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Abstract

We combine the Aboodh transform and Sumudu transform to give another double transform which is
called the double Aboodh-Sumudu trans-form. This interesting transform reduces a linear partial
differential equation with unknown function of two independent variables to an algebraic equation, which
can then be solved by the formal rules of algebra. Also the original differential equation can then be
solved by applying the inverse double Aboodh-Sumudu transform.

Key words and phrases. Double Aboodh-Sumudu, Aboodh transform, Sumudu transform

1. Introduction
The topic of partial differential equations is one
of the most important subjects in mathematics
and other sciences. Therefore it is very important
to know methods to solve such partial
differential equations. One of the most popular
method for solving partial differential equations
is the integral transform method. In the literature,
several different transforms are introduced and
applied to find the solution of partial differential
equations such as Laplace transform [1],
Sumudu transform [7], Aboodh transform [5],
Shehu transform [3], and so on. Aboodh
transform has deeper connection with Laplace
and Sumudu transforms
[15], and the Sumudu transform is a simple
variant of the Laplace transform. In recent years,
great attention has been given to deal with
double integral transforms, see for example [4, 6,

, 16] and others. Aboodh [12] in 2013
introduced a new integral transform called
Aboodh transform, which is derived from the
Fourier integral and similar to Laplace
transform, and applied it to solve ordinary
differential equations. After that, he introduced

the double Aboodh transform and used it to solve
integral  differential equation and partial
differential equation [11]. Recently, in 2020, the
authors in [2] introduced a new double integral
transform called Laplace-Sumudu transform and
applied it to solve partial differential equations.
The aim of this work is to study a new operator
integral transform called double Aboodh-
Sumudu Transform with its main properties. In
order to illustrate the applicability and efficiency
of the double Aboodh-Sumudu transform, we
apply this interesting transform to solve the heat
and wave equations. Recall that the heat and the
wave equations investigate the evolution of
temperature and displacement respectively.
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1.1. Definition. [12] The Aboodh transform of the real function h(x) of expo-
nential order is defined over the set of functions,

A4z{M@:ﬂ£ﬁJ@>QM@N<K&M,xEGDU@Qm%i:L2}

by the following integral

1 (o.9]
Alh(x)] = H(q) = —/ e h(x)dr, 11 <q< . (1.1)
qJo
And the inverse Aboodh transform is
1 w100
AH@) = hw) = 5 [ e H g, w0 (1.2
T Jw—ico
1.2. Definition. [7] The Sumudu transform of the function A(t) is defined over

the set of functions,

[t]

N = {0t) : 3M, pr, o > 0, B(0)] < M, € (<17 x [0,00), j=1,2]},

by
1 [ _
ﬂmmzﬂm:;/ e h(t)dt. (1.3)
0
Moreover, the inverse of Sumudu transform is
slmvn—mw—i;/wmlaﬁmm>w>o (1.4)
B C2mi Sy T T '

Now, we introduce the definition of our main work.

1.3. Definition. The double Aboodh-Sumudu transform of the continuous func-
tion h(y,t), y,t > 0 is denoted by the operator A,S;[h(y,t)] = H(q,r) and
defined by

A Si[h(z,t)] = = / / ~@ D p(z, t)dadt

= hrg / / e~ h(x, t)dadt. (1.5)
a—r00,0—00

It converges if the limit of the integral exists, and diverges if not.
And the inverse double Aboodh-Sumudu transform is defined by

a1 1 Y1-+tco . 1 Y2+100 1 .
bat) = 4,150 HGr) =5 [ i [ L)
ol o

270 ) —ico 270 )y —ico

where v; and v, are real constants.

2. EXISTENCE AND UNIQUENESS OF DOUBLE ABOODH-SUMUDU TRANSFORM

In this section, we prove the existence and uniqueness of double Aboodh-
Sumudu transform.
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2.1. Definition. A function h(z,t) is said to be of exponential order elaz+bt)

a,b > 0 on [0,00), if there are positive constants K, X and T such that
|h(z,t)| < Kelowtth), for allz> X, t>T,

and, we write
h(z,t) = o(el@=+) as (x,t — 00).

“ < oz, 1)] >< ~
a:,t>pO e(aerbt)
2.2. Theorem. [3] Let h(z,t) be a continuous function in every finite intervals

(0, X) and (0,7), and of exponential order e(®*%) then the double Aboodh-
Sumudu transform of h(x,t) exists for all ¢ > a and + > b.

Proof. Let h(z,t) be of exponential order e(****) such that
}h(x,t)‘g Kel@t v o> X t > T.

