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Abstract
In this paper, we introduce a new-type integral transform called the Ouideen transform which is a
generalization of the Aboodh and the Sumudu integral transforms for solving linear ordinary differential
equations with constant coefficients and linear partial differential equations with two variables. The
proposed integral transform is successfully derived from the classical Fourier integral transform and is
applied to both ordinary and partial differential equations to show its simplicity, efficiency, and high
accuracy.
1. Introduction
The differential equation plays a central role in Applied Mathematics, Physics and in Engineering.
Linear and nonlinear partial differential equations are generally difficult to be solved and their exact
solutions are difficult to be obtained. The exact solution and numerical solutions of this kind of equations
play an important role in physical science and in engineering fields. Therefore, there have been attempts
to develop new techniques for obtaining analytical solutions which reasonably approximate the exact
solutions [7]. One of most popular and rather method for solving both ordinary and partial differential
equations is the integral transform method. The origin of the integral transforms can be traced back to
the work of P.S. Laplace in 1780s [2] and Joseph Fourier in 1822. The Laplace transform and Fourier
integral transforms are the most commonly used in the literature. In recent years, differential and
integral equations have been solved using many integral transforms such as Aboodh transform [1],
Sumudu transform [10], Shehu transform [8], Elzaki transform [9], Yang transform [7], and so on. In
2016, Atangana and Alkaltani introduced a new double integral equation and their properties based on
the Laplace transform and decomposition method. The double integral transform was successfully
applied to second order partial differential equation with singularity called the two dimensional
Mboctara equation [3]. Recently, Eltayeb applied double Laplace decomposition method to nonlinear
partial differential equations [5]. In 2017, Belgacem el at. extended the applications of the natural and
the Sumudu transforms to fractional diffusion and Stokes fluid flow realms [4]. In this paper, we
proposed a new integral transform called Ouideen transform for solving both ordinary and partial
differential equations.
The new integral transform converges to Aboodh transform when q = 1, and
Key words and phrases. New integral transform, Ouideen transform, ordinary differential equations,
Partial differential equations.
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to Sumudu transform when p = 1. The proposed integral transform is success-
fully applied to both ordinary and partial differential equations. Throughout this
paper, the Ouideen transform is denoted by an operator O[.].

2. MAIN RESULT
Definition 2.1. The Ouideen transform of the function f(¢) is defined over the
set of functions

T;iltl

Y ={f(t):3IM, p1,p2, 71,72 > 0,| f(t) |< Me »i ,x € (—1)" x [0,00),7 = 1,2},

(2.1)
by the following integral
1 [
Ol () =Tn.a) = [« % rityi (22)
Pq Jo
1 . B m
= p—qﬁh_)rglo i e f(t)dt, p1 < p2, T < Ty (2.3)
It converges if the limit of the integral exists, and diverges if not.
or
1 [ _
Ol () =Tipa) =5 [ e flaty (24)
0
where p; < p < py, 71 < q< T, t>0and M is constant.
The inverse Ouideen transform is given by
O[T (p, )] = f(t), fort>0. (2.5)
Equivalently
1 1 rico o
f(t) =07 [T(p.q)] = 2—/ pe < T(p, q)dp, (2.6)
U B—ioco

where p and q are the Ouideen transform variables, and (3 is areal constant.

Theorem 2.2. The sufficient condition for the existence of Ouideen
transform. If the function f(t) is piecewise continues in every finite interval
0 <t < «a and of exponential order B for t > a. Then its Ouideen transform
T(p,q) exists.

Proof. For any positive number «, we algebraically deduce

1 & pt 1 @ pt 1 o pt
— e a f(t)dt = — e« f(t)dt + —/ e a f(t)dt 2.7
i ft) 1 f(t) v ). f(t) (2.7)

Since the function f(¢) is piecewise continues in every finite interval 0 < ¢ < a.
Then the first integral on the right hand side exists. Besides, the second integral
on the right hand side exists, since the function f(¢) is of exponential order /3 for

|
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t > a. To verify this claim, we consider the following case

1 o 1 o p
!—/ e qf(t)dtlép—q/o e f(t) | dt

pq
1 [ _p
<— | e |f(t)]at
Pq Jo
< i e_%tNeBtdt
Pq Jao

N [ _w-80t
= — equq dt
Pq Ja

= ——N lim [6@_5(1”]6
p(p — Bq) -0 0
B N
p(p = Bq)
The proof is complete. H

Theorem 2.3. Derivative of Ouideen transform. If the function f™(t) is
the nth derivative of the function f(t) € Y with respect to 't then its Queedin
transform is defined by

n—1

0 [£(0)] = ET(.0) = S0P 0) 28)

k=0

When n =1, 2, and 3 in Equ. (2.8) above, we obtain the following derivatives
with respect to t.

1y P 1
O[f'(t)] = qT(p, q) qu(O) (2.9)
P P_Z 1 1
O[f"(t)] = qQT(nq) q2f(0) qu (0) (2.10)
" o p_3 N 1 N l / _ i "
O[f"(t)] = qu(p,Q) p—_lqgf(()) q2f(0) qu (0) (2.11)

Proof. Now suppose Equ. (2.8) is true for n = k. Then using Fqu. (2.9) and the
induction hypothesis, we deduce

1 1— k+] k+17jfj(0>

o [(19vy] = E[/90) - piqf’%m
_Z_jp_k _k_112k+3 kJJ _ fk
=25 T) j:0<p> I PO = 140)

Q3
OMw

’U

k+1
) o

which implies that Fqu. (2.9) holds for n = k£ + 1. By induction hypothesis the
proof is complete. O
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The following important properties are obtained using the Leibniz’s rule

af(x,t)]_i © n0f(z.t) :ﬂ[i TRt }
@{ — / 5 dt pq/o f(z, t)dt

o7 e /s z Bz
- %[T(:ﬁ,p, Q)] = [afé )] = %[T(ﬂc,p, a)l,
oS5 =g TR = g [ el
:%mwm$wﬁ%ﬂ—ﬁmwm,
and
o[ [t £ (Lt
;ﬁ; T(z,p,q)] = O [angg, t)} = dd; T(x,p,q)]

