Shehu transform, we obtain

A S [ am—i—btf 13 t / / —(ra+5L am+btf($,t)d$dt

/ / (r—a)e+(*5 ub)t)f(x,t)dacdt

r(r—a)
r—a
= F(r—a,s—ub,u).
,

This ends the proof. 0

3.3. Changing of scale property. Let f(x,t) be a function such that
A S f(x,t)] = F(r,s,u).
Then for a;, B > 0, we have

ASi[f o, B)] = P55, 0. (3.2)

Proof. Using the definition of double Aboodh-Shehu transform, we deduce

A Si[f (ax, Bt)] / / e~ o) f o, Bt)dadt.

I ——
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Let ¢ = azx and ¢ = pt, then

AzSi[f (0, )] mﬁ/ / f(¢, p)dodyp
— ~(Z+35)
—a%{ / / +ﬁf¢so>d¢>dso}
= oz%’ ( 5 u)
O
3.4. Derivatives properties. If A,S,[f(z,t)] = F(r,s,u), then
0
(1) A0y (s ) - Ts(s0,0) (3.3)
Proof.
4,82 / / ~(ro+3) 11 “Z_ Of@.1) 1oy

_ ;/0 fdt{/o e (x, t)dx}

Using integration by parts, let u = e, dv = f.(x,t)dx = Bf(“ dx, then we
obtain
AzSt[aféZ’ t)] = %/000 e~ wldt {—f(O, t) + 7’/000 e”f(x,t)dx}
P s,u0) — %S[ £(0,0)]
0
(2) A8 D)2 pr ) — Ay, 0) (3.4)
Proof.
AxSt / / —(m+“)3f x t)d p

:;/0 —”d:c{/o el fy(x, t)dt}

Using integration by parts, let u = et and dv = fi(z,t)dt = 8f xt Ldt, then we
obtain

of (x > s [ _s
ASy| f(gtt)]:%/o emd:r;{—f(x,O)+E/0 eutf(yc,t)dt}

- EF(T, s,u) — Alf(z,0)].

... ! . _____________________________ ______________|
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Similarly, we can prove that:

A8 T — 2p(r 5. 0) - 817(0,0) ~ 181£.0,1),
A8 TS0y % e )~ S Al ,0)] - AL, 0],
ST = s ) — ralf,0)] - TS[A(0,1)

4. THE DOUBLE ABOODH-SHEHU TRANSFORM OF SOME FUNCTIONS
(1). If f(z,t) =1, then

AS1] / / e+ gyt = TZS (4.1)
(2). If f(z,t) = xt, then
A, Si[zt] = / / et D ptdadt = S (4.2)
(3). If f(z,t) = 2™t*, m, k=0, 1, 2, ... , then
A, S [zt = / / (et gk g dt = %(%)k“. (4.3)

(4). If f(x,t) = 2°t°, « > —1, B > —1, then we have

1 [ <
AgS[z9t°] = / / —re D) P dadt = = / e " a%dx / e~ uttBdt.
rJo 0

Let ¢ = rx and n = 2t, then we have

1 oo
A2t = — /0 ‘CC“dC{( )t /0 e‘"nﬁdn}

- %r(ﬁ + 1)(%)/3*1. (4.4)

Where T'(.) is the gamma function.
(5). If f(z,t) = e™@*+™) n m =0, 1, 2, ..., then

A, Sy[etrermd)] / / D tm) g dt = . . (45
v r(r —mn)(s — mu) (45)
Similarly,
A:DSt[ei(n:c—I—mt)] _ 1/00 /oo 6—(rw+%)€i(nx+mt)dl,dt _ : u :
r Jo r(r —in)(s —imu)

_u(rs —nmu) + du(ns + mru) (4.6)
(2 n2) (s +m2u?) '

e
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Consequently,

u(rs — nmu)

