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" Abstract.
The J-sequence spaces » (1 =7 < 20) have been introduced by Mursaleen and Noman.

In the present paper, we will use the same technique to introduce the new A-sequence spaces bvy* of p-
bounded variation and study their properties. Also, we will show that the new spaces bv,* are Banach
spaces which are isometrically isomorphic to the classical sequence spaces ¢, for 1 <p<oo. Further, we
will establish their bases and derive some inclusion relations between them. Moreover, we will prove
that among all our spaces, the space %3 is the only Hilbert space.

Keywords: sequence spaces, A-sequence spaces, p-bounded variation, bases. AMS subject classification

(2010): 40A05, 46A45, 40C05.
1 Introduction

By w, we denote the vector space of all real or
complex valued sequences and any vector
subspace of w is called a sequence space. Also,
any sequence x € w will be written as x = (x«)
instead of? = (Zx)iZ1 and we will use the
conventions e = (1,1,1,...) and ex = (Onke)ner for
each k € N, that is ex is the sequence whose only
one non-zero term which is the k-term and is
equal to 1. A sequence space X with a linear
topology is called a Kspace provided each of the
maps Pn : X — F defined by pn(X) = Xn is
continuous for all n € N, where F denotes the
scalar field and N = {1,2,3,...}. A K-space X is
called an FK-space provided X is a complete
linear metric space. An FK-space whose
topology is normable is called a BK-space. We
shall write ¢eo, ¢ and co for the sequence spaces
of all bounded, convergent and null sequences,
respectively, which are BK-spaces with the sup-
norm given by [Ix|l = supk x|, where, here and in
the sequel, the supremum .,

is taken over all k € N. Also, by £, (1 <p < ),

we denote the - \1/p
sequence space of Zllp = (2202 |ze[”)™!

all sequences associated with p-absolutely
convergent series, which is a BK-space with the
p-norm defined by(see [11, pp. 217-218]). If a
normed space X contains a sequence (0) ey
with the property that for every x € X there is a

oo

unique sequence (@)1 of scalars such that
limnoo X — (a1b1 + a2b2 + -+ + anbp)ll = 0; then
the sequence (0x)i1 is called a Schauder basis
for X (or simply a basis for X) and the series
> k=1 @b which has the sum x is then called
the expansion of x, with respect to the given
basis, which can be written as? = >_x_1 QDx,
and we then say that x has been uniquely
represented in that form. For example, the
sequence (e1,e2,€3,-+-) is the Schauder basis for
the sequence spaces ¢ (1 < p < «). Also, a
normed space X is said to be separable if it has a
countable dense subset, and it is well-known
that a Banach space with Schauder basis must
be separable [11]. Also, let X and Y be sequence
spaces and A = [an] an infinite matrix of real or
complex entries ank for n,k € N. Then, we say
that A defines a matrix transformation from X
into Y if for every sequence x = (x) € X the
sequence A(X) = (An(x)), called as the A-
transform
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of z, exists and is in Y, where

(e 9]

Au(x) = amze, (nEN)

k=1

provided the convergence of each series. By (X : Y'), we denote the class of all infinite
matrices that map X into Y. Thus A € (X :Y) if and only if the A-transform of every
sequence x € X exists such that A(z) € Y forallz € X. If A € (X : Y); then A defines
a linear operator A : X — Y by x — A(z). For a sequence space X, the matrix domain
of an infinite matrix A in X is a sequence space defined by X4 = {z € w: A(z) € X}.
An infinite matrix A is called a triangle if a,, # 0 for all n and a,, = 0 for every
k > n, where n, k € N. The matrix domain of a triangle A in a BK-space X is also a
BK-space with the norm defined by ||z||4 = ||A(x)|| for all x € X4, where || - || is the
norm on X. For example, the sequence space bv, of p-bounded variation (1 < p < 00)
is defined as the matrix domain of the matrix A in the sequence space ¢,, where the
triangle A is the band matrix of difference, that is A(x) = (21, x9 — 21, 3 — T, )
which means that A(zg) = z, — xx_; for all k£ € N with using the convention that
any term with non-positive subscript is equal to zero, i.g. 9 = x_; = 0. Thus
bu, = ({p)a = {x € w: Ax) € {,}, and so bv, is a BK-space with the norm given by
zllap = (X opey |2k — 25-1|P)Y/P, where 1 < p < co. Recently, many authors in several
research papers have used the idea of matrix domain to introduce new sequence spaces
as the matrix domains of some particular triangles via different manners, and some of
them have introduced sequence spaces of bounded variation and other types, see for
instance [1, 2, 3,4, 5,6, 7,8,9, 10, 12, 13, 14, 15, 16, 17, 18] and [20]. In this paper, we
will use the same technique to introduce the new A-sequence spaces bvg of p-bounded