3. SOME USEFUL RESULTS OF OUIDEEN TRANSFORM

3.1. Property. First translation or shifting property of Ouideen trans-
form. Let e® f(t) € Y, where a is constant. Then

p pq
Ole™ f(t)] = T (p, ) 3.1
e ) = L1 (L (3.1)
Proof. By Definition 2.1 of Ouideen transform, we have
1 o0
@wvanz—/‘e@a@ﬂwMt (32
P Jo
Let Bp = (p—aq)t which implies t = pﬁ o and dt = dﬁ in Fqu.3.2, we deduce

1

Ol (®) D —paq/ e ( pqiq) w
L [ _pat
_p—aq/o ‘ f<p—a<J) o

_ P T(p’ Pq )
p—aq p—aq

This ends the proof. 0

Based on variables transformation in property 3.1, we deduce

] L T (1, ] e ) , p=1 (Sumudu transform),
a - a - (I
Ofef(p) = { Lot AL

P_p P, , q =1 (Aboodh transform).
p—a p—a

(3.3)

I ————
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3.2. Property. Linearity property of Ouideen transform. Let the func-
tions afi(t) and bfs(t) be in a set Y, then (afi(t) + bfa(t)) € Y, where a and b
are nonzero arbitrary constants, and

Olafi(t) + bf2(t)] = aOLf1(2)] + bO[fa(1)] (3.4)
Proof. Using the Definition 2.1 of Ouideen transform, we get

Olafu(t) + bfa(t)] = piq/w e (af () + bfa(t))dt

0

piq Handes o [T o0
a _npt _pt
p_q e 4 fl (t)dt + p—q/ov e 4 fg(t)dt
1 [ _pt 1 [ _pt
~ / TR b [
= aO[f1(t)] + bO[f2(t)].
The proof is complete. O

Generalization: If f(z), fo(z), ..., fu(z) have Ouideen transform, then

Ob1 fi(@) + bafo(x) + ... + by ful2)] = 01O[f1(2)] + b20[fo(2)] + ... + bn@[fngx)]a)
3.5
where by, by, ..., b, are constants and fi(z), fo(z), ..., fu(z) are defined function.

3.3. Property. Change of scale property of Ouideen transform. Let the
function f(bt) be in a set'Y, where b is an arbitrary constant. Then

Ol (b)) =

p
Proof. Using the Definition 2.1 of Ouideen transform, we deduce
1 [ _»
ol (be)] = - / e F(bt)dt (3.7)

Substituting ¢ = bt which implies ¢ = ¥ and dt = %% in Equ.(3.7) yields

ol 0] = / T )

B 1 ot
pab Jo

JR— 1 e

-/
1.6 _pt

- L / e~ Flgt)ar

L _p
= ()
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The proof is complete. O

3.4. Property. Let the function f(t) = 1 be in a set Y. Then its Ouideen
transform is given by

O[1] = =. (3.8)
Proof. Using Equ.(2.2), we deduce

1 o pt 1 pt 1

o = [ e ar= (= % im [ 5] = o
pq Jo

This ends the proof. 0

3.5. Property. Let the function f(t) = t be in a set Y. Then its Ouideen
transform is given by

q
Oft] = =. (3.9)
3
Proof. Using the Definition 2.1 of the Ouideen transform and integration by parts,
we get
1 & pt 1 pt 3 & pt
Oft] = —/ te adt = — (Q lim [te_?] + g/ e_th>
Paq Jo pq \p -0 0 PJo
_ 4y [ _ptr g
=——lim [e"¢| =—.
P3 600 o p?
Thus the proof ends. |

3.6. Property. Let the function f(t) =t" n=0,1,2... be in a set Y. Then its
Ouideen transform is given by

n _ q
O[t"] = n!pn+2. (3.10)
tn
n!
we deduce
n 1 > n —B 1 > n—1 —&
o[t"] = — t"e” adt = —n t" e adt
pbaq Jo p 0
= %n(n - 1)/ "2 dt
p 0
2 oo "
= —n(n— 1)(n—2)/ t" e adt
0
_ q3 OO n—4 —pt
——5n(n—1)(n—2)(n—3)/ " e adt
p 0
—q—4n(n—1)(n—2)(n—3)(n—4) oot"_5e_%tdt— L
T 0 o pnt2

Albaydha University Journal 4 (3), 2022
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The proof is completed. O

3.7. Property. Let the function f(t) = F(fl—:l) n=0,1,2,... be in the a set Y.
Then its Quideen transform is given by

t'fL qn
0) = . 3.12
ol (312)
Proof. The proof of property 6 follows immediately from the previous property
3.5. O
3.8. Property. Let the function f(t) = €™ be in Y. Then its Ouideen transform
1S given by
1
Ole™] = . 3.13
] p(p — aq) (3.13)
Proof. Using Fqu.(2.2) we get
1 & p—agq)t
Ole™] = — e dt
Pq Jo
1 . _(p—aq)t9 1
=————— lim [e a } = —.
p(p — aq) 5o o p(p—aq)
The proof is complete. O

3.9. Property. Let the function f(t) = te™ be in a set Y. Then its Ouideen
transform is given by
q

Ofte"] = ———. 3.14)
fe”] p(p — ag)? (
Proof. Using the Definition 2.1 of the Ouideen transform and integration by parts,
we get
1 e (p—aq)
Ofte™] = — / te T dt
Pq Jo
1 . _(p—ag)t] 0
=———— lim [te a ]
p(p — aq) 6— 0
1 0 (pmagt
t— e
p(p —aq) Jo
q I [ ,w} 9 q
=———— lim |e ¢ =
p(p — aq)? o o plp—ag)?
The proof is complete. O

3.10. Property. Let the function f(t) =t"e* n=0,1,2,... be in a set Y. Then
its Ouideen transform is given by
nlg"

Ofte™] = — 4
") p(p — agq)" !

