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Abstract:

In this work, the exact solution of vibrating problem described by one dimensional damped wave equation
using Laplace Transform is presented. The motion of an elastic fixed ends string which are subjected to a drag
force has been investigated. In addition, the role of the initial displacement has been discussed and the exact
solution obtained is illustrated and graphically presented.
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Introduction

Partial differential equations are equations which
contain one or more partial derivatives of functions of more
one independent variables. Moreover, partial differential
equation describe all types of physical phenomena in
engineering and science such as vibrating strings, acoustics,
transport phenomena electromagnetic theory and blowing
winds. So partial differential equations are very essential in
solving engineering and theoretical physics problems. And
the it is important to understand at least the main principles of
the approximate solution of partial differential equations.
Wave equation is example for physical problem governing by
partial differential equation.

Laplace transform method has been known to be a
powerful device for solving many functional equations as
algebraic equations, ordinary and partial differential
equations, integral equations and so on. In this paper we used
this method for solving the partial differential equations. The
method has the ability of solving systems of both linear and
nonlinear partial differential equations. Extension of the
method for solving of partial differential equations is active
and excellent opportunity for future research.

Wave equation is an extremely important evolution
model and it is widely used by physicist in describing the
propagation of wave, electromagnetic waves, sound wave
oscillatory wave. etc. One-dimensional wave occurs in many
problems in science engineering, economics, sociology,
physiology, and management.

In this work we consider a one-dimensional damping
wave equation with a damping coefficient. The Laplace

Transform is employed for solving this problem the crux of
the subject matter of this work is using the inversion formula
we obtain the final solution.

Statement of the problem
Consider a flexible string of length L is lightly stretched along
the x-axis, string fixed at each end points, but free to move
horizontally. so that x = 0,x = L. We assume that the set-
up has damping. Then, the vertical displacement of the string
for 0 < x < L and at any time is given by the displacement
function u(x,t). It satisfies the one—dimensional damped
wave equation which in the presence of resistance
proportional to velocity becomes, see [1], [2], [3] and [4]

AUy = U +au, ,a#0 ;0<x<L ,t

>0 (1)

The equation is subject to boundary conditions (BC)

u(0,t) =0, u(1,0)=0 (2)
and Initial conditions (IC)
u(x,0) =f(x), ux0)=0 3

The term au, represents a damping force proportional to the
velocity u;.

Laplace Transform Method
In our recent study we will solve the problem defined by
(1) — (3), by using the Laplace transform technique. By take
Laplace transform of both sides of equation (1), we refer to
[4], [5] and [6]

L{auy} = L{ug + aug}
implies that

a’L{u,,} = s?L{u} — su(x,0) — u,(x,0) + a(sL(u) — u(x,0))
a? % (L{u)) = s2L{u} — sf(x) — 0 + asL{u} — a f(x)

Since
L{u}=U(x,s) ,
The equation become,

puting U(x,s) =Y (x)
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d2Y (x)
dx?

(s+a)
a2

- B (x) =— £

s’ +as

where f? = 5
a

To solve this ODE we will apply Laplace Transform method again, we have

d?y +
- prw) = ot )
This leads to the equation
PLYY = p ¥ (0) - ¥(0) - B2L(r} = =% ()

Use the factthat Y(0) = U(0,5) =0 Since u(0,t) =0 and simplifying, we get
Y (0) s+a
) F(p)

SRl T oy

By taken the inverse of Laplace Transform we obtained

. _ s+a _( F(p)
VG = VOL ) = o {pz = Bz}
. x (4)
= (Sln;t Bx) Y(0) — S'::—Za % Of f (@) sinhf(x —u) du
Where B = ‘52:“5.
Using the initial conditions, Y(L) = U(L,S) =0 = Y(L) = 0, and simplifying, we Find
. (s+a) 1 L .
Y(0) = 2 sinhpL f f(u) sinh (L — u)du
0
Substitute of Y(0) into equation (4), and simplifying, we find
_ s+ af (“f(u) sinh Bx sinh B(L — u)du X _
Y(x) = pa? U; sinh L - Jo f(u) sinh B(x — u)du] (5)