variation and study their properties. Also, we will show that the new spaces bv;} are
Banach spaces which are isometrically isomorphic to the classical sequence spaces ¢, for
1 < p < oo. Further, we will establish their bases and derive some inclusion relations
between them. Moreover, we will prove that among all our spaces, the space bvy is the

only Hilbert space.

2 The new A-sequence spaces bv;‘ of p-bounded variation

In this section, we introduce the new A-sequence spaces bv;\ of p-bounded variation
(1 < p < o0) and show that these spaces are BK-spaces isometrically isomorphic to
the classical sequence spaces £,,.

Here and in what follows, we shall assume throughout that A = (A;);, is a strictly
increasing sequence of positive reals and p is a positive real greater than or equal to 1,
that is 0 < Ay < Aa < A3 < --- and 1 < p < co. Also, we define the infinite matrix
A = [\y] for every n, k € N by
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Then, for any sequence z = (x;) € w, we obtain the sequence A(z) = (A,(x))

where
n

An() = —> (M= Mt)zp;  (neN). (2.1)

The idea of M\-sequence spaces ¢, ¢*, £ and @;\ have been introduced by by Mursaleen
and Noman [12, 14] as the matrix domains of the triangle A in the classical sequence
spaces ¢y, ¢, s and £, respectively. For example, the spaces ¢* and K;,‘ have been
defined as follows:

A=(r={rew: Az)ec}={rew: lim, o, A,(z) exists},
O=Upr={zcw: AMz)elt={zcw: Y7 |A(z)] <oo}.
Now, as a natural continuation of their work, we follow them to introduce the new
space bv; for each p (1 < p < 00) as the matrix domain of the triangle A in the space

bv,. That is, our contribution is the following new A-sequence space of p-bounded
variation:

bv;‘ =(bvpr={zew: Az)ebv,} ={zcw: (Afz)— A1), €04,

Besides, we define the triangle A = [\,;] for every n, k € N by

)‘"_)\—:‘"1; (n = k),
3 1 1
Ank = (M — A1) ()\_ ~ 5 1) : (n> k),
0; (n <k).

Then, for any sequence = = () € w, we have A (x) = z; and

An(z) = (%) Tn + (%ﬂ — Aﬂ:) - (i — Nee1) T (n>2). (2.2)

" k=1
Thus, it can easily be shown, for every sequence x € w, that
A(x) = A(A(2)) = Ap(z) — Api (@), (n €N) (2.3)

and so A(z) = (A (z) — Ap_1(2))°2,. Tt follows that our spaces bv; can equivalently

n=1"
be redefined as the matrix domains of the triangle A in the respective spaces ¢, for
1 <p < oo. That is
bt = (6,); = {xew: Alz) eep}, (1<p <o) (2.4)

which can be written as follows:

bv2:{$€w: Z ]\n(a:')‘p<oo}: {wa: Z‘An(x)—Anl(Q;)|p<oo}.

We therefore deduce that bvz (1 < p < o0) are sequence spaces and we may begin now
with the following result which is essential in the text:
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Lemma 2.1 For eachp (1 < p < 00), the A-sequence space bvz’) of p-bounded variation
is a BK -space with the norm || - |5, defined for every x € bv;} by

el = 1@, = (3 [t "

Proof. For each p (1 < p < o0), we know that ¢, is a BK-space with its natural
p-norm || - ||, (Maddox [11, pp. 217-218]), and since A is a triangle; it follows from
(2.4) that bv; is the matrix domain of the triangle A in the BK-spaces ¢,. Thus, our
reslut is immediate by the famous result of Wilansky [19, Theorem 4.3.12, p. 63] which
tells us that bv; is a BK-space with the given norm. O

Theorem 2.2 For each p (1 < p < 00), the \-sequence space bvl’j\ of p-bounded varia-
tion is isometrically linear-isomorphic to the space £,. That is bv; =/(, for1 <p < oo.