(3.15)

258 Albaydha University Journal 4 (3), 2022



£2022 st - (3) 2kt - (4) aekinl - sl e it

tn at
Equivalently, if the function f(t) = 6‘ . Then its Ouideen transform is given
n!
by
tneat qn
O = . 3.16
[ n! ] p(p — ag)"+! (3.16)
Proof. Using the Definition 2.1 of the Ouideen transform and integration by parts,
we deduse
1 [ (p—aq)
O[t"e™] = —/ e dt
pq Jo
_ " / t"_le_wdt
p(p —aq) Jo
-1 o (p—aq) g™
_ qn(n )2/ t"_Qe*pqqtdt: _ nlq —
p(p —aq)* Jo p(p — aq)"
Thus the proof is complete. O

3.11. Property. Let the function f(t) = F(flil)eat n=20,1,2,.. bein a set Y.
Then its Quideen transform is given by

tneat qn
O|l=——|=—"—"—. 3.17
{F(n + 1)} p(p — ag)™** (317)
Proof. The proof of Property 3.10 follows as a direct consequence of Property
3.9. O

3.12. Property. Let the function f(t) = sin(at) be in a set Y. Then its Ouideen
transform is given by
. aq
Olsin(at)] = —5———=. 3.18
finar)] =~ (3.15)
Proof. Using the Definition 2.1 of the Ouideen transform and integration by parts,
we get

Ofsin(at)] = — / e sin(at)dt
Paq Jo

1 00 pt eiat _ e—iat
L (—) at
pa Jo 2i

= e[ e By — [t
2ipq - Jo 21pq " Jo

! [ 1 1 1 [ 1 1 ]

Y P _ .. P . = 5 p—iaq  p+iaq
2ipq , "o o ta 2ipq = B

_ 1 ¢ _a |_ 1 [qlp+iag—p+iag)
2ipq |p—iaq p+iaq 2ipq p? + a?q?

_ aq
p(P2 + a?¢?)’

Thus the proof is complete. OJ
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3.13. Property. Let the function f(t) = cos(at) be in a setY. Then its Ouideen

transform is given by

1
_ 1
p2 + a2q2 (3 9)

Olcos(at)] =
Proof. Using the Definition 2.1 of the Ouideen transform and integration by parts,

we deduce

1 > pt
/ e« sin(at)dt

Paq Jo
1 o] " iat —tat

Olsin(at)] =

Pa Jo
1 (za——) + 6( ia—B )t>dt _ L(/ e(ia—g)t + 6—(§+ia)t)dt
2pq 0 2pq - Jo
B 1 1 n 1
P tial 2pq pfqmq p+qmq

_L[ } L[q(p+iaq+p—iaq)}
2pq | p — iaq p+wq 2pq p? + a’q?
1

p +a2

Thus the proof is complete.

3.14. Property. Let the function f(t) = sinh(at) be in a set Y. Then its

Ouideen transform is given by

4 (3.20)

Ol[sinh(at)] = T )

FEquivalently, if the function f(t) = [M} be in a set' Y. Then its Ouideen

transform is given by

{sinh(at)}: : q (3.21)

a p(p? + a?q?)’

I ————
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Proof. From the Definition 2.1 of the Ouideen transform and integration by parts,

we get
. L [ »
Olsinh(at)] = — e« sinh(at)dt
Pq Jo
e8] . at _ ,—at
_ 17 (l ar
pq Jo 2
= L( - et _ I gt = L(/OO et _ (Gt gy
2pq " /o 2pq " Jo
1 [ 1 1 1 [ 1 1 ]
T o |24 2 = 9pg | P=ed T prag
2pq g @ ,Tta 2pq ; ;
:Ll a  q }:L{q(p+aq—p+aq)}
2pq [p—aq p+aq] 2pg p* +a*q
_ aq
p(p? + a*¢?)’
Thus the proof is complete. |

3.15. Property. Let the function f(t) = cosh(at) be in a set Y. Then its
Ouideen transform is given by

1
? — a2’

Proof. Applying the Definition 2.1 of the Ouideen transform and integration by
parts, we get

Olcosh(at)] = (3.22)

1 o pt
Ol[sinh(at)] = —/ e« cosh(at)dt
pq Jo

1 e e} at —at
= — e_%t (—e te ) dt
pq Jo 2

1 o 1 o
( / W TN = —( / )t ety gy
0 0

- 2pq 2pq

1 [ L1 Ll

T o9, |2 _ P2 ~ 5~ | p—ag T ptag
2pq g 0 p +a 2pq = =

1 q q | 1 [qlp+aqg+p—aq)
*2 _ + *2 2 _ 42,2
pq [p—aq p-+aq Pq p asq
- 1
_p2—a2q2'

Thus the proof is complete. O

3.16. Property. Let the function f(t) = e"sin(at) be in a set Y. Then its
Ouideen transform is given by

t _ aq
O[e” sin(at)] = o= b+ a2’ (3.23)
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bt o3 ¢
Equivalently, if the function (t) = <52

transform is given by
0 [ebt sin(at)} _ q
a pl(p — bg)? + a*¢?|
Proof. Applying the Definition 2.1 of the Ouideen transform and integration by
parts, we get

be in a set Y. Then its Ouideen

(3.24)

1 [ _p
O[e" sin(at)] = —/ e e e sin(at)dt
paq Jo

1 © g—pyt [elt — gial
= — e q —_— dt
Pq Jo 2

oo ) )
1 (bg—p+iag)t (bg—p—iag)t

= — (& q — € aq dt
2ipq Jo ( )

_ 1 [ q B q ]
2ipq | (p — pg) —iaq  (p—pq) + iag
_ aq
 pl(p—bg)? + a2¢?
Thus the proof is complete. OJ