Employing some algebraic manipulations and use the fact that
[y =/ +J  and sinh(k, +k,) = sinhk, coshk, + coshk, sinhk,,
Equation (5) becomes
* sinh B(L — x) sinh fu
Y@ =G = [ f@
0

ssinh L

sinh fx sinh B(L — u)
ssinh L

du+ij(u)

We now proceed to evaluate the Laplace inverse of Y(x) using the complex inversion formula [4]

1 [xotio | x sinh@@ —Xx) Sinh—‘s(sa-i_a)u
) e f f@ NEET)) du
Xg—ico l 0 s sinh S Sa a L

s(s+a) ) -sinh‘/s(sa-l_ a) 0

L sinh~——~=

¥ f f ) a

—)

]
du
,/s(sa+ a) L J
It is clear that the Res(sy,) are residue of the function eS¢ U(x, s). Since U(x,s) has a removeable singulasrity of
poles and this will lead immediately to the conclusion that et U(x, s), which also has a removable singularity of

poles.
Thus, the function eStU(x, s) is seen to have simple poles at, see [4]

ds = Z Res(sy)  (6)

ssinh

0 0 d —a 4 a? a’n?m?
s=0, s=0, s=—-a and s=—=+ [————
2 4 L2
a? _ a’n?n? . -a , . a?n?n?2 a2
Incase = < =" we can write s = —~ & i, , Where p, = | —=-

Itis clear that s, = 0 is pole of order 2,

For the pole s = 0 , the Residue is given by .
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Res(estU(x,s),0)

L sthxsn 2
+ sze“f fw
X

By apply the first derivative with respect to s and applying L'Hospital's rule of the limit at s — 0, we get,
Res(e™StU(x,s),0) = 0 (7
In similar way, For s; = —a the Residue is given by
Res(estU(x,s),—a) =0 €))
For s= ;—aiiun by putting m1=_2—a+i,un and mzz%a—iun

The residue for m, = _2—“ +iu, isgiven by
Res(eStU(x,s), m;)

| sinh 7'5(54_61)@ — x) sinh 7“5(5;-0() u
= Jim (s = ml)e“f fw s(s +a) du
! ssinh—="——1L

Js(s+a) . Y, 5(5 + a)
m x Sinh g

L 1
+ (s — ml)e“f f () sinh (L—u) du|
i ]

We recast Res(e5tU(x,s),m,) as

Res(eStU(x,s), m;)

s—m, | [ sinhi“s(sa-l_a)(L — x) sinh 7"5(5;_“)11
= lim ————————| lim e°® fw du
s-m / s-m S
1sinhs(sT-l_a)Ll ' °
]
L Js(s+a s(s+a
+ lim et f f ) sinh s(s )x sinh ( )(L - u)du| 9
s-mq x a a
Taking the indicated limits and employing some algebraic manipulations, equation (9) becomes
R sty nm a? e™t ZIL W si ) sin T 10
es(estU(x,s),m;) = L m LofusmLu u|sin— (10)
In similar fashion, we get
R sty nm a? e™zt ZIL W si ) sin T »
es(estU(x,s),m,) = 2 L my )\LJ. fw) sin [ U du)sin— (11)

Using equations (7), (8), (9), (10) and (11) in equation (6) gives us the summation of the residues
® © qr g’ et™ etM2 nmx
Res(s,) = 2 — (- f u sm—u du)sin—

D Ress)=) 3 TG < 10 -

Thus the general solution is
(t)_zm nw a’ e etm2 ZIL()_mT s\ i X 12
ulx,t) = . ( mz)LOqulnLuusmL (12)
By simplifying, expression (12) becomes

® -a L a . . nmx
u(x,t) =Zn=1e 2 ——an <cosunt+ﬁsmunt>smT (13)

n
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a?n?n?2 a2

2 L . nmw
Where p,, = = — | and a, = Zfo fW) sin—~u du
4 2,22
In case a* > =",

(x,t) Zm et (ht+a'h t)'nnx
ulx, = e —a Ccos —SIin Sin——
et . Hn 21, Hn L
In both cases the solutions are exactly the same as that obtained by the separation of variables method.

oa? _ a®n?m?