Proof. Let 1 < p < oo. Then, we will prove the existence of a linear bijection between
the spaces bv and ¢, which preserves the norm. For this, by using the definition of

the space bv,, we have the matrix transformation Ae (bv, : €,) which defines a linear
operator A : bvp — €, by +— A(x). Also, it is obvious that z = 0 whenever A(z) = 0,
and so A is injective. Further, let y € ¢, be given and define a sequence x = (x;) in
terms of the sequence y by

k k—1
1
S — N ) keN
T, >\k_)\k—1< k jEZlyJ k-1 jEZlyy), (k e N),

where x; = y; (since A\g = 0). Then, for every n € N, it follows by (2.1) that

n n k k-1 n
An(x) = )\in ;()\k — )\kfl)l'k = %n ; <)\k Zlyj — Ap—1 Zlyj> = Zlyj
= = j= j= j=

which together with (2.3) imply that A ( ) =An(z) — Ay_1(z) =y, for all n € N and
this means A(z) =y € £,. Thus x € bv such that A(z) = y. This shows that A is

surjective and hence A is a linear 1somorphlsm Finally, we have by Lemma 2.1 that
|A(z M, = llzll, for all z € bv which means that A is norm-preserving, and so A is

a linear bijection which preserves the norm. Hence, we deduce that bv’\ = (,. This
completes the proof. O

Corollary 2.3 For each 1 < p < 00, we have the following facts:

(1) The space bv;‘ is isometrically linear-isomorphic to the space bvy,, that is bv;\ =
b, .

(2) The space bv;‘ 1s isometrically linear-isomorphic to the space ﬁg, that is bv;‘ =

Proof. It is immediate by Theorem 2.2 and the facts that bv, = ¢, and 6;‘ = /(, for
each p, where 1 < p < . O

Albaydha University Journal 3 (2), 2021



35

($lianlt daalad AGY alal) jadipall Glagls pald sae) 2021 (ubedf (2)0) — (3)dlaall — sl dasls dlya

Corollary 2.4 Among all the spaces bvg (1 <p < ), the space va 18 the only Hilbert

space equipped with the inner product (-,-), defined by (z,y), = (A(x), A(y)), for all
z,y € bvy, where (-, -}y s the inner product on the space (5.

Proof. It is well-known in the elementary functional analysis that except the case
p = 2, all the spaces ¢, (1 < p < o0) are not inner product spaces and hence not
Hilbert spaces, where only the norm on ¢, can be induced from an inner product on
{5. Consequently, the present result is immediate by Theorem 2.2. O

Remark 2.5 In the proof of Theorem 2.2, we have already shown that the matrix A
defines a linear operator from bv;‘ into £, (1 < p < 0o) which is an isometry isomorphism
, and this implies the continuity of the matrix mapping A which will be used in the
sequel.

Remark 2.6 It is noted that we can similarly define the space bv) = {z € w :
A(x) € bus} = {z € w: A(z) € €5} which is a BK-space with the norm defined by
||| ase = sup,, |An ()| for all 2 € bv), and is isometrically linear-isomorphic to each of
the spaces bus, £oo and 2, where bvg, = {z € w: A(x) € lo}.

At the end of this section, we give a general example to show that our new spaces bvg
(1 < p < o0) are different from the classical sequence spaces ¢, and buv,,.

Example 2.7 For each pair of (fixed) reals a > 0 and p > 1, we will define the space
bvz(a) (as a particular case of bvz) such that bv;‘(al) # bU;(CLg) whenever a; # as,
as well as bvfo‘l(a) + bv;}Q (a) whenever p; # po. That is, it will be there an infinitely

many number of the spaces bvz(a) according to both a and p, and all these spaces are
different from the spaces ¢, and bv,. For this, let ¢ > 0 and 1 < p < oo, and define
the sequence A = ()\;) by A\, = k% and so A(\,) = k% — (k—1)* for all k € N.
Then, for every x € w, we have A, (z) = (1/n%) > 7, (k* — (k —1)*) 24 (n € N) and
bv;}(a) ={r e w:A,(z) € bv,}. Now, consider the following two distinct cases:

I - When p > 1: in this case, we define a sequence z = (z) by z; = —1 and

(o= (e-1)/a a1y (1)
= R G N

Then z;, = (—1)¥|2| for all k and we have

o — 1) 1 1 2
hm|zk|—hm (ka k (k—1) ):_+_:_.