3.17. Property. Let the function f(t) = e cos(at) be in a set Y. Then its
Ouideen transform is given by

= €bt cos(a = (p — bq)
(O)[f(t) - ( t)] p[(p o bq)2 + agqg] . (325)

Proof. Applying the Definition 2.1 of the Ouideen transform and integration by
parts, we get

1 [
O[e” sin(at)] = —/ e~ et cos(at)dt

Paq Jo
1 o0 (bq—p) iat —iat

_ . qqpt (6 +e ) dt
P4 Jo 2

_ 1 oo(e(bqugriaq)t i e(bquq*iaq)t)dt
2pq Jo

S T
2pq [ (p —bg) —iaq ~ (p —bq) +iaq
_ (p — bq)
plp = bg)* + a*¢*]
Thus the proof is complete. O

4. APPLICATIONS

In this section, the applications of the proposed transform are presented. The
simplicity, efficiency and high accuracy of the Ouideen transform are clearly il-
lustrated.
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Example 4.1. consider the following first order ordinary differential equation

df () _
— ) =0, (4.1)

subject to initial conditions
f(0) =1. (4.2)
Applying the Ouideen transform on both sides of Equ.(4.1), we get

gT(p, q) — piqf(o) +T(p,q) = 0. (4.3)

Substituting the given initial condition and simplifying, we deduce

T(p,q) (2—7+1) -2

q pq’
ptaq 1
T(p7 Q) (—> =
q prq
T(p.q) = (4.4)
p.q) = 77— .
p(p+q)
Taking the inverse Ouideen transform of Equ.(}.4), yields
ft)y=e". (4.5)
Example 4.2. consider the following second ordinary differential equation
¢f(t)  Ldf(t)
-3 2f(t) =0 4.6
y7e o T2f() (4.6)
subject to initial conditions
f(0)=1, f(0) = 4. (4.7)
Applying the Ouideen transform on both sides of Equ.(4.9), we get
2
P 1 1, 3p 3
—=T(p,q) — = f(0) — —f(0) — —=T(p,q) + —f(0) +2T(p,q) =0 4.8
qg()qz()pq()q()pq() (P, q) (4.8)
Substituting the given initial condition and simplifying, we deduce
2
P 1 4 3p
—Tp,q) =5 ——— —T(p,q) + — +2T(p,q) =0,
q2()q2pqq() (P, q)
23 1 4 3
o[£ [ 23]
q pg  pq
1 q
T(p,q) = (4.9)

+ .
P—a)p—2q) plp—a)(p—29)
Taking the inverse Ouideen transform of Equ.(}.9), yields
T(p,q) = [2¢ — €] + [e* — €]
T(p,q) = 3¢ — 2¢'

I
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Example 4.3. consider the following ordinary differential equation

df(t) . df(t) 3
— 2f(t) = 4 4.1
T T o5y = ac (1.10)
subject to initial conditions
£(0) = -3, f'(0) =5. (4.11)
Applying the Ouideen transform on both sides of Equ.(4.10), we get
2
P 1 1., 3p 1
—T(p,q)——=f(0)——f(0)——T(p —i— f +2T(p,q) = 4————. (4.12
q2( )qQ()pq()q( q) (0)+2T(p, q) p(p_3q)( )
Substituting the given initial condition and szmplzfymg, we deduce
2 2 1
p° — 3pq + 2q 3 14 4
ol [
(#,9) 7 ¢ pa] plp—3q)
4q* 14qg — 3p
T(p,q) = [ [
(#,4) p(p = 3q)(p — a)(p — 2q) ] —q)(p—29)]"
1 2 4 2 ] 1 8 11
T p,q) = — |: - + - |: :| ’
(#:9) plp—3¢ p—2¢ p—q] plp—2¢ p—yq
2 4 2 8 11
T(p,q) = - + + - . (413
(#:9) plp=3q) plp—2q) plp—q) pp—29) pp-2q 413)
Taking the inverse Ouideen transform of Equ.(].13), yields
f(t) = 2e* + 4e** — 9¢’. (4.14)

Example 4.4. Consider the following homogeneous partial differential equation
(heat equation)

Of (x,t) _ 0*f(x,1)
= 4.15
ot 0x? (4.15)
subject to the boundary and initial conditions
f(0,t) =0 f(1,t) =0, f(x,0) = 3sin(27x). (4.16)
Applying the Ouideen transform on both sides of Equ.(4.15), we get
p O*T (x,p, q)
ET(fL’,p, Q) — —f(ﬂﬁ 0)=—p2 (4.17)
Substituting the given initial condztzon and simplifying, we deduce
0T -3
% — gT(x,p, q) = o sin(27zx). (4.18)
The general solution of Equ.(].18) can be written as
T(I7p7Q) :Th(l’,p,Q)—FTs(lf,p,Q), (419)
where Ty, (x, p, q) is the solution of the homogeneous part which is given by
Th(2,p,q) = aeVs" + aye V37, (4.20)

applying the boundary conditions on Equ.(4.20), we get
a; +as =0 and ozle\/g + age_\/g =0= Ty(z,p,q) =0, (4.21)

264 Albaydha University Journal 4 (3), 2022
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since a; = ag = 0.
And Ty(z,p,q) is the solution of the nonhomogeneous part. Using the method of
undetermined coefficients on the nonhomogeneous part, we get

Ty(x,p,q) = ———sin(27x). 4.22
(@.9.0) =~ sin(2m) (122
Then Equ.(/.18) will become
3
T(x,p,q) = ———sin(2nx). 4.23
(@.0.0) = s sn(2a) (1.23)
Taking the inverse Ouideen transform of Equ.(4.23), we get
flz,t) = 3¢ sin(2rx). (4.24)
Example 4.5. Consider the following nonhomogeneous partial differential equa-
tion
0 f(x,t) GO f(z,t) .
T =b W + Sln(ﬂ'ﬂf) (425)
subject to the boundary and initial conditions
0 0
f(0,t) =0, f(1,t) =0, f(x,0) =0, fg’):QlF:L (4.26)