Then, from the definition of double Aboodh-Sumudu transform, we have

/ / ~@ D p (2, t)dydt
qr

< / / ~@ D | n(x, t)|dudt
S / / (Iac-i— ax-‘rbt dl’dt

qr Jo 0
K

q(q — a)(1 —br)

Or, equivalently,

|H(q,m)| =

Thus, the proof is complete.

2.3. Theorem. Let hy(x,t) and he(z,t) be continuous functions defined for x, ¢ >
0 and having the double Aboodh-Sumudu transform H;(q, ) and Hs(q, ) respec-
tively. If Hy(q,7) = Ha(q,r), then hy(z,t) = ho(z,1).

Proof. Assume v, and v, to be sufficiently large, then since
1 Y1 +i00 1 Y2 4100 1 .,
) = A0S HGr) = [ e (o [T et
270 )y, —ico 270 Sy —ino

We deduce that

1 Y1+ioo 1 Y2+ico 1 .
hy(z,t) = 50 qeq‘”{— —er Hy(q,r)dr }dq
T oy —ioo 270 )y oo T
V14100 Y2+1i00
- L qe‘”{i. 1ein(q, r)dr }dq
270 J o —iso 270 Sy —ino
= hg(l’,t)
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This proves the uniqueness of the double Aboodh-Sumudu Transform.

3. SOME PROPERTIES OF DOUBLE ABOODH-SUMUDU TRANSFORM

3.1. Linearity property. If h(x,t) and g(x,t) be two functions such that
A Si[h(z,t)] = H(q,r),
AxSilg(z,t)] = Glg, 7).

Then for any constants « and 3, we have

A, Silah(z,t) + Bg(x,t)] = aALSi[h(z,t)] + BALS:g(x, t)]. (3.1)
Proof. Using the definition of double Aboodh-Sumudu transform, we obtain
ASilah(z,t) + By, 1) = / / ) (ah(a, 1) + Bg(a,1) ) dadt

= —/ / e~ @D Rz, t)dadt
+ / / ~@ ) g (2, t)dadt

= aA:JcSt[ ( €z, )]+ﬁAxSt[ (.I’,t)]

3.2. Shifting property. If A,S;[h(z,t)] = H(q,r), then for any pair of real
constants a,b > 0

A Sl Dz )] = 42 _H(g—a,——). 2
S 0] = Lt (-0, ) (32)
Proof. Using the definition of double Aboodh-Sumudu transform, we get
A, S, [e @t n(z,1)] = / / —lart D) ot b (0 ) dadt

Put z = then

— / / (4=a)et(; ‘b))h(x,t)dxdt

A Sy [ (a,t)] = qz(l—br/ / (ta-are+2) h(z, t)dzdt

= q(z:(;'r CEE / / (=a)ot-2 h(a:,t)dxdt

R _ __q4-a o,
- q(l—b’r’)H(q a,z) q(l—b'r)H(q a’l—br)'

3.3. Changing of scale property. Let h(z,t) be a function such that
AxSt[h(’ra t)] = H(Q? T)'

Then for a and b are positive constants, we have

A, S, [h(az, bt)] = %H(%, br). (3.3)
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Proof. We have

A, Si[h(azx,bt)] / / h(ax,bt)dxdt.
C_IT 0

Let 7 = azx, v = bt, then

AL Sih(T,v)] = abqr/ / e~ @) (T, v)drdo

= = qu/ / h(r,v)drdv

= —H(— br)

a2

3.4. Derivatives properties. If A,S;[h(z,t)] = H(q,r), then

V- A [P0 grta.n) - Ssino. o) (3.4
Proof.
Axst[ahgi’ﬂ] = / / () ah”)d dt

= E Tdt{/oooe ahéx )dx}

de, then we obtain

Using integration by parts, let u =™, dv = =5

Amst[ahéi’ t)} - qir Ooo e*%dt{—h(o,t) +q/ooo e*qxh(x,t)dx}
= aH(q.r) = S[h(0.)
2). 48P0 Laigg, )~ aln(a,0) (35)
Proof.