k=00 _(k_l)a+ka_(k_1)“ a a a

Thus (|z|) € ¢\ ¢o and so z ¢ ¢ (z is oscillated between £2/a). Hence z ¢ ¢, and z ¢
bu,. On other side, we have A, (z) = (1/n%) Zk (EDEES (B = 1)) = (=1)"/n
for all n € N. Thus A(z) € bv, and so z € bv)) 5(a). Hence, we find that z € bu) 5 (a) while

z ¢ (, and z ¢ bv, which means that bvp( a) 7& ¢, and bvp( a) # bv,, where p > 1.
IT - When p = 1: consider the sequence 2’ = (z,;) defined by 27 = —1 and

(a (a=2)/a a2 (] _ 102
oo (A - oo (SR ) e
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Then 2}, = (—1)¥|2;| for all k and limy_,o, k|2;| = limg o |2x] = 2/a which means that
limy, o0 | 2] = limg o0 2/(ak). But ((—=1)¥/k) ¢ bvy and so 2’ ¢ b, as well as 2’ ¢ (.
On other side, we have A, (2') = (1/n%) 37 (—1)*(k*2 + (k — 1)*?) = (—1)"/n? for
all n € N. Thus A(2') € bv; and so 2’ € bvy(a). Hence, we find that 2’ € bv}(a) while
2 ¢ 0y and 2’ ¢ bu; which means that bv}(a) # ¢ as well as bv}(a) # bu;.
Consequently, we conclude that bv;(a) # {, and bv;‘(a) # bv, for 1 < p < 0.

3 Some inclusion relations

In the present section, we establish some new inclusion relations concerning the A-
sequence spaces bv;‘ (1 < p < 00). We essentially prove the inclusion bv, C bv; and

characterize the case in which the equality bv;} = bv,, will be held.

Lemma 3.1 If 1 <p < q < oo, then the inclusion bvz C bv;‘ strictly holds.

Proof. Suppose that 1 < p < ¢ < co. Then, the inclusion bvg - bv? clearly holds by
the well-known inclusion bv,, C bv,. Also, to show that this inclusion is strict, define a
sequence = = (xy) by

k

_ ke N).
e )\k_)\kl (k21+11/p> (ke N)

Jj=1

Then, for every n € N, it follows from (2.1) that

k n
1 1
Z AT ) S
— (1+4)Vp - (14 k)V/p

1

and by using (2.3) we get A,(z) = 1/(1 +n)? for all n € N and so A(z) € £, \ 4,
which means that 2 € bv, \ bv) and hence the inclusion bv) C buv, is strict, and this
ends the proof. O

Theorem 3.2 Let 1 < p < oo. Then, we have the following:

(1) The inclusion £ C bv;‘ strictly holds.

(2) The spaces bv;} and ¢ overlap, but none of them includes the other..
e tncluston bv] C ¢* strictly holds.

3) The inclusion bv} C ¢ strictly hold

Proof. Let 1 < p < oo and consider the first part (1). If z € £); then A(z) € ¢, and so

A(z) € bu, (since £, C bv,). This means that € bv) and hence the inclusion £} C bv))
holds. Also, to show that this inclusion is strict, consider the sequence e = (1, 1, 1,-- )
Then, it can easily be seen that A(e) = e and so A(e) = ey, where e; = (1,0,0,---).
Thus e € bvl’}\@ which means that our inclusion £} C bv;} is strict. For (2), it is obvious

that bv;‘ and ¢} overlap, since @) C bv;‘ N ¢y. Further, we have shown in the proof of

Albaydha University Journal 3 (2), 2021
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part (1) that A(e) = e € bv, \ ¢ and hence e € bv;‘ \ 3. Thus, we have bv;\ ¢ cy. On
other side, let us define a sequence x = (zy) by

(—1)* Ak k-1
= ke N).
ok Ak — o1 \log(k + 2) * log(k+1))’ (k€ N)

Then, for every n € N, it is easy to show that

1 ~ k Ak Ak-1 = (1"
Anle) = A_n;(_l) <log(k+2) i log(k+1))  log(n+2)

and so A(z) = ((=1)"/log(n+2)) € ¢y \ bv,. To see that, we may note that |A,(z)] =
1/log(n+2)+1/log(n+1) > 2/ log(n+2) for every n € N and (2/ log(n+2) ) & £, for all
positive reals p. This means that z € ¢ \bv Thus, we have ¢ ¢ bv Finally, to prove