Applying the Ouideen transform on both sides of Equ.(4.25), we get

2 1 1 d*T 1
ETp) = 5 (00) - fe,0) = TPy D). (a27)

dx? P
Substituting the given initial condition and simplifying, we deduce

eora) z—jT(x, p.q) = = sin(rz). (4.28)
The general solution of Equ.(4.28) can be written as
T(x,p,q) = Ti(z,p,q) + Ts(x,p, q), (4.29)
where Ty, (x,p, q) is the solution of the homogeneous part which is given by
Th(x,p,q) = crea® 4 cpe” (4.30)

applying the boundary conditions on Equ.(4.50), we get
c1+cy =0 and cleg + cge_g =0= Ty(z,p,q) =0, (4.31)

stnce ¢ = ¢ = 0.
And Ty(x,p, q) is the solution of the nonhomogeneous part. Using the method of
undetermined coefficients on the nonhomogeneous part, we get

2
q . 1 /1 1 _
Ts($,p, q> = m Sll’l(ﬂ'x) = F <E - m) Sln(’ﬂ'l‘). (432)
Then Equ.(].29) will become
1 /1 1 ,
T(J?,p, Q) = F (E — m) Sll’l(7T.fE). (433)
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Taking the inverse Quideen transform of Equ.(5.4), we get
1
f(x,t) = = (1 — cos(wt)) sin(7x). (4.34)
T
5. SOLVING THE LAPLACE, P01SsON AND TELEGRAPH EQUATIONS USING
THE OUIDEEN TRANSFORM

(1) Laplace’s formula
Consider Laplace equations

Af:ifmi =0, z € R".
=1

If n = 2, then Laplace equations in two dimension has the form:

fu(,t) + foa(2,1) =0, (5.1)

with the initial and boundary conditions

df(z,0
F0.0=0, /L0 =0, f(.0)=m(x). T2 _pi) 52)
By applying the Ouideen transform to both sides
2 2
p 1 1, &*T'(z,p, q)
=T - = 0)— — 0) + —————= =0. 5.3
ETp.0) = 25(2,0) = - f(,0) + (53)
After substituting the initial condition we get
2 2
p 1 1 d*T'(z,p, q)
=T — —=h ——h ———==0
q2 (CE,p,Q) q2 1(17) g 2($)+ dr2
d*T(z,p.q) | p* 1 1
g2 T ?T(lﬁp? q) = ?hﬂf’?) + p—qh2($)- (5.4)
The general solution of Equ.(5.4) can be written as
T(x7p7Q> :Th(x7PJQ)+TS($JpJq>7 (55)
where T} (z,p, q) is the solution of the homogeneous part which is given by
Th(x,p,q) = A cos(]—))x + B sin(g)x. (5.6)
q q
applying the boundary conditions on Equ.(5.6), we get
A+ B=0and ACOS(Q) + Bsin(g) =0= Th(z,p,q) =0, (5.7)
q q

since A= B =0.
And Ty(x,p,q) is the solution of the nonhomogeneous part can be obtained by
variation of parameters

T.(z,p, q) = A(z) cos(g)x + B(z) Sin(g)x. (5.8)
Since
/ p / . Py
Al(x) cos(g)m + B'(x) sm(a)aj =0 (5.9)

I ————
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P oariy i (P P p 1 1
—=A(x)sin(=)x + =B'(z)cos(=)r = —hi(x) + —ho(x), 5.10
q()(q) q() (q) q21()pq2() (5.10)
where
p 3 p
N cos(B)z sin(f)x p
—’E’Sin(g)x gcos(g)x q
Then
1 0 sin(£)z - (q%hl (x) + piqhg(x)> sin(£)x
A/<I‘>:Z = D 5
q%hl(ﬂt)—{—piqhg(x) Ecos(2)x q
= 4 = =1 [ (L) + o) ) sin®)aa
x)=—= —hi(z) + —ho(x) ) sin(=)xdzx.
p) \¢&" pq q
In similar way
1 1
) - (q—ghl(a:) + EhQ(Qﬁ)) cos(2)z
§
B) =1 [ (o) + 2 ha(o)) cos(Eaa
S.B(r)= -+ —hi(x) + —ho(x) ) cos(=)xdx.
p) \¢&" pq q
So the Equ.(5.8) become
q 1 1 . /D p
Ti(xz,p,q) = ——/(—h )+ —h x)sm—a:dx}cos—x
) =|=2 [ (G + o hete) ) sin ] cos(?)
q 1 1 ) p } D
+ = —hi(z) + —hso(x) | cos(=)xdx | sin(=)x. 5.11
[ (G4t ) cosCrads|sin®e. 11
Then, the general solution of equation (5.5) is
q 1 1 . /D p
T(x,p,q) = ——/(—h x)+—h x)sm—xdx}cos—x
) =|~2 [ (G + et ) s cos?)
q 1 1 ) p 1 D
+ | = —hi(x) + —ho(z) ) cos(=)zxdx | sin(=)z. 5.12
2 [ () + halo)) eosBpade| sinya. (512
After taking the inverse of both sides we get the general solution of equation
(5.1)
f(z,t) :@—1[<_Q/ (%hl(x) + ihg(x)) sin(]—))xdx> cos(z—))x
p q prq q q
q 1 1 ) P ) P
+ (= —hy(x) + —ho(z) | cos(=)zxdzx | sin(=)x]|. 5.13
(2] (o) + ooto) ) cos Py sinyal. - .13)

This is formula of Laplace Equ.(5.1).