A, Si[cos(nx + mt)] = 0T ) (5 1 mEE) (4.7)
AuSisin(n +mb)] =~ i(ggfz ot (4.8)
(6). If f(z,t) = sinh(nz + mt) or cosh(nx + mt), n,m =0,1,2,
Recall that
sinh(nz + mt) = bl _;WHW), cosh(nz +mt) = el —Ze(nﬁmt)
Therefore,
u(rs + nmu)
A, Si[cosh(nz + mt)] = R P e —— (4.9)
AuSifsinb(na + mt)] = ﬁ(;g?;f‘?n%z) . (4.10)
ASifi(x / / 0w £, (1) fo () dadt
—;/O T / i ()
= A (RS0 (11)
Therefore,
b 2
A, Si[sin(ax) sin(bt)] = 7‘(7“23— 3 (5 +ub2u2)’ (4.12)
A, Si[cos(ax) cos(bt)] = ! s (4.13)

(r2 + a?) (s + b2u?)
5. APPLICATION OF DOUBLE ABOODH-SHEHU TRANSFORM METHOD TO

LINEAR PARTIAL DIFFERENTIAL EQUATIONS

Let the second-order nonhomogeneous linear partial differential equation in two
independent variables (z,t) be in the form:

aUsy (2, t) + Uy (2, t) + cUy(2,t) + dUy(x, t) + eU(z,t) = g(z,t), (2,t) € R

(5.1)
with the initial conditions:
Uz,0) =Gi(z),  Uiz,0) = Ga(x), (5.2)
and the boundary conditions:
U0,t) = Gs(t),  U.(0,t) = Gu(t), (5.3)

where a, b, ¢, d and e are constants and g(z,t) is the source term. In (5.1),
the dependent variable U = U(x,t) depends on the position = and on the time
variable t. Using the property of partial derivative of the double Aboodh-Shehu

|
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transform for equation (5.1), single Aboodh transform for equation (5.2) and
single Shehu transform for equation (5.3) and simplifying, we obtain that:

F(r,s,u) = ((bf +d)G1(r) + bGa(r) + (a + £)Gs(s,u) + 2G4(s,u) + H(r, s,u)>

ar? + % for + L 4e
(5.4)
where H(r,s,u) = A,S;[g(z,1)].
Finally, solving this algebraic equation in F'(r, s, u) and taking the inverse double
Aboodh-Shehu transform on both sides of equation (5.4), yields:

(% + d)Gy (1) 4+ bGa(r) + (a + £)Gs(s,u) + 2Ga(s,u) + H(r, s, u)
ar + 55 tor+ 4 4e '

Uz, t) = AJ'S; !

(5.5)
Which is the general format for the solution of equation (5.1) by the double
Aboodh-Shehu transform method.

Example 5.1. Consider the following homogeneous heat equation
Ui(z,t) = Upe(x,t) — U(z,t), reR,, t>0, (5.6)
subject to the initial and boundary conditions

U(z,0) =sin(z) = Gi(z), U(0,t) =0 = Gs(t), U,(0,t) = e 2 = Gy(t).

Substituting
1 U
gl(fr) - ma g3<S,U) - 07 94(5,u) - s+ 2’
in (5.5) and simplifying, we get a solution of (5.6)
Uz, t) = AJ'S;! . = e *sin(x). (5.7)

r(r2 4+ 1)(s + 2u)
Example 5.2. Consider the following nonhomogeneous heatl equation
Ui(z,t) — Upe(x,t) = —61, reRy, t>0, (5.8)
with the initial and boundary conditions:
U(x,0) = 2* + sin(z) = Gy (z), Ui(x,0) = —sin(x) = Ga(z),
U(0,t) = 0= Gs(t), U, (0,t) = e = Gy(t).