AxSt[ah(I’t)] _ / / o 8h (x t)d 0t

ot
> _zah( t)
= —_ qr T
qroed{/oe ot dt}

. . . ot . ah(x’t) .
Using integration by parts, let u = e™r, dv = —5=dt, then we obtain

Oh(z,t)1 1 [~ . [~ .
By ] = — e dx{—h(x,0)+;/0 e h(x,t)dt}

— %H(q, r) — %A[h(%())]-

A,S, [
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Similarly, we can prove

A,S, [%] = ¢*H(q,r) — S[h(0,t)] — éS[hx(O, t)l,
A5 PO L) = L afhie.0) - Lafh(e.0),
[P0 Lot - )~ Lt

4. DOUBLE ABOODH-SUMUDU TRANSFORM OF SOME FUNCTIONS
(1). Let h(x,t) =1, then

&&W%MZL/‘/cﬂWﬂMﬁ:%. (4.1)
ar Jo Jo q

(2). Let h(x,t) = xt, then

A.Si[h / / e~ D) ptdrdt =

(3). Let h(x,t) = 2™t*, m,k=0,1,2, ..., then

1kl r
AL Si[h / / e @) ik ot = mq ’12. (4.3)

(4). Let h(x,t) = 2¥t*, v > —1, p> —1, then

1 [~ [ <1 <1
ALSi[h(x,t)] = —/ / e~ @) e dpdt = / —e_qxa:”dx/ —e T thdt,
qar Jo Jo o g o T

let 0 =qr and =1

_ 1 > —0gv p > —p, P
A, Si[h(x,t)] = q”“/o e ’0"df {r/o e gpdgp}

_ ”q”—j;) T(p+ 1), (4.4)

mlﬁ

where, I'(.) is the Euler gamma function.
(5). Let h(z,t) = etk m k=0,1,2, ..., then

1 [ ¢ 1
A S [h(z,t)] = — e (@t 3) matht) o dt — . (45
= [ da—m k) D)

Similarly,

1 1
A S i(mz+kt)] / / 7(qx+ ) i(mz+kt) d dt =
€ | T Glg —im) (1= ikr)

(¢ — mkr) +i(m + kqr)
q(q> +m?)(1 + k?r?)
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Consequently,

q — mkr
q(q® +m2)(1 + k2r2)’

m + kqr
ol + (1 + 1)
(6). If h(z,t) = sinh(ma + kt) or cosh(mx + kt), n,m =0, 1,2,
Recall that

A, Si[cos(mz + kt)] =

A, Sy[sin(max + kt)] =

(mz+kt) _ —(ma+kt) (mz+kt) —(ma+kt)
sinh(max + kt) = ‘ 26 , cosh(mz + kt) = ‘ —;e
Therefore,

q + mkr
Ay S[cosh kt)] = 7

t[cosh(max + kt)] PRI p—y

kqr +m

A, S¢[sinh(max + kt)] =

(@ =1 — o)
(7). If h(z,t) = hi(x)ha(t), then

ASih(z,t)] = / / )hg()}dxdt
_ 5/0 e~ f, (a)da {%/O e*ffg(t)dt}

= Ag[hi(2)] Selha(1)]. (4.7)
Therefore,
A, Si[sin(ax) sin(bt)] = 7 i B +b7l;2r2)’
1 1

A Si[cos(azx) cos(bt)] =

(g% + a?) (1 4+ b*r?)’

5. APPLICATIONS

In this section, we apply double Aboodh-Sumudu transform method to linear
partial differential equations. Let the second-order nonhomogeneous linear partial
differential equation in two independent variables (x,t) be in the form:

aUpe (2, ) + bUy (2, 1) + cUp(,t) + dUy(z,t) + eU(z,t) = f(z,t), (z,t) € RZ(5.1)

with the initial conditions:

U(z,0) = Gi(x), Ulz,0) = Go(z), (5.2)
and the boundary conditions:
U(0,1) = Gs(t), Ua(0,t) = Ga(t), (5.3)

where a, b, ¢,d and e are constants and f(x,t) is the source term. In (5.1), the de-
pendent variable U = U(xz,t) depends on the position x and on the time variable
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t. Using the property of partial derivative of the double Aboodh-Sumudu trans-
form for equation (5.1), single Aboodh transform for equation (5.2) and single
Sumudu transform for equation (5.3) and simplifying, we obtain that:

o [ D9 150 + (04 G600) + 5610+ F@n))
) r)= ) *
K (ag> + 5 +cqg+ 2 +e)

where F(q,r) = A.Si[f(z,1)].
Finally, Solving this algebraic equation in H(g,r) and taking the inverse double
Aboodh-Sumudu transform on both sides of equation (5.4), yields:

L+ DG (q) + 26, a—+ £)Gs(r) + 2G4(r) + F(q,r
)= s [T DRSO 02 D600+ 300

Which is the general format for the solution of equation (5.1) by double Aboodh-
Sumudu transform method.