Example 5.1. To solve Laplace equation
ftt(x) t) + f:va:(x7 t) = 07

267 Albaydha University Journal 4 (3), 2022

(5.14)



22022 suntuninda - (3) dadiad] - (4) ekl - shuntd| Gl il

with the conditions

FO8) =0, f(1,£) =0, f(z,0) =0, afgi’ 0 _,

Sol:

Using the for formula (5.13), then

Ft) :@1[(—€ / (%(0)+i(x)> sin(]—))xd:r> cos(P)a

p q pq q q
(2] (7042 cosByede ) sin el

) =0t | =L (ﬁsm(?)dx) cos()z + = / (1,2 cos(ﬂ)dx) Sin(E)x].

| p? q q P q q

2 2
1] 4 2, D q . /D p q . o/P qa . /D p
f(x,t) =071 | = cos? (5 )z — = sin(= )z cos(= )z + — sin —:L’—i——sm—xcos—x]

f(z,t) =07" ]%x}
f(z,t) =tz.

(2) Poisson’s formula
Consider Poisson equations

Af(t,x) = h(x,t) (5.15)
with the initial and boundary conditions

F0,0) =0, FLE) =0, f(z,0) = ci(x), and 8f(;t’ U

By applying the Ouideen transform to both sides

2 2
p 1 1 d*T'(z,p, q)
?T(%p, q) — ?f(if, 0) — p—qf/(l",o) t—pe 0 [h(z,1)]. (5.16)
After substitute the initial condition we get
2 2
p 1 1 d*T'(z,p, q)
—=T - = - — ——————— =0Jh(x,t
qg (I7p7 Q) qgcl(x) quZ(x) + A2 ©[ (‘T7 )]
d&*T(x,p,q)  p° 1 1
Q2 T ?T(ﬂiap, q) = O[h(z,t)] + ?01(37) + p—qC2($)~ (5.17)
The general solution of Equ.(5.4) can be written as
T(z,p.q) = Tu(z,p,q) + Ts(z, p, ), (5.18)
where Ty (x,p,q) is the solution of the homogeneous part which is given by
Th(x,p,q) = A cos(g)a: + B sin(g)x. (5.19)

I ————
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applying the boundary conditions on Equ.(5.19), we get

A+ B =0and Acos(2) + Bsin(2) = 0 = Th(z,p, q) = 0, (5.20)

q q
since A= B = 0.
And Tg(z,p,q) is the solution of the nonhomogeneous part can be obtained by
variation of parameters

Ts(z,p,q) = A(x) cos(g)x + B(x) sin(g)x. (5.21)
Since » ’
Al(x) cos(g)x + B'(x) sm(a)x =0 (5.22)
Py in(2)z + 2B (2) cos(B)z = x lcl$ ic:z:
—5A (I)Sm(q) +qB( ) (q) O [h( >t)]+q2 ( )+pq o(2), (5.23)
where o
A\ COS(a)ZU sm(a)a: »
—’ésin(g)x %’cos(g)m q
Then

__1 T ica: icav sinz—jxx
= A(x) = /(@[h( ,t)]+q2 1( )+pq 2 )) (=)xdz.

p q
In similar way

Oh(x,t)] + q%cl(x) + %q@(m)) cos()z

2 Y
q

B =2 / (@ h(z, )] + %cl(x) + piqcz(x)) cos(2ad
So the Equ.(5.21) become
T,(z,p,q) = {—% / (@ [h(z, 1)] + %cl(x) + piq@(a:)) sin(g)xda:] cos(g)a:
+ {? / (@ h(z, )] + %cl(x) + piqcz(x)) cos(g)xdx] sin(2)z

p
(5.24)

I ————
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Then, the general solution of equation (5.18) is

T(z,p,q) = {—% / (@ h(z, 1)) + %m) + piq@(x)) Sm(g)mx} cos(2)a

+ L% / (@ [h(z,1)] + %cl(:v) + pich(x)) cos(g)a:dw} sin(g)x-
(5.25)

After taking the inverse of both sides we get the general solution of equation

(5.15)
f(z,t) :@1[(—%/ (@ [h(x,t)] + %cl(m) + piq@(x)) sin(g)xd:ﬁ) cos(‘g)a:
+ (%/ ((D) [h(z,t)] + qlzcl(x) + pich(x)) cos(g)xdx) Sin(g)x].
(5.26)
This is formula of Poisson Equ.(5.15).
Example 5.2. To solve Poisson equation
for(2,t) + fou(x,t) = 2€! (5.27)
with the conditions
F0.0) =0, (1,1 =0, f(2,0) =0 and LEOD

Sol:
Using equation (5.26) and after substitute the conditions

- (2] (ge] 2

(S Gl )

2

x,t :@1< ¢ :L‘COSE.%—Q—Sian) cosz—?a:
f(z,t) [pg_pgq (q) pR—— (q) (q)

2

q . /D q p . /D
+ | ———axsm(—)r + —————=cos(—)x | sin(—)x
(p3—p2q (q) pt — ¢?p? (q) ) (q) ]

|
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2

_ p q . P P
flz,t) =071 x cos*(%)x — ————— sin(= )z cos(= )z
(z,1) [pg_pQQ (q) pR— (q) (q)
+ = rsin?(5)z + %cos(z—j)x sin(z—))x]
p°—=pq 4q pr—aq'p q q
q
fa:,t:{ x}
(®:9) P’ =%
1 1
fa:,t:[ x——az}
(®:1) plp—q) P

fx,t) =c'z — x.