Applying the double Aboodh-Shehu transform on both sides of Eq. (5.8) and re-
arranging the terms, we get

F(r,s,u) = (S_UW{A[U(%O)] ~S[U(0, 1)) ~ ~S[UL(0,1)] - %(5)}, (59)
where ;
A,Si[—6a] = == ().
Substituting
6 1 —1 U
Gi(r) = 5 + 1) Go(r) = T2 1) Gs(s,u) =0, Ga(s,u) = P

.
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in (5.9) and simplify to obtain

u {6(7"2 + 1) (s +u)(s — r’u) + ris(s — r?u) }

Frys,u) = (s —r2u) rPs(r? 4+ 1)(s + u)

6 u U

r_5<§>+ r(r2+1)(s+u) (5:10)

Taking the inverse double Aboodh-Shehu transform of equation (5.10), we get a
solution of (5.8)
6 u U

Uz,t) = A,'S, " {5(5) + r(r2+1)(s +u)

= 2% 4 e 'sin(x).

Example 5.3. Consider the following nonhomogeneous wave equation
Up(x,t) = Upe(x,t) — 3U(x,t) + 3, reRy, t>0, (5.11)
with the initial and boundary conditions:
U(z,0) =1=Gi(x), Ui(z,0) = 2sin(z) = Go(x),
U(0,t) =1 = Gs(1), U,(0,t) = sin(2t) = Ga(1).

Substituting
1 2 U 2u? 3u
G =1z B0 =gy Glaw =75 Glow) = g Hinew =5
in (5.5) and simplifying, we get a solution of (5.11)
1 2u?
Uz, t) = AZIS; | = | =1+ sin(x) sin(2¢).

r2s  r(r2+1) (s? + 4u?)
Example 5.4. Consider the following partial differential Telegraph equation
Upe(,t) — Uy (2,t) — Up(, ) — U = >, reR,, t>0, (5.12)
with respect to the initial and boundary conditions:
U(z,0) = e* = G (z), Up(x,0) = e** = Gy(x),
U(0,t) = e" = Gs(t), U,(0,t) = 2e" = G4(t).

Substituting
G1(r) = 0. Galr) = o Gl ) = —— Gl w) = —— H(r,5,u) -
r)= r)= s,u) = s,u) = T, S,u) =
! r(r—2) 77 r(r—2) 7% s—u "h s—u r(r—2)(s—u)’
in (5.4) and simplifying, we get
et
F = = .
<r7 S? u) r2u27szgsu7u2 7"(7” . 2)(8 . u)

Taking the inverse of double Aboodh-Shehu transform, we get

Uz, t) = AJ'S;! [T(r — 21;(3 — u)] = ¥t

Which is the required solution of the considered Telegraph equation.

. |
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Example 5.5. Consider the following boundary Laplace Equation

Ups (2, t) + Uy (z,t) = 0, (z,t) € R%, (5.13)
with the conditions:
U(z,0) = cos(z) = Gy(z), U(z,0) =0 = Ga(x),
U(0,t) = cosh(t) = G5(t), U.(0,t) = 0= Gy(t).
Substituting
1 SU
Gi(r) = m7 Ga(r) =0, Gs(s,u) = m, Ga(s,u) =0,
in (5.5) and simplifying, we get a solution of (5.13)
Ulx,t) = A'S? ! o = cos(x) cosh(t).

1) (5 — )
Example 5.6. Consider the following boundary Poisson equation
Upz(x,t) + Uy (2, t) = tsin(z), (z,t) € RZ, (5.14)
with the conditions:
U(z,0) =0 = Gi(x), U(z,0) = —sin(x) = Go(z),

)
U<Oat) =0= g3(t)7 Uz(07t> =-t= g4(t)
Substituting

! Gs(s,u) =0 Q(su)—_UQ H(r,s,u) = Lo
T(T2+1)’ 3\9y — Y% 4\ 2, - 82’ )9y _T(T2+1>82’

in (5.5) and simplifying, we get a solution of (5.1/)

Uz, t) = AJ'S;! _—UQ — _A-1g! ;U_Z
’ T s2r(r2 + 1) T r(r2 1) 82

Gi(r) =0, Ga(r) =

} — —tsin(x).
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