We note that the solution u(x,t) corresponding to the eigenvalues A, are oscillatory if, <z
ie.

,V n.

2

a _a’n’n®  a’n?
2 TE T
Taking the square root of both sides and rearranging gives the criterion that make oscillatory,
al 2am
—<1 or L<—

2an a
Clearly, in such case the length of string is directly proportional to the material constant and inversely to the

damping parameter. Now for apply this result directly and in order to analyze the behavior of the solutions of Eq.
(13), we need to specify the parameters and initial conditions. To this end, initial displacement of the most
simple form (i.e. a plucked string at the center) is taken,

2A L
TX, 0<x< E
u(x,0) =94, (14)

L
T(L—x), ESx<L

For our analyze, we have considered a string of length L. = 1, and the distinct values of constants. For the initial
displacement (14), the obtained constants under these conditions are
8A

a, = W(—l)n_l, n= 1,2,3, ......
The exact solution u(x,t) as given by equations (13), with this particular set of initial conditions and different
values of the damping parameter is shown in Figures 1-5, some three-dimensional figures have been depicted in
some special cases over two period using MatLab [1]. The analytical results and profiles obtained in this
contribution provide us a physical interpretation for the considered equation.

u(x.t), a=55 «=10, L= xand O<t<?

X t

Figure 1: The two-dimensional plot of the vibration of a string u(x, t) over 2 period at various times 0<t<1
with strong damped effect, a=10.
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ux,t), a=5.5 «=10 L= rand O0<t<5

0
X t
Figure 2:The two-dimensional plot of the vibration of a string u(x, t) over 2 period at various times 0<t<5
with strong damped effect, a=10.

tux,t), a=2, =1, L= x and O<t<1
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Figure 3: The two-dimensional plot of the vibration of a string u(x, t) over 2 period at various times 0<t<1
with strong damped effect, o=1.
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ux,t), a=2, e«=1, L= x and O<it<b
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Figure 4: The two-dimensional plot of the vibration of a string u(x, t) over 2 period at various times 0<t<5
with strong damped effect, o=1.

uix,t), a=2, =1, L=z and O<t<10
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Figure 5: The two-dimensional plot of the vibration of a string u(x, t) over 2 period at various times
0<t<10 with strong damped effect, o=1.

RESULTS AND DISSCUSIONS: damping) all solutions will tend to zero as time t tends to

The most typical results are presented graphically in infinity. The figures 1 and 2 show that with the big value of
the Figs 1 to 5. It can be seen that for values of the damping damping parameter & = 10 the string took the earlier time to
parameter « =1 (weak damping) and a = 10 (strong
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oscillate, after that the string continues to vibrate in
microscopic scale (unnoticeable) until it stops.

Whereas the figures 3, 4 and 5 show that with the small value
of damping parameter « = 1 the string continues to vibrate up
to around 10 second with weak damping. As the results from
this study, the damping took the earlier time to oscillate as the
number of the non-negative damping coefficient is increased.
So the damping a can be used effectively to suppress the
oscillation-amplitudes.

CONCLUSION

Throughout this paper, we have presented the analytical
solution of the one-dimensional wave equation where the
string is subject to a damping force using Laplace transform
method. We solve partial differential equation and interpret
the solution as representing a damped wave. The solutions
show a good agreement with other techniques. The results
show that method is powerful mathematical tools, very
effective, convenient and well suited for study and solving
the physics and engineering problems and can be easily
extended to other nonlinear oscillations and it can be widely
applicable in engineering.

Furthermore, it can be concluded that applying MatLab
to plot the solutions of damped wave equation in one
dimensions is very useful.

We show that with the big value of damping parameter
a = 10 the string took the earlier time to oscillate, after that
the string continues to vibrate in microscopic scale
(unnoticeable) until it stops, whereas with the small value of
damping parameter « = 1, the string continues to vibrate up to
around 10 second with weak damping. As the results from this
study, the damping took the earlier time to oscillate as the
number of the non-negative damping coefficient is increase
and can be used the damping « , effectively to suppress the
oscillation-amplitudes.
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