(3), let x € bu} be given, i.e. A(z) € ¢1. Then, the absolute convergence~of the series
> mei A () implies its convergence, and hence the limit lim,, ;oo (>0 An(2) ) exists
which means that lim,, . Ay, (2) exists, since Ay, (z) = Y " | A, (x). Thus A(z) € ¢

and so z € ¢* which leads us to deduce the inclusion bv} C ¢*. Also, this inclusion

is strict, becauce of the sequence x defined in the proof of part (2) above, where
A(z) € ¢\ bvy and so © € ¢* \ bv} which completes the proof. 0

Corollary 3.3 If p > 1, then we have the following:

(1) The spaces bv; and 0, overlap, but none of them contains the other.

(2) The spaces bvz’} and ¢* overlap, but none of them contains the other.

Proof. Suppose that p > 1. Then, with help of Theorem 2.2 and its proof, we deduce
the present result. For (1), it is obvious that bv;)‘ and (3, overlap, since £, C bv;} ne.

Also, we have © € £\ bvg, where z is the sequence defined in the proof of Theorem 2.2
above. Thus, we have (2 ¢ bvz. On other side, choose any real m such that 1 < m < p

and define a sequence y = (yx) by
1

R W W

(Ak(k:+2) m—Akl(k+1) ) (k € N).

Then, we find that A,(y) = (n+ 2)17% (n € N) and so A(y) € ¢~ which means that
y & (2. Besides, by using the following two inequalities

A+ D)m(n+2)  me(n+ 1) m(n+2)7 < (n+2)mn+2) m—(n+ 1) (4 1)m

(n+2)" +(n+1)m > 2(n+1)m,

we obtain for every n € N that

Ral)] = (n+2)7F = (1)

-

1+ (n+1)m(n+2)" —(n+1) " (n+2)
(n+2)m +(n+1)m

1
(n+1)m

IN
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which shows that S°°° , |A,,(y)|? < oo (since p/m > 1). Thus A(y) € £, and so y € bv;\
which means that y € bv;} \ /A,. We therefore deduce that bv; ¢ (2 . Finally, to prove
(2), it is clear that bv;‘ ¢ 0 implies bv;‘ ¢ A and ¢ ¢ bvg implies ¢* ¢ bv;‘. O

Now, to prove our main results concerning the inclusion bv, C bv;‘ and the equality
bv? = buy,, we are in need to quoting the following lemmas:

Lemma 3.4 For any sequence x € w, we have the following equality:

Ao(a) = ( Anl_l - Ain) SN A@m)  (n>9). (3.1)

Proof. Let x € w. Then, for any n > 2, we have

and so we find that

3

~ ] — 1
An(z) = )\—Z(Ak—/\k_l)xk— Fw—
n k=1 n—

A — Ap— 1
—)\nq 1> Tn — ()\nl - )\—n) Z (M — Ae—1) T

k=1

A — A - A — A -
WJ) Z(/\kl’k — M 1Tp_1) — (ﬁ) 2 (A — Ap_1) Tg

=1

An — Ap—
(A — Ng—1) i, + (—1> T
)\nfl

B
Il
—

Proof. For (1), it is obvious, for any k& > 2, that

A Ak—1 ) ( Ak Ak—2 ) [ ( Ak—1 )}
P i N - VI PNy G
<)\k — Ni—1 AN Ml Akt — Ak ko A — Ne—1
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and we have done by noting that

>\k—1 )\k;—l
- > ).
e 18 (525 ) 2 vea (25

To prove (2), let n > 2. Then, we have

n n A B
E A1 = E (A — Ak—1) (—)\k k/\lk )
— Ak—1

k=2 k=2
=Y o oA ()
k=2 j=2 Aj = Aj-t
n )\‘_ n
- YA (55 ) D e
i=2 7Y ey

- iA (AA_J—‘;_J (An — Ajo1).

o

DBRTEE
k=2

/\n/\n—l + /\n/\n—l
)\n - )\n—l )\n - )\n—l

)‘n)\n—l
=2(—)|. O
<)\n - >\n—1)

Lemma 3.6 For each 1 < p < oo and every sequence x € w, we have the following
inequality:

2 > S A A@)P, (=9
N k=2
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Proof. For the case p = 1, the given inequality is immediately obtained by applying
the triangle inequality to (3.1) of Lemma 3.4. This gives us the following:

o< (%) S h A m>2)

which is the required inequality in case of p = 1, and we have nothing to do in this
case. S0, suppose now that 1 < p < oo and let us go to the power p in both sides, we
find that

A, (x) (n>2).

p /\ - )\n 1
< A A(
()\)\nl) [Z o 1A ()]
On other side, by applying the Holder inequality and then using (2) of Lemma 3.5, it
follows that

[Z M1 [A(zy)|

p

IN

< ort A\ Ap—1 |A b
> N — My Z k-1 [A(z)]
n n— k=9

and we have done by combining the last two inequalities. O
Theorem 3.7 The inclusion bv, C bv;\ holds for every 1 < p < oo.

Proof. Let 1 < p < oo and take any x € bv,. Then, we have A(z) € ¢, and so
> |A(z,) [P < co. Further, by using Lemma 3.6, we have

P 1 1) —
< op-1 > it [A(z))” > 92).
- (An—l An)k_z e Al (n22)

Thus, by taking the summation to both sides from n = 2 to m (m > 2), we find that

e

LI P = 1 1 =

S D DEVINETE o SER
=2 n— n

n=k

- 1 1
_ —1
= 2? Z M1 |A(xg)| ()\k_l — m)
k=2
m 1 m
-2 (a5 3 st
k=2 k=2
<2 Al
k=2

and by going to the limits when m — oo, we get S0, | Ay (z)[P < 20713700 |A(xy) [P <
oo which means that A(z) € ¢, and hence = € bvz. Consequently, the inclusion
bu, C bv)) holds. O
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Corollary 3.8 The inclusion ¢, C bvg strictly holds for every 1 < p < oo.

Proof. This result follows immediately from Theorem 3.7, since ¢, C bv, for every
1<p<oo. O

Finally, we end this section with the following relation satisfied for any = € w (see [14,

Lemma 4.1])
)\nfl A
A

B )\n - )\nfl n(
Thus, by operating A on both sides, we establish the following relation:

Ty — Ny () x), (n € N).

)\n—l X

Ala,) — Au(z) = A (m An(2) ) (n € N) (3.2)

for any sequence x € w, which can be written as follows:

Alwn)—Ro(z) = ﬁ [Rae) ~ Aua() | (ﬁ) Roa(@), (n>2)
(3.3)

Therefore, by noting that (A,/(A, — A\n_1) )5, is a sequence of positive reals and
A/ An — A1) = 1+ A1 /(A — A1) for all n € N; we conclude by using (3.2) and
(3.3) the following result:

Corollary 3.9 For each 1 < p < oo, we have the following equivalences:
(1) The equality bvg = bu, holds if and only if (An/(An — A1) )2 € loo.
(2) The inclusion bv, C bv;‘ strictly holds if and only if (An/(Ay — An—1) )52 & loo-

Proof. Suppose that 1 < p < co. For (1), if the equality bvﬁ = bu, holds; then bv;‘ C
bv, andso z € b, forall x € bv;‘. Thus A(x) € ¢, whenever A(z) € £, and hence A(z)—
A(x) € £, whenever A(z) € ¢,. Thus, from (3.3), we must have (Xy_1/(Ap — A1) ) €
loo and s0 (A, /(An—An_1) ) € ls and this prove the necessity. Conversely, to prove the
sufficiency, assume that (A, /(An—An—1) ) € €oc and so (Ay—1/(An—An—1)) € lo. Then,
for any z € bvz, we have A(z) € £, and hence (A (A 1A, (x)/( Ay — A1) € 4.
Thus, it follows from (3.2) that (A(z,) — A,(x)) € £, which implies that A(z) € £,
(since A(z) € £, by assumption). Thus, we get 2 € bv, which yields the inclusion
bv;\ C bv,. Consequently, with help of Theorem 3.7, we deduce the equality bv;‘ = bu,,.
Finally, the result of part (2) follows immediately from part (1) and Theorem 3.7. O