(3) Telegraph’s formula
The Telegraph equation has the form

fu(x, ) + 2H fi(x, ) + B2 f (2, 1) = fau(a, 1) + h(z, 1), (5.28)
under the conditions
£0,8) =0, f(1,8) =0, f(2,0) = ai(z) and ——— = cz(x).
By taking the Ouideen transform to both sides, yields

2 2
p 1 L, p d°T'(x, p,q

+Olh(x,t)]

After substituting initial conditions

2 1 1 PT(z,p,

%T(z,p, q)—?cl(a:)—p—q@(x)—i—ZHgT(x,p, q)—ZHcl(x)+ﬂ2T(m,p, q) = %—I—@[h(w,tﬂ,
1 1

+ QHS + 62> T(z,p,q) = —?cl(x)—QHcl(x)—p—qcz(x)—@[h(:r,t)]

(5.29)

&*T 2
_ PT@paq) (v
dr2? 2

The general solution of Equ.(5.29) can be written as
T($>p7 Q> :Th(x>p> Q)+T3(xap7 Q>7 (530)

where Ty (x,p,q) is the solution of the homogeneous part which is given by

1 1
2 2 2 2
P b4 2 _| B b2 2
(—q2+2Hq+B) z (—q2+2Hq+B) P

Th($ap7Q) :AB +B€

applying the boundary conditions on Equ.(5.51), we get

(5.31)

1 1

2 2 2 2
p_ P 2 _( p_ v 2
(q2+2Hq+B) (q2+2Hq+B)

A+ B =0 and Ae + Be =0= Typ(z,p,q) =0,
(5.32)

since A= B = 0.

And Ty(x,p,q) is the solution of the nonhomogeneous part can be obtained by

variation of parameters

Nl
Nl

2 2
2’7+2H§+52) T 7(5—2+2H§+52) x

To(z,p,q) = A(a:)e( + B(x)e (5.33)

_________________________________________________________________________________________________________________|
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Since ) )
P’ opryg2) (22 iomripg2) s
A’(x)e<q2+2Hq+B ) + B'(z)e ( Ak ) =0 (5.34)
1 1
2 3 _(»? P g2 ﬁx 2 3 p? D 32 Qw
- (]9_2 + o’ + (2 A'(x)e (F+2Hq+6 ) + (])_2 + orr? + 52) B/(x)e(ﬁ+2Hq+B )
q 4q q q
1 1
= ——ci(r) = 2He (z) — —ca(w) — Oh(x,t)], (5.35)
q pq
where

1 1

6(5—;+2H§+62)?x - (Z—;+2H§+62)§:c
A =
1 1
=1 p2 p 2 iac —1 p2 P 2 ?x
- (f;—i +2HE + 52> ‘e (FHH‘?HB ) (f]’—z +2HE + 52> ’ e(‘?HH‘*w )
1 (p? p :
= = (—2+2H—+52> .
2 \q q
Then

1
2

o)
1
A .

v’ P g2 7z
—sci(r) = 2Hei (x) — oea(a) — O[h(z, 1) §e(qg+2Hq+ﬁ )

1
2

T

— (=) - 2Hei(2) = Eeoa) — Olh(e, 1)) (o)

=

2

2 (2 + 202 + )
Let Ap == 1 (5— +2H® +52)7.
1 1 7(%+2H§+52)%
= A(z) = —Arp ——c1(x) —2Hcey(x) — —co(x) — Oh(x,t)] ) e \° dx.

7 pq
In similar way

(ST

2
5—2+2H§+32) x

(—qizcl(x) —2Hcy(x) — pich(x) — @[h(z,t)]) e(

B’ =
(l“) p? P 2 2
2 (2 +2HE + 2)

I ————
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N

2
L-|r2H2+52)
2
4 1 xdx.

- Bz) = AT/ (—q—lzcl(x) —2Hey(2) — pich(x) . @[h(:p,t)]) it

So the Equ.(5.33) become
T(z,p,q) =

1 1

1 1 —(ﬁ+2Hﬂ+ﬁ2)?x (ﬁ+2H2+62)§a:
—AT/ (—q—cl(x) —2Hc(x) — p—q@(x) — @[h(as,t)]) e\ dr|e\” ~ ¢

1 1

2 2 2 2

(5—2+2H§+52) xd —(§—2+2H§+62) x
| € .

+ Ay / (—%01(1‘)  9Hey(2) — piq@m - (O)[h(:c,t)]> c

Then, the general solution of equation (5.50) is

T(z,p,q) =

Nl
Nl

2
D P 2
By +2HE 4 )

~Ay / <—q—1201(:1c) —2Hey(2) — piqcz(x) - (O)[h(m,t)]) .~

2
x p—2+2H2+52) x
dx] e(q !

1 1

1 1 (ﬁ+2H9+62)gw —(ﬁ+2Hﬂ+ﬁ2)gfc
+ AT/ (—?cl(:v) —2Hc(x) — p—qcz(:v) - @[h(:z:,t)]) e\ e dr|e \© 1 :

After taking the inverse of both sides we get the general solution of equation

(5.28)
f(l",t) =
_1 1 1 - Z—;+2H§+BQ %a: Z—;+2H§+,B2 %x
) [(AT/ (—?cl(x) —2Hey(x) — p—q@(:t) — @[h(m,t)]) e ( ) d:t) e( )

1 1 Z—;+2H§+BQ %a: - §+2H§+62 %x
+ (AT/ (—?cl(x) —2Hcy(x) — p—qCQ(x) - @[h(x,t)]) e( ) dzr | e ( ) .
(5.36)

-1
This is formula of Poisson Equ.(5.28), where Ap = % (7;—5 + 2H§ + 52> °.

Moreover, if h(z,t) = 0 then the equation (5.28) has the form
ftt(xa t) + 2Hft($7 t) + ﬁ2f<x7 t) - fzm(‘ra t)? (537)

under the conditions

f(0,t) =0, f(1,t) =0, f(z,0) =c1(z) and
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So, form equation (5.40) the general solution of (5.37), has the form

1
2

fla,t) =07 —AT/ (‘%01(:1:) —2Hcy(z) — i@(:}:)) ei(?“Hﬁﬁ) e e(pﬂHﬁﬁ) 2
q pq

Nl

1 1 »2 ogp g2 %w (22 ioprip2)7,
+ AT/(——cl(x)—ZHcl(m)——CQ(x)) e<q2+2Hq+/3> dr | e (q2+2Hq+B) I
pq

e
(5.38)
Where Ap = % (5—2 +2H%7 +B2)7.
Example 5.3. To obtain the solution of Telegraph equation
fu(z,t) + filw, t) + f(z,t) = fou(w,t) + 2¢”* sinh(z), (5.39)
under the conditions
f(0,t) =0, f(1,t) =0, f(z,0) =sinh(x) and fi(x,0) = —2sinh(x).