Example 5.1. Consider the following homogeneous Heat equation
Uiz, t) = Upp(,t) = Uz, t), (z,t) € RZ, (5.6)
subject to the initial and boundary conditions
U(x,0) =sinz = Gi(x), U(0,t) =0=Gs(t), U,(0,t) = e 2" = Gy(t).
Solution. Substituting

1 1
= =0 =
Gi(q) a(@+1) Gs(r) , Ga(r) 1+ 20
in (5.5) and simplifying, we get a solution of (5.6)
1
t)=A1S! = e *sinx. :
Ul(zx,t) oSy [q(q2 D2 e “'sinx (5.7)

Example 5.2. Consider the following nonhomogeneous Heat equation

Ui(z,t) = Upp(,t) — 2U (2, t) + 2" + e cosw,  (x,t) € RE,  (5.8)
subject to the initial and boundary conditions
U(z,0) = e " +cosz = Gi(z), U(0,t) =2¢e" = Gs(t), Uy(0,t) = —e" = G4(1).

Solution. Taking the double Aboodh-Sumudu transform to both sides of
equation (5.8) and rearranging the terms, we get

r(S[U0, 5] + LS[U.(0,0)] ~ LA[U(2,0)] - F(g,1))

H = .
(@.7) " (5.9
Substituting
Gu(o) = AU, 0] = b + s Galr) = S0 = 2,
g4(T> = S[UI(07t)] = E? F(Q7r) = q(q-i-l)(l—r) + (q2+1)(1—r)’
in (5.9) and simplifying, we get
1 1
H(g,r) = (5.10)

@+ DA-7  (@rDd-r)
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Taking the inverse double Aboodh-Sumudu transform, we get

—1g-1 1 1
V) = A0S e @ na )

e "+ el cos . (5.11)

Which is the required solution of the considered nonhomogeneous Heat equation.
Example 5.3. Consider the following homogeneous Wave equation

Up(x,t) = Upe(z,t),  (z,t) € RZ, (5.12)

subject to the initial and boundary conditions

U(z,0) =14z =G(x), Ui(z,0) = sinx = Go(x), (5.13)
U(0,t) =1 = Gs(t), U(0,t) =1+ sint = Gy(t). '
Solution. Substituting
{ gl((]) :qiE_FqLBv QQ(Q) :ma
Gs(r) = 1, Ga(r) =1+ 72,
in (5.5) and simplifying, we get a solution of (5.12)
1 1 1 T
Ulz,t) = A'S7H =+ =+ . ]
VA A RN (e
= 14z +sinxsint. (5.14)
Example 5.4. Consider the following nonhomogeneous Wave equation
2Uy(2,t) = Upp(2,t) — Uz, t) +22° —4,  (2,t) € RZ, (5.15)

subject to the initial and boundary conditions
U(z,0) = 22° +sinz = Gi(z), Ug(x,0)=0=Gy(z), U(0,t) =0=Gs(t), Uy(0,t) = cost = Gy(t).

Solution. Applying the double Aboodh-Sumudu transform on both sides of
equation (5.15), we have

Amst[QUtt(LU, t)] = AISt[UmI(ZL', t) - U(I‘, t) + 2[E2 - 4]

By linearity property and partial derivatives properties of double Aboodh-Sumudu
transform and rearranging the terms, we get

r2(SIU(0,0)] + $S[U4(0,6)] = ZAU(x,0)] - 2A[Ui(x,0)] - Flq.7))

H = 5.1
<Q7 T) (q27"2 —r2 _ 2) \5 6)
Substituting
{ gl(q) = A[U I’,O)] - (% + q(q21+1)7 g4(7”) = S[Ux(()?t)] = ﬁ7
F(q7 T) = ;iﬁl - ;%7
in (5.16) and simplifying, we get
4 1
H(q,r)=— + (5.17)

¢ @+ 1)1 +r?)
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Taking the inverse double Aboodh-Sumudu transform of equation (5.17), we get

4
Uz, t) = Axlstl[ng

q(¢* +1)(1 +r?)
= 22”4 sinxcost. (5.18)

Which is the required solution of the considered nonhomogeneous Wave equation.
conclusion

In this paper, double Aboodh-Sumudu transform is introduced and its properties
are proved. To see the efficiency of Aboodh-Sumudu transform, we applied this new
transform on four different examples that are related to the Euclidean dimension
and the time dimension and the results show that the double Aboodh-Sumudu
transform method is an appropriate method for solving the second-order linear
partial differential equation in two independent variables.
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