Remark 3.10 In the light of Remark 2.6, it can easily be seen that all results of this
section still hold for the space bvéo. For example, all the spaces ¢y, ¢, loo, £p, bvy, ¢}, €,
o @ and bvl’)\ are properly contained in the space bvi‘o (1 < p < o0), and the inclusion

buse C b2, holds with equality if and only if (An/(Ap — Anc1) )22 € oo

Finally, we support our results in Corollary 3.9 by the following example:
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Example 3.11 Let 1 < p < co. Then, we have the following two distinct cases:

I - The case of strict inclusion bv, C bvfo‘: consider the sequence A\ = ()\) defined
by A = log(1l + k) for all k& (or A\ = k%, where a > 0, see Example 2.7). Then, it can
easily be shown that A\, /A(N\g) > k log(1 4 k) for all k& (or A\p/A(Ax) > k/a). In such
case, we will generally obtain that A\/A(A) ¢ (o and so bv, & bv;} by Corollary 3.9.

IT - The case of equality bv,A = bv,: consider the sequence A = (\;) defined by
A = k! for all k& (or \y = a*, where @ > 1). Then, it can easily be shown that
M/ ANg) = k/(k—1) for all k& (or A\y/A(Ar) = a). In such case, we will generally find
that A\/A(\) € £y and so bvz = bv, by Corollary 3.9.

4 Schauder basis for the spaces bv; (1<p<oo)

In the last section, we construct a common sequence to be the Schauder basis for the A-
sequence spaces bv;\ of p-bounded variation, and we conclude their separability, where
1<p<oo.

It is well-known that the sequence (eq, €9, €3, - - +) is the Schauder basis for the sequence
spaces £, (1 < p < 00), where e = (d,x)52, for each k € N, and every x = (zy) € (,
has the unique representation z = Y~ | x) e, which leads us to the fact that the spaces
¢, are separable BK-spaces [11]. This fact can be used with Theorem 2.2 to deduce
the following result:

Theorem 4.1 For each k > 1, define the sequence ep = (€))%, by
0; (n < k),
Ak
A — P = k‘ N
1; (n> k),

Then, the sequence (62)20:1 is a Schauder basis for the space bv; (1 <p< o) and

every T € bv;‘ has a unique representation of the following form.:
xr = Z Ap(x)ep . (4.1)
k=1

Proof. It is clear that A,(ep) = 0 for 1 <n <k and A (ep) =1 for n > k and so

Ay(e) = 6, for all n,k € N. Thus A(ep) = e € ¢, and hence €} € bv), for all k € N.
This means that (62)20:1 is a sequence in bv;)‘. Further, let z € bv;‘ be given and for

every positive integer m, we put z(™ = Y7 Aj(z)e}. Then, we find that

A™) =3 " Ap(x) Aler) = ) An(x) e
and hence
An(o— )= =nsm.
A, (2); (n > m)

Albaydha University Journal 3 (2), 2021



(sl daalad (BN alal) jpaligall Gilash pald sae) 2021 Gubaedf (2)03ad) — (3)alaall — sliand) dzala Alaa

Now, since /N\(yc)~ € (,; for any positive real € > 0, there is a positive integer mg such
that > 07 1 [An(z)| < €P. Thus, for any m > myg, we have

s 1/p o 1/p
Hx—x(m)||kp:< Z |/~\n(x)|) §< Z |/~Xn(m)|> <e.

n=m-+1 n=mg+1

We therefore deduce that lim,, ,, |7 — 2(™||,, = 0 which means that x is represented
as in (4.1). Thus, it is remaining to show the uniqueness of the representation (4.1) of
. For this, suppose that x = Y77 ax 3. Then, we have to show that «, = A, (z) for
all n, which is immediate by operating A,, on both sides of (4.1) for each n € N, where
the continuity of A (as we have seen in Remark 2.5) allows us to obtain that

_/~\n(x) = Zak ]\n(eg) = Zak Onk = Otp
k=1 k=1

for all n € N and hence the representation (4.1) of z is unique, and this completes the
proof. O

Corollary 4.2 We have the following facts:

(1) The spaces bv;‘ are separable BK-spaces for all 1 < p < oo.
(2) The space bv’, is a non-separable BK-space and has no a Schauder basis.

Conclusion: In the present work, we have essentially introduced some new Banach
and Hilbert spaces of sequences and constract their bases, which will give a scope for
further research and study in future. So, we end our work by expressing from now
on that the aim of our next paper is to determining the duals of our spaces bvg, and
characterizing some matrix operators between them.
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