Sol:
From formula (5.40)

f(l",t) =

O~ -A / (_p 2 sinh(z) — sinh(x) — sinh(z)— 2 ) o (Zéﬁﬂ)gzdx e(§+§+l)§:c
! ¢*p p(p + 2q)

1 1
2

2 2 2iri1) s —(B1r1) e
+ AT/(—p+ qsinh(q:)—sinh(:v)—sinh(m)—) e(q +q+1) dr | e (q +q+1) ].

¢*p p(p +2q9)
(5.40)
Where A —l<p—2+2+1>21
T_Q q2 q .
1 1
+2 2 PP 2 PP )5
— 0! _]ﬁ_p(pﬁq) © 2(‘12+q+1) =z 2(q2+q+1
fla.t) = 4B 424 1)2 ‘ PP ‘ P p
(q_2+5+ )2 1—(q—2—|—5+1> 1—<q—2+5+1>
(5.41)
p+2¢q 2

1
z,t)=0""! [sinh x —]
f(z,t) (z) o 20
Lastly, the solution of equation (5.42) is

f(z.t) = sinh(z)e
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Example 5.4. To obtain the solution of Telegraph equation

fu(x,t) + fi(z, t) + f(x,t) = faul(x, 1), (5.42)

under the conditions

f(0,t) =0, f(1,t) =0, f(z,0) =¢€" and fi(x,0) = —e".

Sol:
From formula (5.58)

fla,t) =07 _AT/ (—iex —e" + i&) ei<§+§+1)§xdm 6(§+§+1>7x

-1
WhereAT:%<z’—j+§+1> :

Pg?
: 1
=" +q Biei)’s (2 i) s
* AT/<p;qq2+q€x>e(q2q ) dx e(ng ) I,
2 1+(%+p+1)%x ) 1
f(z,t) =07" (—p—pg®+q)e \" ° 6(5—2+§+1) z

NI

22 (14 (% + 2+ 1)1) (5 + 2+ 1)3

_l_

[N

1
1 ﬁ P jq; 1
(p+pg® —q)e (frin) e‘(2’5+§+1)§z]

2 (1+ (5 +2+1)1) (G +2+1)
After simple calculation

f(x t) — @—1 (_p _pq2 + q2)€$
P> (1—(2—2-1—%—1—1))

fle,) =07 {exp(pir Q)}

flzt)=e"
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Conclusion

We introduced a new integral transform called the Ouideen transform for solving
both ordinary and partial differential equations. We presented its existence and
inverse transform. We presented some useful properties and their applications
for solving ordinary and partial differential equations. We presented formulas for
Laplace, Poisson and Telegraph equations using Ouideen transform to solve these
equations. We provide a comprehensive list of the Ouideen transform in table 1.
Finally, based on the mathematical formulations, simplicity and the findings of
the proposed integral transform, we conclude that it is highly efficient and it is a
generalization of the Aboodh and Sumudu integral transforms.

APPENDIX
Table 1: Here we present a comprehensive list of Ouideen transform of some
functions.
S.NO. f(t) O[f(t)]
1
1 1 -
p
q
2 t E
1
3 eat
p(p — aq)
. aq
4 sin(at
(@) p(p* + a’q?)
1
5 cos(at) PR
1
6 cosh(at) PRy
. aq
7 sinh(at
(@) p(p* — aq?)
q’I’L
n _ |
8 t"'n=0,1,2.. n.pn+1
tn qu
9 —n=0,1,2...
F(?’L+ 1) n ’ pn+1
1
10 t
cos(t) PR
. q
11 sin(t _
() p(p* + %)
1
12 COSh(t) m
p—bg
13 % cosh(at
(at) pl(p — bg)* — a*¢?]
bt : aq
14 e’ sinh(at)

pl(p — bq)? — a*¢?]

|
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: 2apq
15 t t 55
sin(at) 7+ )
q(p® — a’q*)?
16 t cos(at =
(@ p(p* + a*¢?)?
. 2apq
17 t t t ———
sin(at) + at cos(at) T )
18 2 cos(at) — atsin(at) 2
cos(at) — at sin(a _—
P% + a2g?)?
2a3q3
19 sin(at) — at cos(at ————
(@ (@ p(p* + a*¢?)?
20 tsinh(at) + t cosh(at) ﬁ
p\p—aq
. 2aq
21 tsinh(at —
sinh(at) = )
. o 1 1,94
22 Si(at)(Sineintegral) — tan” " (—)
p
1 2 2
23 Ci(at)(Cosineintegral) —ﬁlog <p —|—2a )
D a
1 —
24 Ei(at)(Exp.integral) —— log (aq p)
p aq
8a5q5
25 3 — a*t*) sin(at) — 3at cos(at ——
( ) ( ) ( ) p<p2 + agqg)g
. 8ap’q
26 3—a*t’ t) + bat t —_———
(3 — a”t?) sin(at) + bat cos(at) T @)
27 (3 — a®t?) cos(at) — Tat sin(at) 8—]94
(P2 + a2@2)°
. 24¢%(3p* — a’¢?)
28 t* sin(at) p(p® + a?q?)?
2¢°(p* — 3a’q?)
29 t* cos(at) (02 & a2q))?
. 24aq*(p — aq)®
30 t3sin(at) P + )
—b)g
31 e — e a#b (a
( Jas p(p — aq)(p — bg)
_ b)
32 ae™ —be’) a # b (a
( b7 (p = bg)(p — aq)
1
33 Iy(at ——
o) pVP? — @’¢?
| —
34 o(t —a) —e 4
p
1
35 Jo(at
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